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Neutron Rich Nuclei
» N/Z >>1 
» very short half life 

(ms)
» New Physics.

Neutron-rich nuclei
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Interesting neutron-rich oxygen isotopes.

N=20

28OZ=8

state have been exchanged and this leads to the exchange of
the final (or initial) orbital labels j, m and j0, m0. Because
this process reflects a cancellation of the lowering of the
SPE, the contribution from Fig. 3(d) has to be repulsive for
two neutrons. Finally, we can rewrite Fig. 3(d) as the FM
3N force of Fig. 3(e), where the middle nucleon is summed
over core nucleons. The importance of the cancellation
between Figs. 3(a) and 3(e) was recognized for nuclear
matter in Ref. [21].

The process in Fig. 3(d) corresponds to a two-valence-
neutron monopole interaction, schematically illustrated in
Fig. 4(d). The resulting SPE evolution is shown in Fig. 2(c)

for the G matrix formalism, where a standard pion-N-!
coupling [22] was used and all 3N diagrams of the same
order as Fig. 3(d) are included. We observe that the repul-
sive FM 3N contributions become significant with increas-
ing N and the resulting SPE structure is similar to that of
phenomenological forces, where the d3=2 orbital remains
high. Next, we calculate the SPEs from chiral low-
momentum interactions Vlow k, including the changes due

to the leading (N2LO) 3N forces in chiral EFT [23], see
Figs. 3(f)–3(h). We consider also the SPEs where 3N-force
contributions are only due to ! excitations [24]. The lead-
ing chiral 3N forces include the long-range two-pion-
exchange part, Fig. 3(f), which takes into account the
excitation to a ! and other resonances, plus shorter-range
3N interactions, Figs. 3(g) and 3(h), that have been con-
strained in few-nucleon systems [25]. The resulting SPEs
in Fig. 2(d) demonstrate that the long-range contributions
due to ! excitations dominate the changes in the SPE
evolution and the effects of shorter-range 3N interactions
are smaller. We point out that 3N forces play a key role for
the magic number N ¼ 14 between d5=2 and s1=2 [26], and
that they enlarge theN ¼ 16 gap between s1=2 and d3=2 [5].
The contributions from Figs. 3(f)–3(h) (plus all ex-

change terms) to the monopole components take into ac-
count the normal-ordered two-body parts of 3N forces,
where one of the nucleons is summed over all nucleons
in the core. This is also motivated by recent coupled-cluster
calculations [27], where residual 3N forces between three
valence states were found to be small. In addition, the
effects of 3N forces among three valence neutrons should
be generally weaker due to the Pauli principle.
Finally, we take into account many-body correlations by

diagonalization in the valence space. The resulting ground-
state energies of the oxygen isotopes are presented in
Fig. 4. Figure 4(a) (based on phenomenological forces)
implies that many-body correlations do not change our
picture developed from the SPEs: The energy decreases
to N ¼ 16, but the d3=2 neutrons added out to N ¼ 20

FIG. 3 (color online). Processes involving 3N contributions.
The external lines are valence neutrons. The dashed and thick
lines denote pions and ! excitations, respectively. Nucleon-hole
lines are indicated by downward arrows. The leading chiral 3N
forces include the long-range two-pion-exchange parts, diagram
(f), which take into account the excitation to a ! and other
resonances, plus shorter-range one-pion exchange, diagram (g),
and 3N contact interactions, diagram (h).
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(d)  Schematic picture of two-
       valence-neutron interaction
       induced from 3N force

FIG. 4 (color online). Ground-state energies of oxygen isotopes measured from 16O, including experimental values of the bound 16–
24 O. Energies obtained from (a) phenomenological forces SDPF-M [13] and USD-B [14], (b) a Gmatrix and including FM 3N forces
due to ! excitations, and (c) from low-momentum interactions Vlow k and including chiral EFT 3N interactions at N2LO as well as only
due to ! excitations [25]. The changes due to 3N forces based on ! excitations are highlighted by the shaded areas. (d) Schematic
illustration of a two-valence-neutron interaction generated by 3N forces with a nucleon in the 16O core.
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An example of 3N force

Ground state energies 
with 3NF show a kink 
at N= 16. 

• Expected magic number nucleus 28O unbound 
___(Tarasov et al., 1997)

• Neutron drip line of O at 24O.
___(Hoffman et al 2008, Lunderberg et al 2012).

• 24O doubly magic with new magic number (N =16).
(A. Ozawa et al., (2000),  R. Kanungo et al.,  (2002).) R. Kanungo,(2009))

• To yield the drip line at 24O, 3NF required .

Otsuka et al., (2010)

N=16
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Test of ab-intio theories

Calculated Rp with EM and NNLOsat interaction

IMSRG, SCGF calculations (Lapoux et al., (2016)),   Couple cluster (CC) (Hagen et. al, (2012)
Rp e- scattering experiment (Atomic Data and Nuclear Data Tables, 2013) 

13
Proton  radii  of  neutron  rich  oxygen  isotopes  not  measured till  date.

NNLOsat

EM



Determination of neutron skin

Rn  determined  using  matter  radii  (Rm)  from  A.  Ozawa  et  al.,  (2001)
Neutron skin calculated from measured Rm and calculated Rp.

.

Neutron skin Thicknessà

14
Rp data  required  to  determine  neutron  skin  thickness.

Calculated
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Techniques to measure Charge radii

Isotope shift: change in energy of atomic levels of different isotopes.

Electron Scattering :

F(q) carries information about charge distributions.

Limited to long lived nuclei only

Ø high intensity beams with low energy difficult to 
produce for very short lived nuclei.

Ø Not applicable to all neutron rich nuclei.

Limitations



Proton radii from 
Charge Changing Cross Sections (σcc)

It is the cross-section for reactions leading to any change of the
atomic number of the projectile nucleus.

Principle of Measurement :Transmission type measurement
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Proton radii from 
Charge Changing Cross Sections (σcc)

It is the cross-section for reactions leading to any change of the
atomic number of the projectile nucleus.

Principle of Measurement :Transmission type measurement

Target  out

Target  in  
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Detector  Setup

16-24O produced from fragmentation of 1𝐴 GeV 40Ar beam at   
Fragment Separator ,GSI, Germany.

6.3 g/cm2 thick Be production target

Primary beam 
40Ar (1𝐴 GeV)

Carbon reaction target

SC 21
41 42



Particle Identification Spectrum

Magnetic rigidity,

Multisampling  Ionization  Chamber



Particle Identification Spectrum

PID spectrum for 23O before the target

23O  incident  gate

PID after removing spurious events

22



Z identification after the target

6

therefore the �

cc

can be written as

�

cc

=
1

t

ln

R

out

R

in

(2.7)

where t is the target thickness and R

in

= N

samez

/N

0

is the transmission ratio with

the target and R

out

denotes the transmission ratio without the target. The main

advantage of the method is the event by event counting of the selected incident beam.

Therefore, no uncertainty exists in N

0

.

2.3 The detector setup

In order to count the incident nuclei before the reaction target, we need to identify

them. The nuclei of interest were identified using their magnetic rigidity (B⇢), time of

flight (F2 to F4) and the energy loss. Details about how the particles were identified are

given in Sec. 3.3. The magnetic rigidity determination requires x position measurement

at F2 and F4 for which the Time Projection Chambers (TPC) were used. The time of

flight was measured using the scintillator detectors and the energy loss was measured

in a Multi-Sampling Ionization Chamber (MUSIC). Detectors were placed at the mid

focus (F2) and the final focus (F4) of the FRS. The �

cc

was measured with a 4.010

g/cm

2 thick carbon reaction target placed at F4. The C target and the detector setup

at F4 are shown in the Fig. 2.4. In the following sections, the characteristics of the

Figure 2.4: Schematic view of the experiment setup at the FRS with detector arrange-
ment at the final focus F4. Fig. taken from [46]

detectors used in this experiment: MUSIC (Multiple-Sample Ionisation Chamber), SC

(Scintillator), TPC (Time Projection Chamber) and Veto Scintillator are described.

__  with  target  
__  without  target   3.5  σ  of  Z=8  and  Z=9  Peak  

NsameZ gate for 23O

Energy loss spectrum in MUSIC detector after 
the target with 23O incident beam selected.

(R) = 89:;<=

8>?

Transmission  ratio

23
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σcc of O isotopes

Preliminary

25

Results

ØAn increase in σcc of 18O.

ØThe σcc of 19-21O shows flat 
trend.

ØThe σcc of  22O decreases 
followed by an increase for 
23O. 



