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Why Muons are important?

Great tool to search for the New physics. They are easy to 
produce, long lived and massive enough. 
They contributed in different anomalies. 
There is a new era of experiments with muons: e.g.  µ ! e
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A. Czarnecki’s talk at:  Lake Louise Winter Inst. 2016.



Distinct Features of a Bound Muon

Phase Space Decreases Time Dilation Coulomb Attraction

Slows Down Slows Down Speeds Up



The Standard Model decay provide background for  

conversion. In case of Mu2e experiment: (cLFV)

µ ! e
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Background Background



Decay in Orbit DIO
A. Czarnecki et al.  

Phys.Rev. D84 (2011) 013006 



A small region of the final state phase space namely where the daughter 
electron is emitted with such low energy:

Bound muon to a bound electron: A focus here.

Nucleus is taken to be Spinless;

Both muon and electron are in the Ground State.



Full Dirac wave functions Functions for 1s electron and muon are

� (~r) =  n=1,j= 1
2 ,"(#)

(r, ✓,�) =
f (r)p
4⇡

u+(�),
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r
<latexit sha1_base64="P507oPuRhKq0fchXf5sh3zZa6nQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udJ1Sax/LRTBP0IzqSPOSMGis9qMqgWnPr7hxklXgFqUGB5qD61R/GLI1QGiao1j3PTYyfUWU4Ezir9FONCWUTOsKepZJGqP1sfumMnFllSMJY2ZKGzNXfExmNtJ5Gge2MqBnrZS8X//N6qQmv/YzLJDUo2WJRmApiYpK/TYZcITNiagllittbCRtTRZmx4eQheMsvr5L2Rd1z6979Za1xU8RRhhM4hXPw4AoacAdNaAGDEJ7hFd6cifPivDsfi9aSU8wcwx84nz8Rro0K</latexit><latexit sha1_base64="P507oPuRhKq0fchXf5sh3zZa6nQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udJ1Sax/LRTBP0IzqSPOSMGis9qMqgWnPr7hxklXgFqUGB5qD61R/GLI1QGiao1j3PTYyfUWU4Ezir9FONCWUTOsKepZJGqP1sfumMnFllSMJY2ZKGzNXfExmNtJ5Gge2MqBnrZS8X//N6qQmv/YzLJDUo2WJRmApiYpK/TYZcITNiagllittbCRtTRZmx4eQheMsvr5L2Rd1z6979Za1xU8RRhhM4hXPw4AoacAdNaAGDEJ7hFd6cifPivDsfi9aSU8wcwx84nz8Rro0K</latexit><latexit sha1_base64="P507oPuRhKq0fchXf5sh3zZa6nQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udJ1Sax/LRTBP0IzqSPOSMGis9qMqgWnPr7hxklXgFqUGB5qD61R/GLI1QGiao1j3PTYyfUWU4Ezir9FONCWUTOsKepZJGqP1sfumMnFllSMJY2ZKGzNXfExmNtJ5Gge2MqBnrZS8X//N6qQmv/YzLJDUo2WJRmApiYpK/TYZcITNiagllittbCRtTRZmx4eQheMsvr5L2Rd1z6979Za1xU8RRhhM4hXPw4AoacAdNaAGDEJ7hFd6cifPivDsfi9aSU8wcwx84nz8Rro0K</latexit><latexit sha1_base64="P507oPuRhKq0fchXf5sh3zZa6nQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udJ1Sax/LRTBP0IzqSPOSMGis9qMqgWnPr7hxklXgFqUGB5qD61R/GLI1QGiao1j3PTYyfUWU4Ezir9FONCWUTOsKepZJGqP1sfumMnFllSMJY2ZKGzNXfExmNtJ5Gge2MqBnrZS8X//N6qQmv/YzLJDUo2WJRmApiYpK/TYZcITNiagllittbCRtTRZmx4eQheMsvr5L2Rd1z6979Za1xU8RRhhM4hXPw4AoacAdNaAGDEJ7hFd6cifPivDsfi9aSU8wcwx84nz8Rro0K</latexit>

