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signal model—and helped to ensure that our signal model-
ing was conservative. In adding each of these cuts, we
reduced our signal efficiency estimate, which necessarily
biased the results in the conservative direction.
Results.—The objective of this DM search was to set

conservative limits on the spin-independent interaction of
dark matter particles with masses below 1.5 GeV=c2. For
the lower edge of the limit contour, we use the optimum
interval (OI) method [37,38] with unknown background.
For the upper edge of the limit contour, we use a modified
version of the publicly available VERNE code [39], which
uses a Poisson method to calculate the effects of over-
burden [40–42] on the DM signal. This code has been
similarly used in Refs. [43–45]. For the overburden
assumption, we include the 5 cm of Cu surrounding the
detector, the shielding from the atmosphere, and the
shielding from the Earth. Both limit-setting methods
assume that the full measured event rate could be due to
a DM signal and set the limits at the 90% confidence
level (C.L.).
The results of the dark matter search are shown in Fig. 3,

compared to other pertinent DM searches in the same
parameter space [45–51]. For DM masses between 93 and
140 MeV=c2, these results provide the most stringent limits
for nuclear-recoil DM signals using a cryogenic detector.
For DM masses between 220 MeV=c2 and 1.35 GeV=c2,
they are the most stringent limits achieved in an above-
ground facility. For these low DM masses, the large cross

sections approach the level at which the Born approxima-
tion used in the standard DM signal model begins to fail
[52]. However, in the absence of a generally accepted
alternative model and to be comparable to other experi-
ments (all of which also use the Born approximation in this
regime), we decided to keep it in our signal model as well.
To estimate the systematic error in the limit contour, we

compared the results obtained by calculating the signal
model using eight different sets of pulse simulations. The
variation in the limit was found to be on the order of 10%
for DM masses below 200 MeV=c2 for the lower edge and
below 100 MeV=c2 for the upper edge. Above these DM
masses, the variation in each edge decreased to less than
1%. The Oð10%Þ variation observed at the smallest DM
masses is attributed to a greater uncertainty in the trigger
efficiency for subthreshold events, as opposed to events that
are reconstructed with energies above threshold. In the limit
shown in Fig. 3, we have taken the median of the limits
calculated for the eight simulations at each DM mass. The
10% variation is not plotted, as it would not be visible in
the figure.
In Fig. 4, we show the data spectrum for reconstructed

energies below 40 eVand DM signal curves for various DM
masses for a single pulse simulation, where the cross
sections from the OI limit are used. The approximate
location of the optimum interval is apparent for each dark
matter mass.
In this search, we see an excess of events for recoil

energies below about 100 eV, emerging above the roughly
flat rate from Compton scattering of the gamma-ray back-
ground. This excess of events could be from an unknown

FIG. 3. The 90% C.L. limits on the spin-independent DM-
nucleon cross section as a function of DM mass for this work
(solid red line), compared to results from other experiments [45–
51]. For above-ground experiments with overburden calculations,
the previously ruled out parameter space is shown as the gray
shaded region, and the new parameter space ruled out from this
search is shown as the red shaded region. For the Collar 2018
surface result, which uses a liquid scintillator cell operated at
1 °C, an overburden calculation would be useful for comparison
to the upper edges of the various contours for the surface
searches. We note that the systematic error in the baseline energy
resolution changes the result within the error of the limit’s
line width, thus we only include the result from the 3.86 eV
calibration.

FIG. 4. The event spectrum for the DM search data below
40 eV in reconstructed energy. The data have been normalized to
events per gram per day per eV and have been corrected for the
signal efficiency of the data-quality cuts, but not the confidence
ellipse and trigger time cuts. The colored dashed lines represent
the calculated event rates for selected DM cross sections and
masses from the 90% C.L. OI limit for a single pulse simulation,
where the optimum intervals in recoil energy are below 40 eV.
Sensitivity to DM masses below 400 MeV=c2 corresponds to
recoil energies below 40 eV, with the lowest masses requiring
energy sensitivity down to about 15 eV.
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Project overview: The “Basic Research Needs for Dark-Matter Small Projects New Initiatives” report [1]
reviews the strong theoretical motivation for searching for particle Dark Matter (DM) in the mass range
below the proton mass, continuously down to small fractions of an eV. Elucidating the nature of DM is one
or the most compelling problems of high energy physics, as identified in the P5 roadmap.

