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A snapshot of the path of r-process nucleosynthesis in 
neutron star merger ejecta, calculated with PRISM [1]. 
“Current exp” shows the nuclides of interest in this work.

New tool for sensitivity analysis in r-process nucleosynthesis studies 
— a case study in the rare-earth peak region

Heavy element nucleosynthesis 
and need for sensitivity analysis
Roughly half of the elements heavier than 
iron in the Universe are believed to be 
created in the rapid neutron capture 
process (the r-process). The r-process 
involve thousands of neutron-rich 
isotopes. While new radioactive beam 
facilities, such as ARIEL, FRIB, etc., will 
allow us to perform experiments with 
such exotic isotopes, it is crucial to 
understand what needs to be measured 
to efficiently reduce the nuclear physics 
uncertainty in our understanding of the r-
process. Sensitivity analysis allows us to 
identify and quantify the sources of 
uncertainty. In this work, we introduce an 
improved sensitivity analysis method 
using a readily interpretable definition of 
sensitivity.

Pros and cons of the method
Pros:
§ Normalized and interpretable sensitivity

§ Can be applied to nonlinear (nonmonotonic) 
output response

§ Generated samples provides insight into 
flows of nuclear reactions

Cons:

§ Computation rather costly (scales with k)

§ Input uncertainty must be defined

SUMMARY / OUTLOOK
Sensitivity analysis in the r-process abundance 
prediction is important for guiding future 
experimental efforts. In this work, we have 
introduced variance-based sensitivity analysis 
method. This provides detailed sensitivity 
information and a new tool for investigating the 
impact of nuclear physics inputs. 
In future work, more isotopes will be included, 
and theoretical uncertainty with correlated 
inputs will also be employed to draw more 
general conclusions.

The rare-earth peak (REP)
The rare-earth peak (REP) is a smaller peak 
located at A~165. This peak is formed in the 
late phase of the r-process, when the neutron-
rich material decays back to stability (freeze-
out). Interplay of neutron captures and β-
decays during the freeze-out affects the shape 
of the REP, therefore understanding the impact 
of these nuclear processes allows us to probe 
the late time evolution of the r-process.

Variance-based 
sensitivity analysis and 
application to experimental data
Propagated uncertainty (variance) of calculated 
r-process abundance pattern can be obtained 
from nuclear reaction network calculations. 
Monte Carlo samples represent input 
uncertainties. Obtained variance can be 
decomposed: 

Dividing both sides with the total variance V

Where S(k) is called a k-th order sensitivity index 
[2].

We apply this to experimental β-decay half-lives 
and β-delayed one neutron emission 
probabilities of 159-166Pm, 161-168Sm, 165-170Eu, and 
167-172Gd, newly obtained by the BRIKEN 
collaboration [3].

Solar r-process abundance pattern 
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Table 3. Table of nuclear input variables that have a significant contribution to the uncertainties of the calculated abundances
for A = 168-173 in the neutron star merger scenario. Columns 4–9 show the first-order sensitivity indices (S(1)), which
represent the contribution of individual variables to the abundance uncertainty, with 95 % confidence intervals. The maximum
relative uncertainty (third column) is the ratio of the size of the larger one of upper or lower experimental uncertainty to
the nominal value, in percentage. (100) indicates that the P1n value only has an upper limit and the size of its relative
uncertainty is 100%, according to the convention in Dimitriou et al. (2021). Long dashes (—) indicate that the nominal value
of 100 ⇥ S(1) is smaller than 0.5 [%]. Values larger than 10 [%] are highlighted in boldface. Complete tables are given in
Appendix B.

Max. relative 100⇥S(1) (95% C.I.) [%]