Rp of 16O and 18O from the σcc
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between nuclei are presented in the next section. A simple
formula is given in Sec. II A in the framework of the Glauber
theory, and the other method using an optical potential is
explained in Sec. II B. The reaction cross section of 12C+12C
is tested by these formulas in a wide range of incident
energy. In Sec. III the phenomenological mean-field potential
is prescribed for generating the Slater determinant, and the
c.m. motion is removed to obtain the intrinsic density that
is used in the reaction calculation. The mean radius of the
matter distribution is compared to the empirical value. The
nuclear structure model is extended to the dynamical model
in Sec. IV. A core+n model is applied to the odd N isotopes
in Sec. IV A, where the difference in the densities between
the dynamical model and the Slater determinant is discussed.
The binding energy and the matter size of 22C are studied in the
three-body model of 20C+n+n in Sect. IV B and the densities
of the core+n+n model are presented in Sec. IV C. Section V
presents the results of reaction cross section calculations; the
cases of 12−20C in Sec. V A and the 22C+12C reaction in
Sec. V B. Summary is drawn in Sec. VI. A method of
calculation of two-particle distribution functions is given in
Appendix.

II. MODEL FOR A REACTION CROSS-SECTION
CALCULATION

In this section, we describe our reaction models for
analyzing reaction cross sections between nuclei. A simple
formula is given in Sec. II A in the framework of the Glauber
theory, and the other method using an optical potential is
explained in Sec. II B. These methods are complementary to
each other for a 12C target, but only the former can be applied
for a proton target in general when a proton-nucleus optical
potential is not available. With these calculations in two ways,
we can find a reliable parametrization of the NN interaction
for a wide energy range, which is important to proceed to the
case of a proton target in our future work.

A. Glauber formalism

The reaction cross section for a projectile-target collision is
calculated by integrating the reaction probability with respect
to the impact parameter b;

σR =
∫

db(1 − |eiχ(b)|2), (1)

where the phase-shift function χ is expressed, in the Glauber
model [14], through the NN profile function #NN by

eiχ(b) = ⟨$0%0|
∏

i∈P

∏

j∈T

[1 − #NN(si − tj + b)]|$0%0⟩.

(2)

Here $0 (%0) is the intrinsic wave function of the projectile
(target) with its c.m. part being removed, si is the two-
dimensional vector of the projectile’s single-particle coordi-
nate, ri , measured from the projectile’s c.m. coordinate, and ti
is defined for the target nucleus in a similar way. The profile

function #NN is usually parameterized in the form;

#NN(b) = 1 − iα

4πβ
σ tot

NNexp
(

− b2

2β

)
, (3)

where σ tot
NN is the total cross section for NN collisions, α the

ratio of the real to the imaginary part of the NN scattering
amplitude, and β the slope parameter of the NN elastic
differential cross section.

As seen in Eq. (2), the calculation of the phase-shift function
requires a multidimensional integration. The importance of
including such higher-order terms has been known for many
years [18]. Though the integration can be performed using the
Monte Carlo technique even for sophisticated wave functions
[19], it is fairly involved in general, so it is often approximately
evaluated in the optical limit approximation (OLA) using the
intrinsic densities of the projectile (target) nuclei, ρP (ρT), as
follows:

eiχOLA(b) = exp
[

−
∫∫

drdr′ρP(r)ρT(r′)#NN(s − t + b)
]
.

(4)

Another approximation is proposed in Ref. [20] by two
(B.A.-I. and Y.S.) of the present authors to calculate the
reaction cross sections using the same input as in the OLA. The
essence of the approximation is to consider, as an intermediate
step, a phase shift function for the nucleon-nucleus scattering.
With the introduction of the profile function #NT for the
nucleon-target (NT) scattering, the phase-shift function of
OLA, Eq. (4), is replaced by χ̄ as

eiχ̄ (b) = ⟨$0|
∏

i∈P

{1 − #NT (si + b)}|$0⟩

≈ exp
[

−
∫

drρP(r)#NT (s + b)
]
. (5)

We here adopt two methods to calculate the #NT : One is to
calculate the #NT using an appropriate optical potential as
shown in the next subsection. The other is to use the Glauber
theory as

#NT (b) = 1 − ⟨%0|
∏

j∈T

[1 − #NN(b − tj )]|%0⟩

≈ 1 − exp
[

−
∫

dr′ρT(r′)#NN(b − t)
]
. (6)

Substituting this expression into Eq. (5) leads us to

eiχ̄(b) = exp
(

−
∫

drρP(r)

×
{

1 − exp
[
−

∫
dr′ρT(r′)#NN(s − t + b)

]})
. (7)

This formula is found to give better results than those of
the OLA [20,21]. Though only the leading term in the
cumulant expansion is taken into account to derive Eq. (7), this
approximation includes higher-order corrections which Eq. (4)
does not contain [21]. Because the role of the projectile and the
target is interchangeable in the calculation of the reaction cross

044607-2
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least one proton, leading to the CCR. The probability of the
CCR reads

Pcc(b) = 1 −
∑

a′,β

∣∣〈"(p,0)
P "

(n,a′)
P #

(β)
T

∣∣ei(χn+χp)|0⟩
∣∣2

, (3)

where β specifies the state of the target nucleus. With the use
of the closure relation

∑

a′,β

∣∣"(n,a′)
P #

(β)
T

〉〈
"

(n,a′)
P #

(β)
T

∣∣ = 1 (4)

and the unitarity condition of the phase-shift function

(eiχnN )†eiχnN = 1, (5)

we obtain Pcc(b) as follows:

Pcc(b) = 1 − ⟨0T |F (b,ξ )|0T ⟩, (6)

with the projectile-proton “transparency function”

F (b,ξ ) =
∣∣〈"(p,0)

P

∣∣eiχp ∣∣"(p,0)
P

〉∣∣2
, (7)

where ξ stands for a set of all the coordinates of the target
nucleons. Note that the χn is present in Eq. (3) but finally
disappears in Eq. (6). Namely, only the interaction of the
projectile’s protons with the target nucleons leads to the CCR
but the projectile’s neutrons play no role. We call this process
“direct” in what follows. The σcc corresponding to the direct
process is given by

σ dir
cc =

∫
db P dir

cc (b). (8)

The matrix elements in Eqs. (1), (6), and (7) are usually
evaluated in the optical-limit approximation (OLA) [9,15,16]
that requires only the nuclear one-body densities. Within the
OLA, we obtain

P dir
cc (b) = 1 − exp

⎛

⎝−2
∑

N=p,n

∫∫
ds d t T

(p)
P (s)T (N)

T (t)

× Re &pN (b + s − t)

⎞

⎠, (9)

where, e.g., T (p)
P (s) is the thickness function of the projectile’s

proton density ρ
(p)
P (r), T

(p)
P (s) =

∫ ∞
−∞ dz ρ

(p)
P (r) with r =

(s,z). The NN profile function, &NN = 1 − eiχNN , is usually
expressed using the NN collision data at the incident energy
E as [17]

&NN (b) = 1 − iαNN

4πβNN

σ tot
NN exp

(
− b2

2βNN

)
. (10)

The values of αNN,βNN , and σ tot
NN are given in Ref. [18] for a

wide range of E. The zero-range approximation simplifies
&NN (b) to 1

2 (1 − iαNN )σ tot
NNδ(b), but note that it does not

reproduce the NN total elastic cross section. The σcc with
Eq. (9) is called σ free

cc in Ref. [12], where the zero-range
approximation is employed.

When the target density is well known, P dir
cc (b) depends

on only the projectile’s proton density. To test the validity
of Eqs. (8) and (9), we choose a 12C target whose density

TABLE I. Charge-changing cross sections, given in units of mb,
of 12,13,14C on a 12C target at E MeV. The projectile’s proton (root-
mean-square) radius rp is obtained from the charge radius of Ref. [21]
by taking into account the finite size effect of the nucleon as well as
the so-called Darwin-Foldy term. See, e.g., Ref. [22].

Projectile rp (fm) σ dir
cc σcc (expt.) E/A

12C 2.326 735 734 ± 6 [8] 943
735 733 ± 7 [13] 937

13C 2.321 732 726 ± 7 [13] 828
14C 2.369 743 731 ± 7 [13] 900

distribution is well known and take up the projectiles of
12,13,14C whose proton radii (rp) are known. Assuming the
harmonic-oscillator (HO) density distributions [19,20], we set
the oscillator parameters to reproduce rp. As compared in
Table I, the σ dir

cc values agree with the measured cross sections
quite well, which confirms the validity of our formulation.

With the increasing number of neutrons, it is likely that the
proton orbits of the projectile isotopes are deeply bound and
few states with a ̸= 0 may not lead to the CCR. If that is the
case, the σ dir

cc value calculated using Eq. (9) tends to be larger
than experiment.

Figure 1 displays σ dir
cc as well as σR of 12C +12C as a function

of E. Here σR is calculated in the nucleon-target formalism
in the Glauber model (NTG) [23,24], which performs slightly
better than OLA. Both the magnitude and energy dependence
of σR or the interaction cross section (σI ) are reproduced
very well. As for σ dir

cc , the calculation reasonably well
reproduces the measured cross sections [25]. The σcc data
at 300A–400A MeV are, however, very much scattered. More
accurate data are needed to examine the energy dependence of
σcc before introducing the E-dependent factor [4,5].