The TESSERACT (Transition Edge Sensors with Sub-EV Resolution And Cryogenic Targets) project
will consist of a liquid helium (LHe) experiment (HeRALD), as well as GaAs and Sapphire-based exper-
iments (SPICE), read out by Transition Edge Sensor (TES)-based phonon sensor technology sensitive to
phonon, roton, and light signals from LHe, phonon and light signals from GaAs, and phonon signals from
sapphire. This project ultimately seeks to detect collective excitations from DM interactions in both super-
fluid helium [2, 3] and a polar target [4] in addition to searching for ERDM on low bandgap scintillator [5].
The total mass for each target type is between 100 g and 1 kg, but segmented into multiple small pixels with
independent readout. The multiple targets will be instrumented with identical sensors and readout technol-
ogy. This commonality provides a powerful tool to assess backgrounds and systematics, and also simplifies
the design and construction, allowing the use of multiple targets with minimal extra effort. TESSERACT is
funded for a project planning phase under the DOE Dark Matter New Initiatives program.
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FIG. 1: Conceptual schematic of the target materials and
signal pathways. Three target materials are used (Al2O3,
GaAs, and LHe), with complementary DM sensitivity.

The absence of electric fields is a hallmark
of TESSERACT. Most detector and readout tech-
nologies use E-fields to either amplify (photomul-
tiplier tubes, 2 phase TPC, etc.) or to drift an elec-
tronic signal (semiconductor ionization detectors,
TPC). Unfortunately, E-fields necessarily cause
backgrounds, if nothing else then by quantum me-
chanical tunneling of electrons. Such “dark count”
or “dark current” backgrounds currently limit to
some extent all ERDM searches [6, 7, 8, 9]. By
having zero E-field we avoid such backgrounds,
but require higher sensitivity detectors. Said a dif-
ferent way, extremely low noise detectors enable
operation without an E-field.

The target mass will be composed of cm3 scale identical replicas (see Fig. 1), each with its own cm2

scale athermal phonon sensor array that is fabricated directly on the surface of crystal targets, or on 1 mm-
thick Si substrates that collect photon and quantum evaporation signals from scintillator or LHe targets. This
signal energy is converted into athermal phonons in the 1 mm-thick Si and measured.

The athermal phonon detector principle uses a 2-step process. First, phonons from the crystal are
collected with superconducting Al fins fabricated on the surface. In these fins, the phonon energy is converted
into quasi-particle energy (by breaking Cooper pairs). Second, these quasi-particles then diffuse into an
attached small volume Transition Edge Sensor (TES), where the energy is thermalized and measured. Only
a small fraction of the crystal surface is instrumented because the energy resolution scales with the number
of TES sensors within the array (the total TES volume). The small coverage means that most athermal
phonons will reflect off un-instrumented crystal surfaces many times before being collected. This places
strict requirements on the probability of athermal phonon thermalization on bare crystal surface. Thus,
crystal surface treatment is very important for collection efficiency. A technology based on athermal phonon
collection will be more sensitive than any thermal sensor technology, assuming the phonon sensor bandwidth
is appropriately matched to the athermal collection time.

LHe targets will be read out using the detectors built on 1 mm-thick Si as depicted in Fig. 1. Details of
the proposed experimental setup specific to LHe, and evaluation of expected science can be found in [10].
The LHe is held in a passive container, and an active volume within is enclosed with detectors submerged
in the liquid and above the liquid. Energy deposited in the LHe can be partitioned into multiple excitation
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Single phonons excitations with 
energy 1-100 meV (SPICE)

From TESSERACT white paper
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and calculating backgrounds



What does DM-nucleus scattering 
look like in a crystal?
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When momentum transfer 

 ~ few keV 

and  ~ 10-100 meV 

DM scatters off an individual 
nucleus

q ≫ qBZ = 2π
a

ω ≫ ω̄phonon
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and  

DM excites collective 
excitations = phonons

q ≪ qBZ = 2π
a

ω ∼ ω̄phonon

What does DM-nucleus scattering 
look like in a crystal?
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DM scattering rate

Dynamic structure factor 
captures response of target

DM-mediator 
form factor

For free nuclei and spin-independent interactions:
<latexit sha1_base64="erjYyLv3W9jN87P9nIoXaWkwU8I="></latexit>