Nuclide Variable uncertainty [%] A = 168 169 170 171 172 173

165Pm T1/2 37.4 1.9 (± 1.1) 3.2 (± 1.5) 4.9 (± 1.9) 2.7 (± 1.5) 0.8 (± 0.9) —
166Pm T1/2 57.5 — — 0.5 (± 0.6) 0.7 (± 0.7) — —
166Sm T1/2 15.9 — 1.7 (± 1.2) 4.8 (± 1.9) 3.8 (± 1.7) 1.5 (± 1.0) 0.8 (± 0.7)
167Sm T1/2 24.9 0.6 (± 0.6) — — 1.1 (± 0.9) 0.9 (± 0.8) 0.6 (± 0.7)
168Sm T1/2 59.5 60.9 (± 6.6) 55.1 (± 7.1) 14.6 (± 4.4) 32.6 (± 5.0) 43.5 (± 5.5) 41.6 (± 5.6)
168Eu T1/2 10.9 0.5 (± 0.7) — — — — —
169Eu T1/2 23.7 — 3.6 (± 1.4) — — 0.9 (± 0.8) 0.7 (± 0.7)
170Eu T1/2 37.6 — — 0.6 (± 0.9) — — —
167Gd T1/2 80.1 6.1 (± 2.5) 26.6 (± 4.3) 34.2 (± 6.2) 14.6 (± 3.9) 3.5 (± 1.8) 1.2 (± 1.1)
168Gd T1/2 15.8 24.3 (± 4.6) 8.3 (± 2.7) 8.1 (± 2.8) 2.2 (± 1.5) — —
169Gd T1/2 11.0 — 0.8 (± 0.8) — — — —
170Gd T1/2 13.9 — — 25.2 (± 4.7) 1.4 (± 1.2) 2.6 (± 1.4) 3.5 (± 1.7)
171Gd T1/2 37.0 — — — 20.5 (± 4.1) 4.6 (± 2.0) 1.0 (± 1.1)
172Gd T1/2 69.3 — — — 3.6 (± 2.1) 35.7 (± 5.1) 49.3 (± 5.9)
165Pm P1n 47.0 — 0.6 (± 0.6) 0.7 (± 0.5) — — —
168Sm P1n (100) — — — 0.8 (± 0.8) 0.6 (± 0.6) —
169Eu P1n 39.8 5.4 (± 2.1) — 3.7 (± 1.6) 3.6 (± 1.7) 1.3 (± 1.0) 0.6 (± 0.7)
170Eu P1n (100) — 0.5 (± 0.6) — — — —
172Gd P1n (100) — — — 5.5 (± 2.0) 3.2 (± 1.5) 0.6 (± 0.7)

S(1)(T1/2) total: 94.9 (± 8.6) 100.1 (± 9.2) 93.9 (± 9.9) 84.0 (± 8.5) 95.1 (± 8.3) 99.7 (± 8.6)

S(1)(P1n) total: 5.9 (± 2.3) 1.1 (± 1.1) 5.6 (± 2.0) 11.0 (± 2.9) 5.7 (± 2.0) 2.0 (± 1.1)

S(1) total: 100.9 (± 8.9) 101.3 (± 9.2) 99.5 (± 10.1) 95.0 (± 9.0) 100.7 (± 8.6) 101.6 (± 8.6)

gest that the mechanisms of the abundance pattern for-
mation are di↵erent between inside the rare-earth peak
(A = 155-170) and the heavy-mass wing of the peak
(A > 170).
In order to investigate the e↵ect of the size of input

uncertainty on the sensitivity indices, we conduct a test
under the neutron star merger condition. In this test,
the size of uncertainty of the half-life of 168Sm, which
has been identified as one of the most influential inputs
in both of the astrophysical trajectories, is artificially
decreased to the relative uncertainty of 20 % from the
current value of 59.5 %, while the mean value is kept the
same. Note that this does not consider the possibility
that the true mean value of the half-life can lie outside
the currently considered 20 % relative uncertainty. In
the neutron star merger scenario, the half-life of 168Sm
has first order sensitivity indices of S(1)= 60.9 %, 43.5 %,
and 41.6 % for A = 168, 172, and 173, respectively (Ta-

ble 3) when the the relative uncertainty is 59.5 %. This
means that if the half-life could be fixed without any
uncertainty, we would be able to reduce the uncertainty
of the calculated abundances by 60.9 %, 43.5 %, and
41.6 % for A = 168, 172, and 173, respectively. Since
experimentally fixing the half-life or any other observ-
ables without uncertainty is impossible, therefore, it is
worthwhile to investigate the e↵ect of reducing the un-
certainty.
Figure 9 shows a comparison between the calculated

uncertainty (variance) of the abundance pattern using
the original experimental uncertainty (light blue) and
when the relative uncertainty of the half-life of 168Sm is
reduced to 20 % from 59.5 % (dark blue), in the neutron
star merger scenario. As predicted from the sensitivity
indices (see Tables 3 and B2), the uncertainties have
been significantly reduced for A = 168 and 169, and to
a smaller degree for the larger mass numbers.
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Table 4. Table of nuclear physics inputs that have a significant contribution to the uncertainties of calculated abundances
for A = 168-173 in the hot wind scenario. Columns 4–9 show the first-order sensitivity indices (S(1)), which represent the
contribution of individual variables to the abundance uncertainty, with 95 % confidence intervals. The maximum relative
uncertainty (third column) is the ratio of the size of the larger one of upper or lower experimental uncertainty to the nominal
value, in percentage. (100) indicates that the P1n value only has an upper limit and the size of its relative uncertainty is 100%,
according to the convention in Dimitriou et al. (2021). Long dashes (—) indicate that the nominal value of 100⇥S(1) is smaller
than 0.5 [%]. Values larger than 10 [%] are highlighted in boldface. Complete tables are given in Appendix B.