 600

 700

 800

 900

 1000

 1100

 1200

 100  1000

σ 
(m

b)

Incident Energy (MeV/nucleon)

σR (Cal.)
Zero range

σcc (Cal.)
Zero range

FIG. 1. Total reaction (or interaction) and charge-changing cross
sections of 12C on a 12C target as a function of incident energy.
Calculations are performed with the HO densities that give rp =
rn = 2.326 fm. Results with the zero-range profile functions are also
drawn for comparison. References for the experimental data on σR

(open circle) and σI (open rectangle) are quoted in Ref. [24]. The
σcc data are taken from Ref. [8] for diamond, Ref. [25] for inverted
triangle, Ref. [26] for closed triangle, and Ref. [27] for open triangle.
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least one proton, leading to the CCR. The probability of the
CCR reads

Pcc(b) = 1 −
∑

a′,β

∣∣〈"(p,0)
P "

(n,a′)
P #

(β)
T

∣∣ei(χn+χp)|0⟩
∣∣2

, (3)

where β specifies the state of the target nucleus. With the use
of the closure relation

∑

a′,β

∣∣"(n,a′)
P #

(β)
T

〉〈
"

(n,a′)
P #

(β)
T

∣∣ = 1 (4)

and the unitarity condition of the phase-shift function

(eiχnN )†eiχnN = 1, (5)

we obtain Pcc(b) as follows:

Pcc(b) = 1 − ⟨0T |F (b,ξ )|0T ⟩, (6)

with the projectile-proton “transparency function”

F (b,ξ ) =
∣∣〈"(p,0)

P

∣∣eiχp ∣∣"(p,0)
P

〉∣∣2
, (7)

where ξ stands for a set of all the coordinates of the target
nucleons. Note that the χn is present in Eq. (3) but finally
disappears in Eq. (6). Namely, only the interaction of the
projectile’s protons with the target nucleons leads to the CCR
but the projectile’s neutrons play no role. We call this process
“direct” in what follows. The σcc corresponding to the direct
process is given by

σ dir
cc =

∫
db P dir

cc (b). (8)

The matrix elements in Eqs. (1), (6), and (7) are usually
evaluated in the optical-limit approximation (OLA) [9,15,16]
that requires only the nuclear one-body densities. Within the
OLA, we obtain

P dir
cc (b) = 1 − exp

⎛

⎝−2
∑

N=p,n

∫∫
ds d t T

(p)
P (s)T (N)

T (t)

× Re &pN (b + s − t)

⎞

⎠, (9)

where, e.g., T (p)
P (s) is the thickness function of the projectile’s

proton density ρ
(p)
P (r), T

(p)
P (s) =

∫ ∞
−∞ dz ρ

(p)
P (r) with r =

(s,z). The NN profile function, &NN = 1 − eiχNN , is usually
expressed using the NN collision data at the incident energy
E as [17]

&NN (b) = 1 − iαNN

4πβNN

σ tot
NN exp

(
− b2

2βNN

)
. (10)

The values of αNN,βNN , and σ tot
NN are given in Ref. [18] for a

wide range of E. The zero-range approximation simplifies
&NN (b) to 1

2 (1 − iαNN )σ tot
NNδ(b), but note that it does not

reproduce the NN total elastic cross section. The σcc with
Eq. (9) is called σ free

cc in Ref. [12], where the zero-range
approximation is employed.

When the target density is well known, P dir
cc (b) depends

on only the projectile’s proton density. To test the validity
of Eqs. (8) and (9), we choose a 12C target whose density

TABLE I. Charge-changing cross sections, given in units of mb,
of 12,13,14C on a 12C target at E MeV. The projectile’s proton (root-
mean-square) radius rp is obtained from the charge radius of Ref. [21]
by taking into account the finite size effect of the nucleon as well as
the so-called Darwin-Foldy term. See, e.g., Ref. [22].

Projectile rp (fm) σ dir
cc σcc (expt.) E/A

12C 2.326 735 734 ± 6 [8] 943
735 733 ± 7 [13] 937

13C 2.321 732 726 ± 7 [13] 828
14C 2.369 743 731 ± 7 [13] 900

distribution is well known and take up the projectiles of
12,13,14C whose proton radii (rp) are known. Assuming the
harmonic-oscillator (HO) density distributions [19,20], we set
the oscillator parameters to reproduce rp. As compared in
Table I, the σ dir

cc values agree with the measured cross sections
quite well, which confirms the validity of our formulation.

With the increasing number of neutrons, it is likely that the
proton orbits of the projectile isotopes are deeply bound and
few states with a ̸= 0 may not lead to the CCR. If that is the
case, the σ dir

cc value calculated using Eq. (9) tends to be larger
than experiment.

Figure 1 displays σ dir
cc as well as σR of 12C +12C as a function

of E. Here σR is calculated in the nucleon-target formalism
in the Glauber model (NTG) [23,24], which performs slightly
better than OLA. Both the magnitude and energy dependence
of σR or the interaction cross section (σI ) are reproduced
very well. As for σ dir

cc , the calculation reasonably well
reproduces the measured cross sections [25]. The σcc data
at 300A–400A MeV are, however, very much scattered. More
accurate data are needed to examine the energy dependence of
σcc before introducing the E-dependent factor [4,5].
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FIG. 1. Total reaction (or interaction) and charge-changing cross
sections of 12C on a 12C target as a function of incident energy.
Calculations are performed with the HO densities that give rp =
rn = 2.326 fm. Results with the zero-range profile functions are also
drawn for comparison. References for the experimental data on σR

(open circle) and σI (open rectangle) are quoted in Ref. [24]. The
σcc data are taken from Ref. [8] for diamond, Ref. [25] for inverted
triangle, Ref. [26] for closed triangle, and Ref. [27] for open triangle.
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least one proton, leading to the CCR. The probability of the
CCR reads

Pcc(b) = 1 −
∑

a′,β

∣∣〈"(p,0)
P "

(n,a′)
P #

(β)
T

∣∣ei(χn+χp)|0⟩
∣∣2

, (3)

where β specifies the state of the target nucleus. With the use
of the closure relation

∑

a′,β

∣∣"(n,a′)
P #

(β)
T

〉〈
"

(n,a′)
P #

(β)
T

∣∣ = 1 (4)

and the unitarity condition of the phase-shift function

(eiχnN )†eiχnN = 1, (5)

we obtain Pcc(b) as follows:

Pcc(b) = 1 − ⟨0T |F (b,ξ )|0T ⟩, (6)

with the projectile-proton “transparency function”

F (b,ξ ) =
∣∣〈"(p,0)

P

∣∣eiχp ∣∣"(p,0)
P

〉∣∣2
, (7)

where ξ stands for a set of all the coordinates of the target
nucleons. Note that the χn is present in Eq. (3) but finally
disappears in Eq. (6). Namely, only the interaction of the
projectile’s protons with the target nucleons leads to the CCR
but the projectile’s neutrons play no role. We call this process
“direct” in what follows. The σcc corresponding to the direct
process is given by

σ dir
cc =

∫
db P dir

cc (b). (8)

The matrix elements in Eqs. (1), (6), and (7) are usually
evaluated in the optical-limit approximation (OLA) [9,15,16]
that requires only the nuclear one-body densities. Within the
OLA, we obtain

P dir
cc (b) = 1 − exp

⎛

⎝−2
∑

N=p,n

∫∫
ds d t T

(p)
P (s)T (N)

T (t)

× Re &pN (b + s − t)

⎞

⎠, (9)

where, e.g., T (p)
P (s) is the thickness function of the projectile’s

proton density ρ
(p)
P (r), T

(p)
P (s) =

∫ ∞
−∞ dz ρ

(p)
P (r) with r =

(s,z). The NN profile function, &NN = 1 − eiχNN , is usually
expressed using the NN collision data at the incident energy
E as [17]

&NN (b) = 1 − iαNN

4πβNN

σ tot
NN exp

(
− b2

2βNN

)
. (10)

The values of αNN,βNN , and σ tot
NN are given in Ref. [18] for a

wide range of E. The zero-range approximation simplifies
&NN (b) to 1

2 (1 − iαNN )σ tot
NNδ(b), but note that it does not

reproduce the NN total elastic cross section. The σcc with
Eq. (9) is called σ free

cc in Ref. [12], where the zero-range
approximation is employed.

When the target density is well known, P dir
cc (b) depends

on only the projectile’s proton density. To test the validity
of Eqs. (8) and (9), we choose a 12C target whose density

TABLE I. Charge-changing cross sections, given in units of mb,
of 12,13,14C on a 12C target at E MeV. The projectile’s proton (root-
mean-square) radius rp is obtained from the charge radius of Ref. [21]
by taking into account the finite size effect of the nucleon as well as
the so-called Darwin-Foldy term. See, e.g., Ref. [22].