S(q,!) / A2
N �

⇣
! � q2

2mN

⌘

Goal: understand  from the single phonon to the 

nuclear recoil regime

S(q, ω)

<latexit sha1_base64="fNm+gwtFt+kP92jg9FmMGdmU8sg="></latexit>
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Figure 8: For DM-nucleus interactions, the response at high q is highly peaked about the
free-nucleus dispersion ! = q2/(2mN ). As the energy drops below the displacement energy
for a nucleus in a potential, Ed, the response about the free-nucleus dispersion broadens
and we enter the multiphonon regime at q ⇠ 10�100 keV. For q well below ⇠ 10 keV, the
dynamic structure is dominated by resonant response on the acoustic and optical phonon
dispersions, corresponding to single phonon excitations. Kinematically allowed regions for
DM scattering are shown for m� = 10 keV, 1 MeV, and 100 MeV at v = 10�3.

the dynamic structure factor are again not kinematically matched to the allowed DM
scattering phase space, which requires ! < qvmax. At q > kF , the peak at ! ⇠ q2/(2me)
is not accessible, since in this regime ! & qkF /me ⇠ q↵. At low q < kF , most of the
weight in the ELF is carried by the plasmon which is located at ! > qvF . However, the
DM velocity is typically much slower than the Fermi velocity in conventional materials,
so that the DM cannot access the plasmon. However, semiconductors are still better than
a typical atomic target as in Fig. 4, due to the lower gaps. This motivates the search
for more ideal targets to search for DM-electron interactions, although to date Si and
Ge still remain among the best targets for DM masses above MeV. For sub-MeV dark
matter, the behavior of the dynamic structure factor in the q .keV and ! <eV regime
becomes important. In this mass range, some of the materials proposed include that of
superconductors [43, 49] and Dirac materials [43, 46, 50, 51], which we will not discuss in
detail here. Cross section curves for these materials are included for reference in Fig. 7.

4 Phonon excitations

Similar to the case of electron excitations, at low energies we must account for the fact
that nuclei are bound in atomic, molecular, and solid-state systems. As the DM mass
drops below ⇠ GeV, the free-nucleus recoil energy ⇠ (m�v)2/mN becomes comparable
to the typical energy to break a molecular bond or displace an ion in a crystal, O(10)
eV. Indeed, a possible direct detection signature of sub-GeV might be chemical bond
breaking or production of defects in crystals [52, 53]. In the DM mass range above O(10)
MeV where bond breaking is possible, the typical momentum transfer q ⇠ m�v & O(10)
keV. These momentum transfers are su�ciently large that it is still possible to treat the
scattering as occurring o↵ individual bound nuclei in a crystal, for instance. However,

23

qBZ = 2π
a 2mNω̄ph

Good kinematic match 
with sub-MeV DM 

phase space

Kahn, TL 2108.03239 
Trickle, Zhang, Zurek, Inzani, Griffin 1910.08092 
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FIG. 6. Schematic figure depicting the relevant regions of

phase space and the corresponding approximation used to

calculate the structure factors. The “1-ph long wavelength”

regime is discussed in Sec. III A, the “n-ph incoherent ap-

proximation” regime in Sec. III B and III C and the “Impulse

approximation” region in Sec. III D.

for high enough m�.

For the single phonon excitations (n = 1) described
in Sec. III A, we use the long-wavelength and incoherent
approximations for q < qBZ and q > qBZ, respectively.
This combination gives good agreement with a full DFT
calculation of the scattering rate, at least for a cubic
crystal such as GaAs.

For multiphonon excitations (n � 2), we use the in-
coherent approximation for the structure factor for all q

below maxd[2
p

2md!d]. This is motivated by Sec. III B,
where we argued that the incoherent approximation can
serve as an order-of-magnitude estimate even for q ⌧

qBZ. Given the limitations of the long-wavelength ap-
proximation, a dedicated DFT calculation is needed in
this regime. For multiphonon excitations, we sum terms
in (36) until we achieve convergence, as explained in
Sec. III C. Finally, for q � maxd[2

p
2md!d] we make use

of the impulse approximation, which ultimately transi-
tions into the well-known free nuclear recoil regime. This
was explained in Sec. III D.