Max. relative 100⇥S(1) (95% C.I.) [%]

Nuclide Variable uncertainty [%] A = 168 169 170 171 172 173

165Pm T1/2 37.4 — 0.5 (± 0.6) — — — —
168Sm T1/2 59.5 96.1 (± 14.1) 71.4 (± 7.0) 95.2 (± 8.2) 56.8 (± 7.1) 44.6 (± 7.2) 80.7 (± 13.3)
169Eu T1/2 23.7 — 2.6 (± 1.4) 0.5 (± 0.6) — — —
167Gd T1/2 80.1 — 0.6 (± 0.6) — — — —
168Gd T1/2 15.8 — 2.8 (± 1.5) — — — —
170Gd T1/2 13.9 — — 1.1 (± 0.9) 0.7 (± 0.8) — —
171Gd T1/2 37.0 — — — 6.9 (± 2.6) 0.5 (± 0.7) 1.8 (± 1.2)
172Gd T1/2 69.3 — — — 9.9 (± 3.2) 53.3 (± 7.6) 11.1 (± 3.3)
168Sm P1n (100) 2.0 (± 1.5) 3.5 (± 1.7) 0.5 (± 0.6) — — —
169Eu P1n 39.8 1.0 (± 0.9) 10.8 (± 2.9) 0.5 (± 0.7) — — —
170Eu P1n (100) — 6.7 (± 2.3) 2.1 (± 1.2) — — —
172Gd P1n (100) — — — 25.2 (± 4.6) 2.6 (± 1.7) 5.5 (± 2.1)

S(1)(T1/2) total: 97.0 (± 14.1) 78.9 (± 7.4) 97.4 (± 8.3) 74.6 (± 8.2) 98.6 (± 10.5) 93.8 (± 13.7)

S(1)(P1n) total: 3.0 (± 1.8) 21.5 (± 4.1) 3.7 (± 1.6) 25.9 (± 4.7) 2.8 (± 1.7) 5.6 (± 2.1)

S(1) total: 100.0 (± 14.3) 100.5 (± 8.5) 101.1 (± 8.4) 100.5 (± 9.5) 101.3 (± 10.7) 99.4 (± 13.9)

Table 5 shows the sensitivity indices with the reduced
168Sm half-life uncertainty. While the value of 100⇥S(1)

of the half-life of 168Sm for A = 168 decreased to 17.6 %
from 60.9 % (Table 3), it is still a significant contribu-
tion to the output variances. It is also worth pointing
out that the half-life of 168Gd now has a larger contri-
bution to the variance at A = 168, although its rela-
tive uncertainty is only 1t.8 %. For the mass numbers
A = 172 and 173, now the half-life of 172Gd has the
dominant contributions. At the same time, it can be
seen from the table that the sensitivity has been more
fragmented across the input variables compared to the
case shown in Table 3, elevating the relative sensitivity
of the half-lives of the gadolinium isotopes. Therefore,
the half-lives of gadolinium isotopes may be considered
significant sources of uncertainty of the calculated abun-
dances in addition to the 168Sm half-life, within the set
of isotopes of interest in the current study.

4.2.3. Impact of 168Sm half-life during the freeze-out

By inspecting the samples generated for the variance-
based sensitivity analysis, one may learn how the abun-
dances depend on the nuclear physics inputs. We again
take the half-life of 168Sm as an example to demonstrate

this, focusing on the neutron star merger scenario. Fig-
ure 10 shows the correlations of abundances for several
mass numbers with the half-life of 168Sm. Comparing
the panels (a) and (b) of the figure, it can be seen that
the abundance has a clear correlation with the half-life
when the sensitivity index is large.
The mechanism of this correlation becomes clear by

analyzing the abundance flows due to �-decay and neu-
tron capture. Figure 11 shows the relative isotopic abun-
dances as functions of time (upper panels), the abun-
dance flows (middle panels) and their total contribu-
tions, i.e. integrals of the abundance flows over time
(lower panels) due to neutron capture and �-decay (la-
beled as (n, �) and �� in the figure, respectively) for
168Sm, 168Eu, and 168Gd. They are separated into
two cases: the sampled half-life of 168Sm is larger than
0.55 [s] (Case 1) or smaller than 0.20 [s] (Case 2), for the
neutron star merger scenario. The red dashed lines in
the upper and middle panels represent the relative abun-
dance of neutrons as a function of time. It shows that
these isotopes are synthesized after the neutron abun-
dance drops significantly (freeze-out). The total contri-
butions of the flows of (n, �) and �� are also shown in
Figure 12 for the isotopic chains of Sm, Eu, and Gd up
to mass number A = 172. In the figure, the width of the
arrows correspond to the total amount of (n, �) and ��-

S(1) for NS merger scenario

Hot neutrino-driven wind scenario

Decomposition
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