Projectile rp (fm) σ dir
cc σcc (expt.) E/A

12C 2.326 735 734 ± 6 [8] 943
735 733 ± 7 [13] 937

13C 2.321 732 726 ± 7 [13] 828
14C 2.369 743 731 ± 7 [13] 900

distribution is well known and take up the projectiles of
12,13,14C whose proton radii (rp) are known. Assuming the
harmonic-oscillator (HO) density distributions [19,20], we set
the oscillator parameters to reproduce rp. As compared in
Table I, the σ dir

cc values agree with the measured cross sections
quite well, which confirms the validity of our formulation.

With the increasing number of neutrons, it is likely that the
proton orbits of the projectile isotopes are deeply bound and
few states with a ̸= 0 may not lead to the CCR. If that is the
case, the σ dir

cc value calculated using Eq. (9) tends to be larger
than experiment.

Figure 1 displays σ dir
cc as well as σR of 12C +12C as a function

of E. Here σR is calculated in the nucleon-target formalism
in the Glauber model (NTG) [23,24], which performs slightly
better than OLA. Both the magnitude and energy dependence
of σR or the interaction cross section (σI ) are reproduced
very well. As for σ dir

cc , the calculation reasonably well
reproduces the measured cross sections [25]. The σcc data
at 300A–400A MeV are, however, very much scattered. More
accurate data are needed to examine the energy dependence of
σcc before introducing the E-dependent factor [4,5].
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FIG. 1. Total reaction (or interaction) and charge-changing cross
sections of 12C on a 12C target as a function of incident energy.
Calculations are performed with the HO densities that give rp =
rn = 2.326 fm. Results with the zero-range profile functions are also
drawn for comparison. References for the experimental data on σR

(open circle) and σI (open rectangle) are quoted in Ref. [24]. The
σcc data are taken from Ref. [8] for diamond, Ref. [25] for inverted
triangle, Ref. [26] for closed triangle, and Ref. [27] for open triangle.
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least one proton, leading to the CCR. The probability of the
CCR reads

Pcc(b) = 1 −
∑

a′,β

∣∣〈"(p,0)
P "

(n,a′)
P #

(β)
T

∣∣ei(χn+χp)|0⟩
∣∣2

, (3)

where β specifies the state of the target nucleus. With the use
of the closure relation

∑

a′,β

∣∣"(n,a′)
P #

(β)
T

〉〈
"

(n,a′)
P #

(β)
T

∣∣ = 1 (4)

and the unitarity condition of the phase-shift function

(eiχnN )†eiχnN = 1, (5)

we obtain Pcc(b) as follows:

Pcc(b) = 1 − ⟨0T |F (b,ξ )|0T ⟩, (6)

with the projectile-proton “transparency function”

F (b,ξ ) =
∣∣〈"(p,0)

P

∣∣eiχp ∣∣"(p,0)
P

〉∣∣2
, (7)

where ξ stands for a set of all the coordinates of the target
nucleons. Note that the χn is present in Eq. (3) but finally
disappears in Eq. (6). Namely, only the interaction of the
projectile’s protons with the target nucleons leads to the CCR
but the projectile’s neutrons play no role. We call this process
“direct” in what follows. The σcc corresponding to the direct
process is given by

σ dir
cc =

∫
db P dir

cc (b). (8)

The matrix elements in Eqs. (1), (6), and (7) are usually
evaluated in the optical-limit approximation (OLA) [9,15,16]
that requires only the nuclear one-body densities. Within the
OLA, we obtain

P dir
cc (b) = 1 − exp

⎛

⎝−2
∑

N=p,n

∫∫
ds d t T

(p)
P (s)T (N)

T (t)

× Re &pN (b + s − t)

⎞

⎠, (9)

where, e.g., T (p)
P (s) is the thickness function of the projectile’s

proton density ρ
(p)
P (r), T

(p)
P (s) =

∫ ∞
−∞ dz ρ

(p)
P (r) with r =

(s,z). The NN profile function, &NN = 1 − eiχNN , is usually
expressed using the NN collision data at the incident energy
E as [17]

&NN (b) = 1 − iαNN

4πβNN

σ tot
NN exp

(
− b2

2βNN

)
. (10)

The values of αNN,βNN , and σ tot
NN are given in Ref. [18] for a

wide range of E. The zero-range approximation simplifies
&NN (b) to 1

2 (1 − iαNN )σ tot
NNδ(b), but note that it does not

reproduce the NN total elastic cross section. The σcc with
Eq. (9) is called σ free

cc in Ref. [12], where the zero-range
approximation is employed.

When the target density is well known, P dir
cc (b) depends

on only the projectile’s proton density. To test the validity
of Eqs. (8) and (9), we choose a 12C target whose density

TABLE I. Charge-changing cross sections, given in units of mb,
of 12,13,14C on a 12C target at E MeV. The projectile’s proton (root-
mean-square) radius rp is obtained from the charge radius of Ref. [21]
by taking into account the finite size effect of the nucleon as well as
the so-called Darwin-Foldy term. See, e.g., Ref. [22].

Projectile rp (fm) σ dir
cc σcc (expt.) E/A

12C 2.326 735 734 ± 6 [8] 943
735 733 ± 7 [13] 937

13C 2.321 732 726 ± 7 [13] 828
14C 2.369 743 731 ± 7 [13] 900

distribution is well known and take up the projectiles of
12,13,14C whose proton radii (rp) are known. Assuming the
harmonic-oscillator (HO) density distributions [19,20], we set
the oscillator parameters to reproduce rp. As compared in
Table I, the σ dir

cc values agree with the measured cross sections
quite well, which confirms the validity of our formulation.

With the increasing number of neutrons, it is likely that the
proton orbits of the projectile isotopes are deeply bound and
few states with a ̸= 0 may not lead to the CCR. If that is the
case, the σ dir

cc value calculated using Eq. (9) tends to be larger
than experiment.

Figure 1 displays σ dir
cc as well as σR of 12C +12C as a function

of E. Here σR is calculated in the nucleon-target formalism
in the Glauber model (NTG) [23,24], which performs slightly
better than OLA. Both the magnitude and energy dependence
of σR or the interaction cross section (σI ) are reproduced
very well. As for σ dir

cc , the calculation reasonably well
reproduces the measured cross sections [25]. The σcc data
at 300A–400A MeV are, however, very much scattered. More
accurate data are needed to examine the energy dependence of
σcc before introducing the E-dependent factor [4,5].
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FIG. 1. Total reaction (or interaction) and charge-changing cross
sections of 12C on a 12C target as a function of incident energy.
Calculations are performed with the HO densities that give rp =
rn = 2.326 fm. Results with the zero-range profile functions are also
drawn for comparison. References for the experimental data on σR

(open circle) and σI (open rectangle) are quoted in Ref. [24]. The
σcc data are taken from Ref. [8] for diamond, Ref. [25] for inverted
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between nuclei are presented in the next section. A simple
formula is given in Sec. II A in the framework of the Glauber
theory, and the other method using an optical potential is
explained in Sec. II B. The reaction cross section of 12C+12C
is tested by these formulas in a wide range of incident
energy. In Sec. III the phenomenological mean-field potential
is prescribed for generating the Slater determinant, and the
c.m. motion is removed to obtain the intrinsic density that
is used in the reaction calculation. The mean radius of the
matter distribution is compared to the empirical value. The
nuclear structure model is extended to the dynamical model
in Sec. IV. A core+n model is applied to the odd N isotopes
in Sec. IV A, where the difference in the densities between
the dynamical model and the Slater determinant is discussed.
The binding energy and the matter size of 22C are studied in the
three-body model of 20C+n+n in Sect. IV B and the densities
of the core+n+n model are presented in Sec. IV C. Section V
presents the results of reaction cross section calculations; the
cases of 12−20C in Sec. V A and the 22C+12C reaction in
Sec. V B. Summary is drawn in Sec. VI. A method of
calculation of two-particle distribution functions is given in
Appendix.

II. MODEL FOR A REACTION CROSS-SECTION
CALCULATION

In this section, we describe our reaction models for
analyzing reaction cross sections between nuclei. A simple
formula is given in Sec. II A in the framework of the Glauber
theory, and the other method using an optical potential is
explained in Sec. II B. These methods are complementary to
each other for a 12C target, but only the former can be applied
for a proton target in general when a proton-nucleus optical
potential is not available. With these calculations in two ways,
we can find a reliable parametrization of the NN interaction
for a wide energy range, which is important to proceed to the
case of a proton target in our future work.

A. Glauber formalism

The reaction cross section for a projectile-target collision is
calculated by integrating the reaction probability with respect
to the impact parameter b;

σR =
∫

db(1 − |eiχ(b)|2), (1)

where the phase-shift function χ is expressed, in the Glauber
model [14], through the NN profile function #NN by

eiχ(b) = ⟨$0%0|
∏

i∈P

∏

j∈T

[1 − #NN(si − tj + b)]|$0%0⟩.