Fig. 7 shows our full calculation of the structure fac-
tor for GaAs, overlaid with the phase space boundaries
for a few representative DM masses. In the low q, sin-
gle phonon regime, the response is given by a set of �-
functions on the LO and LA phonon dispersions, repre-
sented by the orange curves. At intermediate and high q,
the structure function is modeled by a continuous func-
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FIG. 7. GaAs structure factor. Density plot of the struc-

ture factor in the same regimes of (q, !) as shown in Fig. 6.

Dotted lines are the phase space boundaries for various dark

matter masses with a typical initial velocity v = 10�3. At low

momentum and energy transfers, the solid yellow lines are

the dispersion relations of the single LA and LO phonons. At

large q, the black dashed line is the free nuclear recoil disper-

sion relation; in general, there are separate lines for Ga and

As but for clarity we show only one line corresponding to the

average mass of Ga and As.

tion, where the layered structure for ! . 50 meV re-
flects the various single and multiphonon contributions.
At higher q and ! the individual resonances cease to be
visible and one transitions into the smooth S(q, !) pre-
dicted by the impulse approximation. At very high !

the structure function converges towards its free nuclear
recoil form, which is represented by the black dashed line.

IV. RESULTS

In this section we convert our newly-gained under-
standing of the structure factor into concrete predictions
for the DM scattering rate in a crystal target.

The event rate per unit of target mass is

R =
1P
d
md

⇢�

m�

Z
d
3v vf(v)

Z
d
3q d!

d�

dqd!
(43)

where the experimental energy threshold is implicit in
the boundary of the ! integral. f(v) is the DM velocity

Campbell-Deem, Knapen, TL, Villarama 2205.02250

Structure factor for GaAs
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 - effective coupling strength 
between DM and ion J

fJ Short range SI interaction
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Scattering potential in Fourier space
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Phonons appear through positions of ions:

Quantized phonon field given in terms of  
phonon dispersions  and eigenvectors  ωq eq

rJ(t) = r0J + uJ(t)
<latexit sha1_base64="LwBq0Beb2/j49sV4Xs/2SpGHVdE="></latexit>

Dynamic structure factor

Single phonon contribution has been studied extensively in literature, 
with ,  calculated from first principles approachesωq eq
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Quickly becomes more complicated to evaluate for more than 1 phonon

Dynamic structure factor
Expansion in                  (and anharmonic interactions): q2/(MN!)
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Our approach: use harmonic & incoherent approximations
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FIG. 1. Diagrams representing the contact (left) and anharmonic (right) contributions to the DM scattering

rate into two phonons (dashed lines).

while the coupling to the acoustic branches is strongly suppressed. If instead the DM has a coupling

proportional to the atomic mass, the coupling to the optical branches is strongly suppressed. At

the same time, detecting single acoustic phonons is expected to be extremely challenging experi-

mentally. This motivates the study of processes where multiple phonons are produced, which can

have larger energy transfer. This was studied already in the context of superfluid helium [26–29],

where the sound speed is particularly low and multiphonons were found to extend the reach for

sub-MeV DM.

The purpose of this paper is to compute multiphonon processes for cubic crystals such as

Ge, Si, GaAs and diamond in the isotropic approximation. Such materials are either already

being used or considered for direct detection experiments, and it was found previously that the

isotropic limit matches the numerical result well for single phonon excitations in GaAs [22]. More

complicated, strongly anisotropic crystals, such as sapphire, are left for future work. We focus on

DM that couples proportional to atomic mass number of the target nuclei, as it is in this scenario

where multiphonon corrections are the most important. We focus on two acoustic phonons in the

final state, for which there is a well-known e↵ective theory, and briefly comment on multiphonon

excitations with optical phonons.

B. Summary of results

The main object we are computing is the structure factor S(q, !), which parametrizes the

scattering rate of an external probe to the crystal for a momentum transfer q and energy transfer

! (see Sec. II for a precise definition). There are two distinct contributions to S(q, !) from the

production of two phonons, represented by the diagrams in Fig. 1. The left-hand diagram relies

on a contact interaction between the DM and two phonons, which originates from the matching

between the low energy e↵ective phonon theory and UV theory of nuclei and electrons. There are

analogous operators with three, four or more phonons, for which each additional phonon comes

with a factor of q/
p

mN!, with mN the nucleus mass. For mDM < MeV, q/
p

mN! is a good

expansion parameter, rendering the � 3 phonon contributions negligible. For higher DM masses,

the breakdown of this expansion signals the transition to the regular nuclear recoil regime. A

resummation procedure is needed in this transition regime, which we do not attempt in this paper.