Z = 10
<latexit sha1_base64="GIgF1Q502yx2HbxJLILZBJYAIMM=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRbBVUlE0I1QdOOygn1gG8pkctMOnTyYuRFLzMJfceNCEbf+hjv/xiTNQlsPXDicc+/cuceJBFdomt/awuLS8spqZa26vrG5ta3v7LZVGEsGLRaKUHYdqkDwAFrIUUA3kkB9R0DHGV/lfucepOJhcIuTCGyfDgPucUYxkwb6fh/hAYt3EglumtxdWGZaHeg1s24WMOaJVZIaKdEc6F99N2SxDwEyQZXqWWaEdkIlciYgrfZjBRFlYzqEXkYD6oOyk2Jvahxlimt4ocwqQKNQf08k1Fdq4jtZp09xpGa9XPzP68XondsJD6IYIWDTRV4sDAyNPAzD5RIYiklGKJM8+6vBRlRShllkeQjW7MnzpH1St8y6dXNaa1yWcVTIATkkx8QiZ6RBrkmTtAgjj+SZvJI37Ul70d61j2nrglbO7JE/0D5/ANgTlfQ=</latexit><latexit sha1_base64="GIgF1Q502yx2HbxJLILZBJYAIMM=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRbBVUlE0I1QdOOygn1gG8pkctMOnTyYuRFLzMJfceNCEbf+hjv/xiTNQlsPXDicc+/cuceJBFdomt/awuLS8spqZa26vrG5ta3v7LZVGEsGLRaKUHYdqkDwAFrIUUA3kkB9R0DHGV/lfucepOJhcIuTCGyfDgPucUYxkwb6fh/hAYt3EglumtxdWGZaHeg1s24WMOaJVZIaKdEc6F99N2SxDwEyQZXqWWaEdkIlciYgrfZjBRFlYzqEXkYD6oOyk2Jvahxlimt4ocwqQKNQf08k1Fdq4jtZp09xpGa9XPzP68XondsJD6IYIWDTRV4sDAyNPAzD5RIYiklGKJM8+6vBRlRShllkeQjW7MnzpH1St8y6dXNaa1yWcVTIATkkx8QiZ6RBrkmTtAgjj+SZvJI37Ul70d61j2nrglbO7JE/0D5/ANgTlfQ=</latexit><latexit sha1_base64="GIgF1Q502yx2HbxJLILZBJYAIMM=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRbBVUlE0I1QdOOygn1gG8pkctMOnTyYuRFLzMJfceNCEbf+hjv/xiTNQlsPXDicc+/cuceJBFdomt/awuLS8spqZa26vrG5ta3v7LZVGEsGLRaKUHYdqkDwAFrIUUA3kkB9R0DHGV/lfucepOJhcIuTCGyfDgPucUYxkwb6fh/hAYt3EglumtxdWGZaHeg1s24WMOaJVZIaKdEc6F99N2SxDwEyQZXqWWaEdkIlciYgrfZjBRFlYzqEXkYD6oOyk2Jvahxlimt4ocwqQKNQf08k1Fdq4jtZp09xpGa9XPzP68XondsJD6IYIWDTRV4sDAyNPAzD5RIYiklGKJM8+6vBRlRShllkeQjW7MnzpH1St8y6dXNaa1yWcVTIATkkx8QiZ6RBrkmTtAgjj+SZvJI37Ul70d61j2nrglbO7JE/0D5/ANgTlfQ=</latexit><latexit sha1_base64="GIgF1Q502yx2HbxJLILZBJYAIMM=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRbBVUlE0I1QdOOygn1gG8pkctMOnTyYuRFLzMJfceNCEbf+hjv/xiTNQlsPXDicc+/cuceJBFdomt/awuLS8spqZa26vrG5ta3v7LZVGEsGLRaKUHYdqkDwAFrIUUA3kkB9R0DHGV/lfucepOJhcIuTCGyfDgPucUYxkwb6fh/hAYt3EglumtxdWGZaHeg1s24WMOaJVZIaKdEc6F99N2SxDwEyQZXqWWaEdkIlciYgrfZjBRFlYzqEXkYD6oOyk2Jvahxlimt4ocwqQKNQf08k1Fdq4jtZp09xpGa9XPzP68XondsJD6IYIWDTRV4sDAyNPAzD5RIYiklGKJM8+6vBRlRShllkeQjW7MnzpH1St8y6dXNaa1yWcVTIATkkx8QiZ6RBrkmTtAgjj+SZvJI37Ul70d61j2nrglbO7JE/0D5/ANgTlfQ=</latexit>

Electron Muon

Spin-part



Equal mass limit

Binding shows strong influence then 
 just the time dilation factor ⇠ (1� (Z↵)2/2)