(2)

Here $0 (%0) is the intrinsic wave function of the projectile
(target) with its c.m. part being removed, si is the two-
dimensional vector of the projectile’s single-particle coordi-
nate, ri , measured from the projectile’s c.m. coordinate, and ti
is defined for the target nucleus in a similar way. The profile

function #NN is usually parameterized in the form;

#NN(b) = 1 − iα

4πβ
σ tot

NNexp
(

− b2

2β

)
, (3)

where σ tot
NN is the total cross section for NN collisions, α the

ratio of the real to the imaginary part of the NN scattering
amplitude, and β the slope parameter of the NN elastic
differential cross section.

As seen in Eq. (2), the calculation of the phase-shift function
requires a multidimensional integration. The importance of
including such higher-order terms has been known for many
years [18]. Though the integration can be performed using the
Monte Carlo technique even for sophisticated wave functions
[19], it is fairly involved in general, so it is often approximately
evaluated in the optical limit approximation (OLA) using the
intrinsic densities of the projectile (target) nuclei, ρP (ρT), as
follows:

eiχOLA(b) = exp
[

−
∫∫

drdr′ρP(r)ρT(r′)#NN(s − t + b)
]
.

(4)

Another approximation is proposed in Ref. [20] by two
(B.A.-I. and Y.S.) of the present authors to calculate the
reaction cross sections using the same input as in the OLA. The
essence of the approximation is to consider, as an intermediate
step, a phase shift function for the nucleon-nucleus scattering.
With the introduction of the profile function #NT for the
nucleon-target (NT) scattering, the phase-shift function of
OLA, Eq. (4), is replaced by χ̄ as

eiχ̄ (b) = ⟨$0|
∏

i∈P

{1 − #NT (si + b)}|$0⟩

≈ exp
[

−
∫

drρP(r)#NT (s + b)
]
. (5)

We here adopt two methods to calculate the #NT : One is to
calculate the #NT using an appropriate optical potential as
shown in the next subsection. The other is to use the Glauber
theory as

#NT (b) = 1 − ⟨%0|
∏

j∈T

[1 − #NN(b − tj )]|%0⟩

≈ 1 − exp
[

−
∫

dr′ρT(r′)#NN(b − t)
]
. (6)

Substituting this expression into Eq. (5) leads us to

eiχ̄(b) = exp
(

−
∫

drρP(r)

×
{

1 − exp
[
−

∫
dr′ρT(r′)#NN(s − t + b)

]})
. (7)

This formula is found to give better results than those of
the OLA [20,21]. Though only the leading term in the
cumulant expansion is taken into account to derive Eq. (7), this
approximation includes higher-order corrections which Eq. (4)
does not contain [21]. Because the role of the projectile and the
target is interchangeable in the calculation of the reaction cross
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least one proton, leading to the CCR. The probability of the
CCR reads

Pcc(b) = 1 −
∑

a′,β

∣∣〈"(p,0)
P "

(n,a′)
P #

(β)
T

∣∣ei(χn+χp)|0⟩
∣∣2

, (3)

where β specifies the state of the target nucleus. With the use
of the closure relation

∑

a′,β

∣∣"(n,a′)
P #

(β)
T

〉〈
"

(n,a′)
P #

(β)
T

∣∣ = 1 (4)

and the unitarity condition of the phase-shift function

(eiχnN )†eiχnN = 1, (5)

we obtain Pcc(b) as follows:

Pcc(b) = 1 − ⟨0T |F (b,ξ )|0T ⟩, (6)

with the projectile-proton “transparency function”

F (b,ξ ) =
∣∣〈"(p,0)

P

∣∣eiχp ∣∣"(p,0)
P

〉∣∣2
, (7)

where ξ stands for a set of all the coordinates of the target
nucleons. Note that the χn is present in Eq. (3) but finally
disappears in Eq. (6). Namely, only the interaction of the
projectile’s protons with the target nucleons leads to the CCR
but the projectile’s neutrons play no role. We call this process
“direct” in what follows. The σcc corresponding to the direct
process is given by

σ dir
cc =

∫
db P dir

cc (b). (8)

The matrix elements in Eqs. (1), (6), and (7) are usually
evaluated in the optical-limit approximation (OLA) [9,15,16]
that requires only the nuclear one-body densities. Within the
OLA, we obtain

P dir
cc (b) = 1 − exp

⎛

⎝−2
∑

N=p,n

∫∫
ds d t T

(p)
P (s)T (N)

T (t)

× Re &pN (b + s − t)

⎞

⎠, (9)

where, e.g., T (p)
P (s) is the thickness function of the projectile’s

proton density ρ
(p)
P (r), T

(p)
P (s) =

∫ ∞
−∞ dz ρ

(p)
P (r) with r =

(s,z). The NN profile function, &NN = 1 − eiχNN , is usually
expressed using the NN collision data at the incident energy
E as [17]

&NN (b) = 1 − iαNN

4πβNN

σ tot
NN exp

(
− b2

2βNN

)
. (10)

The values of αNN,βNN , and σ tot
NN are given in Ref. [18] for a

wide range of E. The zero-range approximation simplifies
&NN (b) to 1

2 (1 − iαNN )σ tot
NNδ(b), but note that it does not

reproduce the NN total elastic cross section. The σcc with
Eq. (9) is called σ free

cc in Ref. [12], where the zero-range
approximation is employed.

When the target density is well known, P dir
cc (b) depends

on only the projectile’s proton density. To test the validity
of Eqs. (8) and (9), we choose a 12C target whose density

TABLE I. Charge-changing cross sections, given in units of mb,
of 12,13,14C on a 12C target at E MeV. The projectile’s proton (root-
mean-square) radius rp is obtained from the charge radius of Ref. [21]
by taking into account the finite size effect of the nucleon as well as
the so-called Darwin-Foldy term. See, e.g., Ref. [22].

Projectile rp (fm) σ dir
cc σcc (expt.) E/A

12C 2.326 735 734 ± 6 [8] 943
735 733 ± 7 [13] 937

13C 2.321 732 726 ± 7 [13] 828
14C 2.369 743 731 ± 7 [13] 900

distribution is well known and take up the projectiles of
12,13,14C whose proton radii (rp) are known. Assuming the
harmonic-oscillator (HO) density distributions [19,20], we set
the oscillator parameters to reproduce rp. As compared in
Table I, the σ dir

cc values agree with the measured cross sections
quite well, which confirms the validity of our formulation.

With the increasing number of neutrons, it is likely that the
proton orbits of the projectile isotopes are deeply bound and
few states with a ̸= 0 may not lead to the CCR. If that is the
case, the σ dir

cc value calculated using Eq. (9) tends to be larger
than experiment.

Figure 1 displays σ dir
cc as well as σR of 12C +12C as a function

of E. Here σR is calculated in the nucleon-target formalism
in the Glauber model (NTG) [23,24], which performs slightly
better than OLA. Both the magnitude and energy dependence
of σR or the interaction cross section (σI ) are reproduced
very well. As for σ dir

cc , the calculation reasonably well
reproduces the measured cross sections [25]. The σcc data
at 300A–400A MeV are, however, very much scattered. More
accurate data are needed to examine the energy dependence of
σcc before introducing the E-dependent factor [4,5].
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FIG. 1. Total reaction (or interaction) and charge-changing cross
sections of 12C on a 12C target as a function of incident energy.
Calculations are performed with the HO densities that give rp =
rn = 2.326 fm. Results with the zero-range profile functions are also
drawn for comparison. References for the experimental data on σR

(open circle) and σI (open rectangle) are quoted in Ref. [24]. The
σcc data are taken from Ref. [8] for diamond, Ref. [25] for inverted
triangle, Ref. [26] for closed triangle, and Ref. [27] for open triangle.
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least one proton, leading to the CCR. The probability of the
CCR reads

Pcc(b) = 1 −
∑

a′,β

∣∣〈"(p,0)
P "

(n,a′)
P #

(β)
T

∣∣ei(χn+χp)|0⟩
∣∣2

, (3)

where β specifies the state of the target nucleus. With the use
of the closure relation

∑

a′,β

∣∣"(n,a′)
P #

(β)
T

〉〈
"

(n,a′)
P #

(β)
T

∣∣ = 1 (4)

and the unitarity condition of the phase-shift function

(eiχnN )†eiχnN = 1, (5)

we obtain Pcc(b) as follows:

Pcc(b) = 1 − ⟨0T |F (b,ξ )|0T ⟩, (6)

with the projectile-proton “transparency function”

F (b,ξ ) =
∣∣〈"(p,0)