The right-hand diagram in Fig. 1 instead occurs via an o↵-shell phonon and phonon self-

4

pi

k2

k1

pf

<latexit sha1_base64="KFKPcPsYvLDJzLc/jjpgCR7GJ/U="></latexit>

q

pi

k2

k1

pf

<latexit sha1_base64="4nfMUglvKjXaaLk+mYb5UHxZZUQ="></latexit>

FIG. 1. Diagrams representing the contact (left) and anharmonic (right) contributions to the DM scattering

rate into two phonons (dashed lines).

while the coupling to the acoustic branches is strongly suppressed. If instead the DM has a coupling

proportional to the atomic mass, the coupling to the optical branches is strongly suppressed. At

the same time, detecting single acoustic phonons is expected to be extremely challenging experi-

mentally. This motivates the study of processes where multiple phonons are produced, which can

have larger energy transfer. This was studied already in the context of superfluid helium [26–29],

where the sound speed is particularly low and multiphonons were found to extend the reach for

sub-MeV DM.

The purpose of this paper is to compute multiphonon processes for cubic crystals such as

Ge, Si, GaAs and diamond in the isotropic approximation. Such materials are either already

being used or considered for direct detection experiments, and it was found previously that the

isotropic limit matches the numerical result well for single phonon excitations in GaAs [22]. More

complicated, strongly anisotropic crystals, such as sapphire, are left for future work. We focus on

DM that couples proportional to atomic mass number of the target nuclei, as it is in this scenario

where multiphonon corrections are the most important. We focus on two acoustic phonons in the

final state, for which there is a well-known e↵ective theory, and briefly comment on multiphonon

excitations with optical phonons.

B. Summary of results

The main object we are computing is the structure factor S(q, !), which parametrizes the

scattering rate of an external probe to the crystal for a momentum transfer q and energy transfer

! (see Sec. II for a precise definition). There are two distinct contributions to S(q, !) from the

production of two phonons, represented by the diagrams in Fig. 1. The left-hand diagram relies

on a contact interaction between the DM and two phonons, which originates from the matching

between the low energy e↵ective phonon theory and UV theory of nuclei and electrons. There are

analogous operators with three, four or more phonons, for which each additional phonon comes

with a factor of q/
p

mN!, with mN the nucleus mass. For mDM < MeV, q/
p

mN! is a good

expansion parameter, rendering the � 3 phonon contributions negligible. For higher DM masses,

the breakdown of this expansion signals the transition to the regular nuclear recoil regime. A

resummation procedure is needed in this transition regime, which we do not attempt in this paper.

The right-hand diagram in Fig. 1 instead occurs via an o↵-shell phonon and phonon self-

4
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Auto-correlation can be approximated using the phonon density of states
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DM-multiphonon scattering

function description available for

dRdomega_multiphonons_no_single(omega) Di↵erential rate dR/d! in 1/kg/yr/eV all except SiO2, Al2O3

excluding long-wavelength single phonons

R_multiphonons_no_single(omega) Total phonon rate in 1/kg-yr all except SiO2, Al2O3

excluding long-wavelength single phonons

sigma_multiphonons(omega) Nucleon cross section to produce 3 events/kg-yr all except SiO2, Al2O3

TABLE I. List of public functions in DarkELF related to multiphonon excitations from DM scattering. Only mandatory

arguments are shown; for optional arguments and flags, see text and the documentation in repository. Some functions are only

available for select materials, as indicated in the righthand column.

and calculates the total integrated rate, excluding the
single phonon processes at long wavelengths q < qBZ.
In other words, this calculation includes only the purple
(multiphonon expansion) and red (impulse approxima-
tion) phase space regions in Fig. 6.

sigma multiphonons : This takes the energy thresh-
old as input and returns the necessary DM-nucleon
cross section to produce three events per kg-year for
any number of phonons. In order to return this
cross section, this function first calculates the total
rate by summing the outputs of R single phonon and
R multiphonons no single, so it includes the entire cal-
culation scheme depicted in Fig. 6.

dR domega multiphonons no single: This function
takes the energy transfer ! and DM-nucleon cross sec-
tion and returns the di↵erential rate dR

d!
at that energy

excluding single phonons in the long wavelength regime.
This comes from equation (C1) without evaluating the
! integral. We exclude the single coherent phonon here
since the long-wavelength approximation has delta func-
tions in energy in the di↵erential rate.