<latexit sha1_base64="1IR0dybz+TOajTyPQDw+HVWNrjw=">AAACE3icbVDJSgNBEO2JW4zbqEcvjUFIBONMEPQY9OIxglkwE0NPp5I06VnorhHDEL/Bi7/ixYMiXr1482+cLAdNfFDweK+qu+q5oRQaLevbSC0sLi2vpFcza+sbm1vm9k5VB5HiUOGBDFTdZRqk8KGCAiXUQwXMcyXU3P7FyK/dgdIi8K9xEELTY11fdARnmEgt89BBuMfxO7GC9jB+cLTwaM4+yt04TIY9lr8tHhfzw0ymZWatgjUGnSf2lGTJFOWW+eW0Ax554COXTOuGbYXYjJlCwSUMM06kIWS8z7rQSKjPPNDNeLzLkB4kSpt2ApWUj3Ss/p6Imaf1wHOTTo9hT896I/E/rxFh56wZCz+MEHw++agTSYoBHQVE20IBRzlICONKJLtS3mOKcUxiHIVgz548T6rFgm0V7KuTbOl8Gkea7JF9kiM2OSUlcknKpEI4eSTP5JW8GU/Gi/FufExaU8Z0Zpf8gfH5A8u9nL4=</latexit><latexit sha1_base64="1IR0dybz+TOajTyPQDw+HVWNrjw=">AAACE3icbVDJSgNBEO2JW4zbqEcvjUFIBONMEPQY9OIxglkwE0NPp5I06VnorhHDEL/Bi7/ixYMiXr1482+cLAdNfFDweK+qu+q5oRQaLevbSC0sLi2vpFcza+sbm1vm9k5VB5HiUOGBDFTdZRqk8KGCAiXUQwXMcyXU3P7FyK/dgdIi8K9xEELTY11fdARnmEgt89BBuMfxO7GC9jB+cLTwaM4+yt04TIY9lr8tHhfzw0ymZWatgjUGnSf2lGTJFOWW+eW0Ax554COXTOuGbYXYjJlCwSUMM06kIWS8z7rQSKjPPNDNeLzLkB4kSpt2ApWUj3Ss/p6Imaf1wHOTTo9hT896I/E/rxFh56wZCz+MEHw++agTSYoBHQVE20IBRzlICONKJLtS3mOKcUxiHIVgz548T6rFgm0V7KuTbOl8Gkea7JF9kiM2OSUlcknKpEI4eSTP5JW8GU/Gi/FufExaU8Z0Zpf8gfH5A8u9nL4=</latexit><latexit sha1_base64="1IR0dybz+TOajTyPQDw+HVWNrjw=">AAACE3icbVDJSgNBEO2JW4zbqEcvjUFIBONMEPQY9OIxglkwE0NPp5I06VnorhHDEL/Bi7/ixYMiXr1482+cLAdNfFDweK+qu+q5oRQaLevbSC0sLi2vpFcza+sbm1vm9k5VB5HiUOGBDFTdZRqk8KGCAiXUQwXMcyXU3P7FyK/dgdIi8K9xEELTY11fdARnmEgt89BBuMfxO7GC9jB+cLTwaM4+yt04TIY9lr8tHhfzw0ymZWatgjUGnSf2lGTJFOWW+eW0Ax554COXTOuGbYXYjJlCwSUMM06kIWS8z7rQSKjPPNDNeLzLkB4kSpt2ApWUj3Ss/p6Imaf1wHOTTo9hT896I/E/rxFh56wZCz+MEHw++agTSYoBHQVE20IBRzlICONKJLtS3mOKcUxiHIVgz548T6rFgm0V7KuTbOl8Gkea7JF9kiM2OSUlcknKpEI4eSTP5JW8GU/Gi/FufExaU8Z0Zpf8gfH5A8u9nL4=</latexit><latexit sha1_base64="1IR0dybz+TOajTyPQDw+HVWNrjw=">AAACE3icbVDJSgNBEO2JW4zbqEcvjUFIBONMEPQY9OIxglkwE0NPp5I06VnorhHDEL/Bi7/ixYMiXr1482+cLAdNfFDweK+qu+q5oRQaLevbSC0sLi2vpFcza+sbm1vm9k5VB5HiUOGBDFTdZRqk8KGCAiXUQwXMcyXU3P7FyK/dgdIi8K9xEELTY11fdARnmEgt89BBuMfxO7GC9jB+cLTwaM4+yt04TIY9lr8tHhfzw0ymZWatgjUGnSf2lGTJFOWW+eW0Ax554COXTOuGbYXYjJlCwSUMM06kIWS8z7rQSKjPPNDNeLzLkB4kSpt2ApWUj3Ss/p6Imaf1wHOTTo9hT896I/E/rxFh56wZCz+MEHw++agTSYoBHQVE20IBRzlICONKJLtS3mOKcUxiHIVgz548T6rFgm0V7KuTbOl8Gkea7JF9kiM2OSUlcknKpEI4eSTP5JW8GU/Gi/FufExaU8Z0Zpf8gfH5A8u9nL4=</latexit>