P

∣∣eiχp ∣∣"(p,0)
P

〉∣∣2
, (7)

where ξ stands for a set of all the coordinates of the target
nucleons. Note that the χn is present in Eq. (3) but finally
disappears in Eq. (6). Namely, only the interaction of the
projectile’s protons with the target nucleons leads to the CCR
but the projectile’s neutrons play no role. We call this process
“direct” in what follows. The σcc corresponding to the direct
process is given by

σ dir
cc =

∫
db P dir

cc (b). (8)

The matrix elements in Eqs. (1), (6), and (7) are usually
evaluated in the optical-limit approximation (OLA) [9,15,16]
that requires only the nuclear one-body densities. Within the
OLA, we obtain

P dir
cc (b) = 1 − exp

⎛

⎝−2
∑

N=p,n

∫∫
ds d t T

(p)
P (s)T (N)

T (t)

× Re &pN (b + s − t)

⎞

⎠, (9)

where, e.g., T (p)
P (s) is the thickness function of the projectile’s

proton density ρ
(p)
P (r), T

(p)
P (s) =

∫ ∞
−∞ dz ρ

(p)
P (r) with r =

(s,z). The NN profile function, &NN = 1 − eiχNN , is usually
expressed using the NN collision data at the incident energy
E as [17]

&NN (b) = 1 − iαNN

4πβNN

σ tot
NN exp

(
− b2

2βNN

)
. (10)

The values of αNN,βNN , and σ tot
NN are given in Ref. [18] for a

wide range of E. The zero-range approximation simplifies
&NN (b) to 1

2 (1 − iαNN )σ tot
NNδ(b), but note that it does not

reproduce the NN total elastic cross section. The σcc with
Eq. (9) is called σ free

cc in Ref. [12], where the zero-range
approximation is employed.

When the target density is well known, P dir
cc (b) depends

on only the projectile’s proton density. To test the validity
of Eqs. (8) and (9), we choose a 12C target whose density

TABLE I. Charge-changing cross sections, given in units of mb,
of 12,13,14C on a 12C target at E MeV. The projectile’s proton (root-
mean-square) radius rp is obtained from the charge radius of Ref. [21]
by taking into account the finite size effect of the nucleon as well as
the so-called Darwin-Foldy term. See, e.g., Ref. [22].

Projectile rp (fm) σ dir
cc σcc (expt.) E/A

12C 2.326 735 734 ± 6 [8] 943
735 733 ± 7 [13] 937

13C 2.321 732 726 ± 7 [13] 828
14C 2.369 743 731 ± 7 [13] 900

distribution is well known and take up the projectiles of
12,13,14C whose proton radii (rp) are known. Assuming the
harmonic-oscillator (HO) density distributions [19,20], we set
the oscillator parameters to reproduce rp. As compared in
Table I, the σ dir

cc values agree with the measured cross sections
quite well, which confirms the validity of our formulation.

With the increasing number of neutrons, it is likely that the
proton orbits of the projectile isotopes are deeply bound and
few states with a ̸= 0 may not lead to the CCR. If that is the
case, the σ dir

cc value calculated using Eq. (9) tends to be larger
than experiment.

Figure 1 displays σ dir
cc as well as σR of 12C +12C as a function

of E. Here σR is calculated in the nucleon-target formalism
in the Glauber model (NTG) [23,24], which performs slightly
better than OLA. Both the magnitude and energy dependence
of σR or the interaction cross section (σI ) are reproduced
very well. As for σ dir

cc , the calculation reasonably well
reproduces the measured cross sections [25]. The σcc data
at 300A–400A MeV are, however, very much scattered. More
accurate data are needed to examine the energy dependence of
σcc before introducing the E-dependent factor [4,5].
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FIG. 1. Total reaction (or interaction) and charge-changing cross
sections of 12C on a 12C target as a function of incident energy.
Calculations are performed with the HO densities that give rp =
rn = 2.326 fm. Results with the zero-range profile functions are also
drawn for comparison. References for the experimental data on σR

(open circle) and σI (open rectangle) are quoted in Ref. [24]. The
σcc data are taken from Ref. [8] for diamond, Ref. [25] for inverted
triangle, Ref. [26] for closed triangle, and Ref. [27] for open triangle.
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least one proton, leading to the CCR. The probability of the
CCR reads

Pcc(b) = 1 −
∑

a′,β

∣∣〈"(p,0)
P "

(n,a′)
P #

(β)
T

∣∣ei(χn+χp)|0⟩
∣∣2

, (3)

where β specifies the state of the target nucleus. With the use
of the closure relation

∑

a′,β

∣∣"(n,a′)
P #

(β)
T

〉〈
"

(n,a′)
P #

(β)
T

∣∣ = 1 (4)

and the unitarity condition of the phase-shift function

(eiχnN )†eiχnN = 1, (5)

we obtain Pcc(b) as follows:

Pcc(b) = 1 − ⟨0T |F (b,ξ )|0T ⟩, (6)

with the projectile-proton “transparency function”

F (b,ξ ) =
∣∣〈"(p,0)

P

∣∣eiχp ∣∣"(p,0)
P

〉∣∣2
, (7)

where ξ stands for a set of all the coordinates of the target
nucleons. Note that the χn is present in Eq. (3) but finally
disappears in Eq. (6). Namely, only the interaction of the
projectile’s protons with the target nucleons leads to the CCR
but the projectile’s neutrons play no role. We call this process
“direct” in what follows. The σcc corresponding to the direct
process is given by

σ dir
cc =

∫
db P dir

cc (b). (8)

The matrix elements in Eqs. (1), (6), and (7) are usually
evaluated in the optical-limit approximation (OLA) [9,15,16]
that requires only the nuclear one-body densities. Within the
OLA, we obtain

P dir
cc (b) = 1 − exp

⎛

⎝−2
∑

N=p,n

∫∫
ds d t T

(p)
P (s)T (N)

T (t)

× Re &pN (b + s − t)

⎞

⎠, (9)

where, e.g., T (p)
P (s) is the thickness function of the projectile’s

proton density ρ
(p)
P (r), T

(p)
P (s) =

∫ ∞
−∞ dz ρ

(p)
P (r) with r =

(s,z). The NN profile function, &NN = 1 − eiχNN , is usually
expressed using the NN collision data at the incident energy
E as [17]

&NN (b) = 1 − iαNN

4πβNN

σ tot
NN exp

(
− b2

2βNN

)
. (10)

The values of αNN,βNN , and σ tot
NN are given in Ref. [18] for a

wide range of E. The zero-range approximation simplifies
&NN (b) to 1

2 (1 − iαNN )σ tot
NNδ(b), but note that it does not

reproduce the NN total elastic cross section. The σcc with
Eq. (9) is called σ free

cc in Ref. [12], where the zero-range
approximation is employed.

When the target density is well known, P dir
cc (b) depends

on only the projectile’s proton density. To test the validity
of Eqs. (8) and (9), we choose a 12C target whose density

TABLE I. Charge-changing cross sections, given in units of mb,
of 12,13,14C on a 12C target at E MeV. The projectile’s proton (root-
mean-square) radius rp is obtained from the charge radius of Ref. [21]
by taking into account the finite size effect of the nucleon as well as
the so-called Darwin-Foldy term. See, e.g., Ref. [22].

Projectile rp (fm) σ dir
cc σcc (expt.) E/A

12C 2.326 735 734 ± 6 [8] 943
735 733 ± 7 [13] 937

13C 2.321 732 726 ± 7 [13] 828
14C 2.369 743 731 ± 7 [13] 900

distribution is well known and take up the projectiles of
12,13,14C whose proton radii (rp) are known. Assuming the
harmonic-oscillator (HO) density distributions [19,20], we set
the oscillator parameters to reproduce rp. As compared in
Table I, the σ dir

cc values agree with the measured cross sections
quite well, which confirms the validity of our formulation.

With the increasing number of neutrons, it is likely that the
proton orbits of the projectile isotopes are deeply bound and
few states with a ̸= 0 may not lead to the CCR. If that is the
case, the σ dir

cc value calculated using Eq. (9) tends to be larger
than experiment.