Appendix D: Additional results

Here, we provide additional results for Ge, Si, and di-
amond. Concretely, Fig. 12 shows the density of states
for these three materials, as extracted from [34]. Fig. 13
shows the di↵erential scattering rate via a massive scalar
mediator for two example DM masses in GaAs, Ge and Si
targets. Finally, Figs. 14, 15, and 16 are the cross section
plots corresponding to an integrated rate of 3 events/kg-
year for Ge, Si, and diamond, respectively.
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In the harmonic, isotropic limit
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FIG. 3. Single phonon production.

q/
p

md! [24].

In this work, we will extend the long-wavelength calcu-
lations to all final states (see Appendix A) and compare
them with the incoherent approximation.

For this purpose we extrapolate the results of Ref. [24]
to higher q values and make a number of additional as-
sumptions to model the self-interactions of the optical
modes, thus giving the complete structure factor. For
these reasons the calculations in this section should how-
ever be considered only a toy model of a GaAs-like crys-
tal. We will show below that for this toy model and in
the limit of small momentum transfer, the incoherent and

long-wavelength approximations give qualitatively simi-
lar DM scattering rates.

From Ref. [24], the two-phonon structure factor can be
written as

S(q, !) = S
(harm)(q, !) + S

(anh)(q, !) (34)

in the long-wavelength limit. The first term is the struc-
ture factor in the harmonic limit (also referred to as the
contact piece in [24]), where anharmonic corrections to
the atomic potentials are neglected. It can be obtained
by expanding (14) to second order, and evaluated ana-
lytically in the long-wavelength limit. The second term

Comparison with full (DFT) 
calculation for n=1 phonon

Incoherent approximation captures integrated structure factor 
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to higher q values and make a number of additional as-
sumptions to model the self-interactions of the optical
modes, thus giving the complete structure factor. For
these reasons the calculations in this section should how-
ever be considered only a toy model of a GaAs-like crys-
tal. We will show below that for this toy model and in
the limit of small momentum transfer, the incoherent and

long-wavelength approximations give qualitatively simi-
lar DM scattering rates.

From Ref. [24], the two-phonon structure factor can be
written as

S(q, !) = S
(harm)(q, !) + S

(anh)(q, !) (34)

in the long-wavelength limit. The first term is the struc-
ture factor in the harmonic limit (also referred to as the
contact piece in [24]), where anharmonic corrections to
the atomic potentials are neglected. It can be obtained
by expanding (14) to second order, and evaluated ana-
lytically in the long-wavelength limit. The second term
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FIG. 1. Diagrams representing the contact (left) and anharmonic (right) contributions to the DM scattering

rate into two phonons (dashed lines).

while the coupling to the acoustic branches is strongly suppressed. If instead the DM has a coupling

proportional to the atomic mass, the coupling to the optical branches is strongly suppressed. At

the same time, detecting single acoustic phonons is expected to be extremely challenging experi-

mentally. This motivates the study of processes where multiple phonons are produced, which can

have larger energy transfer. This was studied already in the context of superfluid helium [26–29],

where the sound speed is particularly low and multiphonons were found to extend the reach for

sub-MeV DM.

The purpose of this paper is to compute multiphonon processes for cubic crystals such as

Ge, Si, GaAs and diamond in the isotropic approximation. Such materials are either already

being used or considered for direct detection experiments, and it was found previously that the

isotropic limit matches the numerical result well for single phonon excitations in GaAs [22]. More

complicated, strongly anisotropic crystals, such as sapphire, are left for future work. We focus on

DM that couples proportional to atomic mass number of the target nuclei, as it is in this scenario

where multiphonon corrections are the most important. We focus on two acoustic phonons in the

final state, for which there is a well-known e↵ective theory, and briefly comment on multiphonon

excitations with optical phonons.