Überall, Phys. Rev. 119, 365 (1960)

This result agrees with: 

� [(Zµ�) ! (Ze�)⌫̄e⌫µ]

� [µ� ! e�⌫̄e⌫µ]
! 1� 3(Z↵)2, Z↵ ⌧ 1

<latexit sha1_base64="YE04a5MPSP2Oawh81LhS7ooHwfU="></latexit><latexit sha1_base64="YE04a5MPSP2Oawh81LhS7ooHwfU="></latexit><latexit sha1_base64="YE04a5MPSP2Oawh81LhS7ooHwfU="></latexit><latexit sha1_base64="YE04a5MPSP2Oawh81LhS7ooHwfU="></latexit>



But, is it the case for the arbitrary 
muon and electron masses?

Let’s Check!
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Alchemy

Z=80

The difference grows with Z and for Z = 80 it is around 38%.

So, the Answer is NO.

Approaches Z = 10 Z = 80

Alchemy: 1.42⇥ 10
�8

2.96⇥ 10
�5

Our: 1.32⇥ 10
�8

1.83⇥ 10
�5

<latexit sha1_base64="1Qe+4/F9j6OUMq95LKiqcmEvt0I="></latexit><latexit sha1_base64="1Qe+4/F9j6OUMq95LKiqcmEvt0I="></latexit><latexit sha1_base64="1Qe+4/F9j6OUMq95LKiqcmEvt0I="></latexit><latexit sha1_base64="1Qe+4/F9j6OUMq95LKiqcmEvt0I="></latexit>



Reason!

Jµ
rs =

Z
D3k1

¯̃�s

⇣
e;~k2

⌘
�µL�̃r

⇣
µ;~k1

⌘

<latexit sha1_base64="9bSMIQTn1j4cao6jJ2tOZnr/Ptc="></latexit><latexit sha1_base64="9bSMIQTn1j4cao6jJ2tOZnr/Ptc="></latexit><latexit sha1_base64="9bSMIQTn1j4cao6jJ2tOZnr/Ptc="></latexit><latexit sha1_base64="9bSMIQTn1j4cao6jJ2tOZnr/Ptc="></latexit>

Projectors

PA =
1

2E

⇣
m+ E� � ~k · ~�

⌘
�

<latexit sha1_base64="T3jIRLWA1IpSYts8Xim+49WQdto="></latexit><latexit sha1_base64="T3jIRLWA1IpSYts8Xim+49WQdto="></latexit><latexit sha1_base64="T3jIRLWA1IpSYts8Xim+49WQdto="></latexit><latexit sha1_base64="T3jIRLWA1IpSYts8Xim+49WQdto="></latexit>

PB =
1

2E

⇣
E� �m� ~k · ~�

⌘
�

<latexit sha1_base64="ZXiOeAv5fhPEkFSvsEz0TUp/wT8="></latexit><latexit sha1_base64="ZXiOeAv5fhPEkFSvsEz0TUp/wT8="></latexit><latexit sha1_base64="ZXiOeAv5fhPEkFSvsEz0TUp/wT8="></latexit><latexit sha1_base64="ZXiOeAv5fhPEkFSvsEz0TUp/wT8="></latexit>

PA�̃ = A

r
1
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u
⇣
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⌘

<latexit sha1_base64="Fc48BX8H/wszfhrICcUHOk4ScEE="></latexit><latexit sha1_base64="Fc48BX8H/wszfhrICcUHOk4ScEE="></latexit><latexit sha1_base64="Fc48BX8H/wszfhrICcUHOk4ScEE="></latexit><latexit sha1_base64="Fc48BX8H/wszfhrICcUHOk4ScEE="></latexit>

PB�̃ = B

r
1

2E
v
⇣
�~k, uz

⌘

<latexit sha1_base64="gZrtip2YchQqKeQHlcOVTxJLCRM="></latexit><latexit sha1_base64="gZrtip2YchQqKeQHlcOVTxJLCRM="></latexit><latexit sha1_base64="gZrtip2YchQqKeQHlcOVTxJLCRM="></latexit><latexit sha1_base64="gZrtip2YchQqKeQHlcOVTxJLCRM="></latexit>

Only this part is taken in Alchemy.

We have verified that if we take both positive and negative 
energies parts, the Alchemy results matches with our 
formalism.