Figure 1 displays σ dir
cc as well as σR of 12C +12C as a function

of E. Here σR is calculated in the nucleon-target formalism
in the Glauber model (NTG) [23,24], which performs slightly
better than OLA. Both the magnitude and energy dependence
of σR or the interaction cross section (σI ) are reproduced
very well. As for σ dir

cc , the calculation reasonably well
reproduces the measured cross sections [25]. The σcc data
at 300A–400A MeV are, however, very much scattered. More
accurate data are needed to examine the energy dependence of
σcc before introducing the E-dependent factor [4,5].
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FIG. 1. Total reaction (or interaction) and charge-changing cross
sections of 12C on a 12C target as a function of incident energy.
Calculations are performed with the HO densities that give rp =
rn = 2.326 fm. Results with the zero-range profile functions are also
drawn for comparison. References for the experimental data on σR

(open circle) and σI (open rectangle) are quoted in Ref. [24]. The
σcc data are taken from Ref. [8] for diamond, Ref. [25] for inverted
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least one proton, leading to the CCR. The probability of the
CCR reads

Pcc(b) = 1 −
∑

a′,β

∣∣〈"(p,0)
P "

(n,a′)
P #

(β)
T

∣∣ei(χn+χp)|0⟩
∣∣2

, (3)

where β specifies the state of the target nucleus. With the use
of the closure relation

∑

a′,β

∣∣"(n,a′)
P #

(β)
T

〉〈
"

(n,a′)
P #

(β)
T

∣∣ = 1 (4)

and the unitarity condition of the phase-shift function

(eiχnN )†eiχnN = 1, (5)

we obtain Pcc(b) as follows:

Pcc(b) = 1 − ⟨0T |F (b,ξ )|0T ⟩, (6)

with the projectile-proton “transparency function”

F (b,ξ ) =
∣∣〈"(p,0)

P

∣∣eiχp ∣∣"(p,0)
P

〉∣∣2
, (7)

where ξ stands for a set of all the coordinates of the target
nucleons. Note that the χn is present in Eq. (3) but finally
disappears in Eq. (6). Namely, only the interaction of the
projectile’s protons with the target nucleons leads to the CCR
but the projectile’s neutrons play no role. We call this process
“direct” in what follows. The σcc corresponding to the direct
process is given by

σ dir
cc =

∫
db P dir

cc (b). (8)

The matrix elements in Eqs. (1), (6), and (7) are usually
evaluated in the optical-limit approximation (OLA) [9,15,16]
that requires only the nuclear one-body densities. Within the
OLA, we obtain

P dir
cc (b) = 1 − exp

⎛

⎝−2
∑

N=p,n

∫∫
ds d t T

(p)
P (s)T (N)

T (t)

× Re &pN (b + s − t)

⎞

⎠, (9)

where, e.g., T (p)
P (s) is the thickness function of the projectile’s

proton density ρ
(p)
P (r), T

(p)
P (s) =

∫ ∞
−∞ dz ρ

(p)
P (r) with r =

(s,z). The NN profile function, &NN = 1 − eiχNN , is usually
expressed using the NN collision data at the incident energy
E as [17]

&NN (b) = 1 − iαNN

4πβNN

σ tot
NN exp

(
− b2

2βNN

)
. (10)

The values of αNN,βNN , and σ tot
NN are given in Ref. [18] for a

wide range of E. The zero-range approximation simplifies
&NN (b) to 1

2 (1 − iαNN )σ tot
NNδ(b), but note that it does not

reproduce the NN total elastic cross section. The σcc with
Eq. (9) is called σ free

cc in Ref. [12], where the zero-range
approximation is employed.

When the target density is well known, P dir
cc (b) depends

on only the projectile’s proton density. To test the validity
of Eqs. (8) and (9), we choose a 12C target whose density

TABLE I. Charge-changing cross sections, given in units of mb,
of 12,13,14C on a 12C target at E MeV. The projectile’s proton (root-
mean-square) radius rp is obtained from the charge radius of Ref. [21]
by taking into account the finite size effect of the nucleon as well as
the so-called Darwin-Foldy term. See, e.g., Ref. [22].

Projectile rp (fm) σ dir
cc σcc (expt.) E/A

12C 2.326 735 734 ± 6 [8] 943
735 733 ± 7 [13] 937

13C 2.321 732 726 ± 7 [13] 828
14C 2.369 743 731 ± 7 [13] 900

distribution is well known and take up the projectiles of
12,13,14C whose proton radii (rp) are known. Assuming the
harmonic-oscillator (HO) density distributions [19,20], we set
the oscillator parameters to reproduce rp. As compared in
Table I, the σ dir

cc values agree with the measured cross sections
quite well, which confirms the validity of our formulation.

With the increasing number of neutrons, it is likely that the
proton orbits of the projectile isotopes are deeply bound and
few states with a ̸= 0 may not lead to the CCR. If that is the
case, the σ dir

cc value calculated using Eq. (9) tends to be larger
than experiment.

Figure 1 displays σ dir
cc as well as σR of 12C +12C as a function

of E. Here σR is calculated in the nucleon-target formalism
in the Glauber model (NTG) [23,24], which performs slightly
better than OLA. Both the magnitude and energy dependence
of σR or the interaction cross section (σI ) are reproduced
very well. As for σ dir

cc , the calculation reasonably well
reproduces the measured cross sections [25]. The σcc data
at 300A–400A MeV are, however, very much scattered. More
accurate data are needed to examine the energy dependence of
σcc before introducing the E-dependent factor [4,5].
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FIG. 1. Total reaction (or interaction) and charge-changing cross
sections of 12C on a 12C target as a function of incident energy.
Calculations are performed with the HO densities that give rp =
rn = 2.326 fm. Results with the zero-range profile functions are also
drawn for comparison. References for the experimental data on σR

(open circle) and σI (open rectangle) are quoted in Ref. [24]. The
σcc data are taken from Ref. [8] for diamond, Ref. [25] for inverted
triangle, Ref. [26] for closed triangle, and Ref. [27] for open triangle.
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Summary

» σcc measurement is a new method to determine Rp of neutron-
rich isotopes.

» Rp determined from σcc for 16O and 18O are consistent with
electron scattering experiment.

» The first measurement of Rp for 19-24O is underway.

» The measured Rp will be used for first determination of
neutron skin of O isotopes.

» The measured Rp will also verify various newly developed
models.
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Particle Identification(PID) for 23O

Spurious  events

PID  after  veto  rejection

Veto Detectorà Plastic scintillator to reject 
particles hitting at the edge of target
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Glauber Model applied successfully to Boron isotopes

where  𝛼 is  the  ratio  of  the  real  to  the  imaginary  
part  of  (𝜎NN )  scattering  amplitude  in  the  forward  
direction,
(𝜎

B?
,C,)    is  the  pp    (pn )  total  cross  sections,  

𝛽 is  the  slope  parameter  of  the  elastic  
scattering  differential  cross  section.

32

W. HORIUCHI, Y. SUZUKI, B. ABU-IBRAHIM, AND A. KOHAMA PHYSICAL REVIEW C 75, 044607 (2007)

between nuclei are presented in the next section. A simple
formula is given in Sec. II A in the framework of the Glauber
theory, and the other method using an optical potential is
explained in Sec. II B. The reaction cross section of 12C+12C
is tested by these formulas in a wide range of incident
energy. In Sec. III the phenomenological mean-field potential
is prescribed for generating the Slater determinant, and the
c.m. motion is removed to obtain the intrinsic density that
is used in the reaction calculation. The mean radius of the
matter distribution is compared to the empirical value. The
nuclear structure model is extended to the dynamical model
in Sec. IV. A core+n model is applied to the odd N isotopes
in Sec. IV A, where the difference in the densities between
the dynamical model and the Slater determinant is discussed.
The binding energy and the matter size of 22C are studied in the
three-body model of 20C+n+n in Sect. IV B and the densities
of the core+n+n model are presented in Sec. IV C. Section V
presents the results of reaction cross section calculations; the
cases of 12−20C in Sec. V A and the 22C+12C reaction in
Sec. V B. Summary is drawn in Sec. VI. A method of
calculation of two-particle distribution functions is given in
Appendix.

II. MODEL FOR A REACTION CROSS-SECTION
CALCULATION

In this section, we describe our reaction models for
analyzing reaction cross sections between nuclei. A simple
formula is given in Sec. II A in the framework of the Glauber
theory, and the other method using an optical potential is
explained in Sec. II B. These methods are complementary to
each other for a 12C target, but only the former can be applied
for a proton target in general when a proton-nucleus optical
potential is not available. With these calculations in two ways,
we can find a reliable parametrization of the NN interaction
for a wide energy range, which is important to proceed to the
case of a proton target in our future work.

A. Glauber formalism

The reaction cross section for a projectile-target collision is
calculated by integrating the reaction probability with respect
to the impact parameter b;

σR =
∫

db(1 − |eiχ(b)|2), (1)

where the phase-shift function χ is expressed, in the Glauber
model [14], through the NN profile function #NN by

eiχ(b) = ⟨$0%0|
∏

i∈P

∏

j∈T

[1 − #NN(si − tj + b)]|$0%0⟩.

(2)

Here $0 (%0) is the intrinsic wave function of the projectile
(target) with its c.m. part being removed, si is the two-
dimensional vector of the projectile’s single-particle coordi-
nate, ri , measured from the projectile’s c.m. coordinate, and ti
is defined for the target nucleus in a similar way. The profile

function #NN is usually parameterized in the form;

#NN(b) = 1 − iα

4πβ
σ tot

NNexp
(

− b2

2β

)
, (3)

where σ tot
NN is the total cross section for NN collisions, α the

ratio of the real to the imaginary part of the NN scattering
amplitude, and β the slope parameter of the NN elastic
differential cross section.