B. Summary of results

The main object we are computing is the structure factor S(q, !), which parametrizes the

scattering rate of an external probe to the crystal for a momentum transfer q and energy transfer

! (see Sec. II for a precise definition). There are two distinct contributions to S(q, !) from the

production of two phonons, represented by the diagrams in Fig. 1. The left-hand diagram relies

on a contact interaction between the DM and two phonons, which originates from the matching

between the low energy e↵ective phonon theory and UV theory of nuclei and electrons. There are

analogous operators with three, four or more phonons, for which each additional phonon comes

with a factor of q/
p

mN!, with mN the nucleus mass. For mDM < MeV, q/
p

mN! is a good

expansion parameter, rendering the � 3 phonon contributions negligible. For higher DM masses,

the breakdown of this expansion signals the transition to the regular nuclear recoil regime. A

resummation procedure is needed in this transition regime, which we do not attempt in this paper.

The right-hand diagram in Fig. 1 instead occurs via an o↵-shell phonon and phonon self-

4

Calculated in long-wavelength ( ) limit in crystals  
Campbell-Deem, Cox, Knapen, TL, Melia 1911.03482 

q ≪ qBZ

Calculated in superfluid He: 
Schutz and Zurek 1604.08206  

Knapen, TL, Zurek 1611.06228 
Acanfora, Esposito, Polosa 1902.02361  

2 phonons
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FIG. 4. Two phonon production. Top: Comparison of the two-phonon structure factor calculated with various approxi-

mations, where the toy model assumes the long-wavelength approximation. Optical-optical channels give a �-function and are

not plotted. Bottom: Cross sections for producing two phonons at a rate of 3 events/kg-year using the same approximations

as above. We restrict the mass range to m� . 1 MeV so that typical q values are below qBZ, where our long-wavelength

approximations are valid. The energy threshold is taken to be 40 meV, above the single phonon energies.

decrease for larger q where the incoherent approximation
is most justified, and in particular we will see that the
incoherent approximation reproduces the expected rate
in the free nuclear recoil limit, as discussed in the next
sections.

C. Multiphonon production

In the previous section, where we dealt with q < qBZ,
the incoherent approximation should be viewed as an
order-of-magnitude estimate only. For q > qBZ, it is
however on firm ground [30, 33] and is used routinely
to measure the density of states from neutron scattering
data [30]. Moreover, in the q � qBZ regime multiphonon

processes become important. This follows from the form
of the structure factor, obtained by inserting (23) into
the incoherent approximation (15):
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From the discussion around (26), the typical number
of phonons is n ⇠

q
2

2md!d
. With !d & 30 meV and

md & 30 GeV for most crystals, the self-consistency con-
dition for the incoherent approximation (q & qBZ) is
therefore always satisfied for n > 2 processes. The evo-
lution of (36) for increasingly large q is shown in Fig. 5a.
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lution of (36) for increasingly large q is shown in Fig. 5a.
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FIG. 4. Two phonon production. Top: Comparison of the two-phonon structure factor calculated with various approxi-

mations, where the toy model assumes the long-wavelength approximation. Optical-optical channels give a �-function and are

not plotted. Bottom: Cross sections for producing two phonons at a rate of 3 events/kg-year using the same approximations

as above. We restrict the mass range to m� . 1 MeV so that typical q values are below qBZ, where our long-wavelength

approximations are valid. The energy threshold is taken to be 40 meV, above the single phonon energies.

decrease for larger q where the incoherent approximation
is most justified, and in particular we will see that the
incoherent approximation reproduces the expected rate
in the free nuclear recoil limit, as discussed in the next
sections.

C. Multiphonon production

In the previous section, where we dealt with q < qBZ,
the incoherent approximation should be viewed as an
order-of-magnitude estimate only. For q > qBZ, it is
however on firm ground [30, 33] and is used routinely
to measure the density of states from neutron scattering
data [30]. Moreover, in the q � qBZ regime multiphonon

processes become important. This follows from the form
of the structure factor, obtained by inserting (23) into
the incoherent approximation (15):
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From the discussion around (26), the typical number
of phonons is n ⇠

q
2

2md!d
. With !d & 30 meV and

md & 30 GeV for most crystals, the self-consistency con-
dition for the incoherent approximation (q & qBZ) is
therefore always satisfied for n > 2 processes. The evo-
lution of (36) for increasingly large q is shown in Fig. 5a.