As seen in Eq. (2), the calculation of the phase-shift function
requires a multidimensional integration. The importance of
including such higher-order terms has been known for many
years [18]. Though the integration can be performed using the
Monte Carlo technique even for sophisticated wave functions
[19], it is fairly involved in general, so it is often approximately
evaluated in the optical limit approximation (OLA) using the
intrinsic densities of the projectile (target) nuclei, ρP (ρT), as
follows:

eiχOLA(b) = exp
[

−
∫∫

drdr′ρP(r)ρT(r′)#NN(s − t + b)
]
.

(4)

Another approximation is proposed in Ref. [20] by two
(B.A.-I. and Y.S.) of the present authors to calculate the
reaction cross sections using the same input as in the OLA. The
essence of the approximation is to consider, as an intermediate
step, a phase shift function for the nucleon-nucleus scattering.
With the introduction of the profile function #NT for the
nucleon-target (NT) scattering, the phase-shift function of
OLA, Eq. (4), is replaced by χ̄ as

eiχ̄ (b) = ⟨$0|
∏

i∈P

{1 − #NT (si + b)}|$0⟩

≈ exp
[

−
∫

drρP(r)#NT (s + b)
]
. (5)

We here adopt two methods to calculate the #NT : One is to
calculate the #NT using an appropriate optical potential as
shown in the next subsection. The other is to use the Glauber
theory as

#NT (b) = 1 − ⟨%0|
∏

j∈T

[1 − #NN(b − tj )]|%0⟩

≈ 1 − exp
[

−
∫

dr′ρT(r′)#NN(b − t)
]
. (6)

Substituting this expression into Eq. (5) leads us to

eiχ̄(b) = exp
(

−
∫

drρP(r)

×
{

1 − exp
[
−

∫
dr′ρT(r′)#NN(s − t + b)

]})
. (7)

This formula is found to give better results than those of
the OLA [20,21]. Though only the leading term in the
cumulant expansion is taken into account to derive Eq. (7), this
approximation includes higher-order corrections which Eq. (4)
does not contain [21]. Because the role of the projectile and the
target is interchangeable in the calculation of the reaction cross
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Isotope shift: change in energy of atomic levels of different isotopes.

K.Blaum et al.Phys. Scr. T152 (2013) 014017

Ø low energy and good intensity beams difficult 
to produce for all neutron rich isotopes.

Ø Mass shift term dominates for O.

Ø Many body calculations complicated

Limitations

Limitations of isotope shift 



Multisampling Ionization Chamber(MUSIC)

Bethe formula for energy loss

Geometric average of signals from each anode gives us the energy loss

Counting Gas -CF4

Pressure- 1 bar
Dimensions-200 x 80 x 
400mm

34



Calibration  of  MUSIC Detector

Z2 = g*c + o

Points correspond to mean of the peaks obtained from gaussian fit of each peak in MUSIC energy spectrum

Calibrated  MUSIC  spectrum 35



Time Projection Chamber

y = wdta + yoff

x = w(tl − tr) + xoff
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TPC Detector Calibration

2 dimensional position spectrum showing structure of grid 
using stable beam.

Schematic of scintillator fibres 
used for calibration of TPC
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Plastic scintillator

Each scintillator (at F2 and F4) had photomultiplier modules on 
both sides which gives two measurements for each detector.

4

Figure 3.1: (a)Uncalibrated spectrum of MUSIC1 for 12C setting without a secondary target. Each

peak is fitted with gaussian function. (b)Linear fit of Z2
versus mean channel number. (c)Calibrated

MUSIC spectrum

3.1.2 Time-of-flight calibration

As discussed in previous chapter, the time-of-flight (TOF) of the fragments was

determined with PMTs placed on the left and the right side of the scintillator detectors.

The TOFRR i.e. the TOF from right PMT of SC41 to right PMT of SC21 was obtained

considering the quantity

TOFRR = |T41R � T21R| (3.2)

where T41R is the signal detected in right PMT of SC41 and T21R is the signal detected

in right PMT of SC21. Similarly, TOFLL was obtained using

TOFLL = |T41L � T21L| (3.3)

where T41L is the signal detected in left PMT of SC41 and T21L is the signal detected

in left PMT of SC21. The digitized PMT signal T41R gave start and T21R gave stop
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Figure 3.2: (a) Linear fit of TOFRR(ns) versus mean TOFRR(channel). (b) Linear fit of TOFLL(ns)
versus mean TOFLL(channel).

signals in TAC. The TOF information from TAC is in the form of channels. In order

to convert the channels of TAC into nano seconds (ns), an independent measurement

with a pulse generator was done. The correlation plots of TOFRR in Channels(ch)

versus TOFRR in ns are shown in Fig. 3.2 (a). The calibration factors are obtained

by linear fit and are shown in legends in the Fig. 3.2 where M represents the gain and

C represents the o↵set. The average of calibrated TOFRR and TOFLL was used as

the final TOF to corrects for position dependency of particles.

TOF =
(TOFRR + TOFLL)

2
(3.4)

3.1.3 TPC calibration

In our experiment we used an active scintillator grid to calibrate the TPC. The

active scintillator grid consisted of thin scintillator fibres of 1 mm thickness. It

consists of three vertical scintillator fibres placed at a distance of 12 mm and 3

horizontal scintillator fibres placed at a distance of 6 mm, as shown in Fig. 3.3 (a).

Scintillator grids were placed in front of each TPC. The signals from the PMT are

used in coincidence with trigger, therefore only ions which hit the scintillator grid were

recorded. The scintillator grid were inserted into the beam line only for calibration

purposes and were removed from beam axis during the experiment. and on, and on,

and on, and on, and on, and on, and on, and on, and on, and on, and on, and on, and

on, and on, and on, and on, and on, and on, and on, and on, and on, and on, and on,

and on, and on, and on, and on,

38



Calibration  of  TOF  from  Scintillator  Detector

Time of flight is calibrated using stable 
primary beam with three different velocities.

beta  *tof  =Flight  path  +beta*tof  offset

tof  offset  =  143497

flight  path  =113462

beta=  flight  path
TOF-­TOFoffset
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Chiral  effective  field  theory
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Fragment  Separator  GSI

Primary beam 

Production target

Dipoles

Quadrupoles
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Charge Radii Relation to Point Proton Radii

rp is the radius of point  proton distribution of a nucleus 
Rp and Rn are the charge radii of free proton and free neutron
last term is so called Darwin–Foldy term

Root mean square charge radius rc is given by

⟨𝑟𝑐2⟩ = ⟨𝑟𝑝2⟩ + ⟨𝑅𝑝2⟩ + 8
=
⟨𝑅𝑛2⟩ + LMN

O;BN+N

I. Tanihata et al. / Progress in Particle and Nuclear Physics 68 (2013) 215–313
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⟨𝑟𝑚2⟩ = =
P
⟨𝑟𝑝2⟩ +

8
P
⟨𝑟𝑛2⟩

Matter  Radii  Related  to  Point  Proton  Radii  and  point  neutron  radii



Ion  optics  of  Fragment  separator

DMagnification

FRS working as an achromatic system 
with a dispersive mid-plane
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Focal plane location using position from TPC 

The x-position at the image plane is independent from the incident angle of the beam.
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Nuclear  Density  distributions

c is the radius of distribution to a point where density falls to half
and z is diffuseness related to thickness of surface region.

Fermi or woods saxon form

Harmonic oscillator density

where a is the size parameter.
H.  de  Vries,C.  W.  de  Jager  and  C.  de  Vries  Atom.  Data  Nucl.  Data  Tables,  36   :495,  1987.

45



Glauber Model 
(R. J. Glauber:, 1959)

Proton Radii from σcc

»Nucleons follow  straight lines trajectories .
»Interaction of projectile and the target governed by individual 

nucleon nucleon cross section.

Probability of interaction [p(b)] ∝σnn, ρP(r,z) and ρT(r,z)dz

At  high  energies
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Proton radii measured from σcc

.

(A. Estradé et al., Phys. Rev. Let.113, 132501,(2014)

Boron isotopes

R. Kanungo et al. Phys. Rev. Lett. 117, 102501 (2016).
Carbon isotopes

Ø A thick neutron skin of 0.51± 0.11 fm 
was observed in 17B.

Proton radii from electron scattering

Proton  radii  consistent  with  3N  
forces

}

Proton  radii   with  NN  forces

(δR =0.15 ± 0.04 fm for 208Pb)

Glauber Model applied successfully to B and C isotopes
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Neutron  halo

R  ≠  1.2  A1/3

I. Tanihata, R. Kanungo / C. R. Physique 4 (2003) 437–449

Nuclear Structure from Nuclear Radii

11B  (R  ≈  2  fm)

(R  ≈  3.5  fm)

For Stable Nucleus
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PID  for  24O