Incoherent approximation works to within a factor of few for 
, comparing to harmonic crystal result.  Anharmonic 

interactions give another factor of few correction. 

This should work better with higher  and . 

q < qBZ

q n



20

13

0 50 100 150
� [meV]

0

1

2

3

4

5

S
(q

,�
)

[k
eV

2
]

⇥108 q = 27.5 keV ⇡
1
2

p
2md�̄d

0 50 100 150
� [meV]

q = 55 keV ⇡
p

2md�̄d

0 50 100 150
� [meV]

q = 110 keV ⇡ 2
p

2md�̄d

n = 1

n = 2

n = 3

n = 4

n = 5

n = 6

n = 7

n = 8

n = 9

n = 10

Total

IA

GaAs, Multiphonon Response
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2md!d, the total structure factor converges to the impulse approximation (IA, dashed line).
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(b) Cross sections for 3 events/kg-yr in GaAs for a hadrophilic mediator. Rates are computed with the n  10 phonon terms in

the incoherent approximation (solid lines), the impulse approximation (IA; dashed), and the analytic free nuclear recoil result (NR;

dotted). We see that at su�ciently high masses–and hence momentum transfers–the impulse approximation su�ciently recovers the

result of summing the phonon terms. Likewise, for yet larger momenta the impulse approximation merges onto the free nuclear recoil

result, as discussed in Sec. III D.

FIG. 5. Multiphonon transition into the nuclear recoil regime.

where the Gaussian is not narrow. For example, for the
massive mediator and m� = 50 MeV, the rate will be
dominated by momentum transfers q ⇠ 2m�v ⇠ 100
keV, corresponding most closely to the rightmost panel
of Fig. 5a. From (40) this gives �d/! ⇡ 0.5 which is
not particularly small. The nuclear recoil approximation
nevertheless works remarkably well. The reason is that
phase space integral in (3) has a trivial ! dependence
aside from the S(q, !) factor, since the delta function in
! just determines the region of phase space that is inte-
grated over. Therefore, as long as the energy threshold is

small compared to the peak in !, the phase space integral
over (39) and (42) yields similar answers.

E. Summary

Fig. 6 schematically illustrates the various approxi-
mations for the structure factor discussed in this sec-
tion. The dotted gray parabola represents the phase
space boundary for a given m� and v (see Sec. IV). This
parabola extends upwards and rightwards as m� is in-
creased, such that multiple di↵erent regimes are sampled

Multiphonons become important around q = 2mNω̄ph

: 

dominated by 
n=1 phonon

q = 1
2 2mNω̄ph : 

contributions from 
n=1,2,3,4…

q = 2mNω̄ph :  

 can be approximated by 
Gaussian envelope  

(Impulse Approximation)

q = 2 2mNω̄ph
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Impulse approximation
When  , “re-sum” the n-phonon contributions 

and directly evaluate by saddle-point approximation:

q ≫ 2mNω̄ph

As , , take narrow-width limit:ω ≫ ω̄ph Δ/ω → 0
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FIG. 8. Cross section plots corresponding to a rate of 3 events/kg-yr for massive and massless scalar mediators in GaAs for

various thresholds. The structure factors used are the analytic results demarcated in Fig. 6 for each corresponding regime in

the (q, !) phase space. For the massive mediator, we see the dominance of the single acoustic phonon at low masses and low

thresholds, and of the optical phonon for intermediate thresholds. Eventually, for su�ciently high masses the process becomes

dominated by the free nuclear recoil response. For the massless mediator, the q�4 form factor favors small momenta, and the

rate is dominated by the lowest accessible mode for a given threshold.

distribution, which we take to be

f (v) =
1

N0

exp

"
�

(v + ve)
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, (44)

with v0 = 220 km/s, the Earth’s average velocity ve =
240 km/s, and vesc = 500 km/s the approximate local
escape velocity of the Milky Way. The scattering rate
can be further simplified in the isotropic limit; using (3),

R =
1

4⇡⇢T

⇢�

m�

�p

µ2
�

Z
d
3v

f(v)

v

q+Z

q�

dq

!+Z

!th

d! q |F̃ (q)|2S(q,!)

(45)
where !th is the energy threshold of the experiment, and
the other integration limits7 are

q± ⌘ m�v

 
1 ±

s

1 �
2!th

m�v2

!
(46)

!+ ⌘ qv �
q
2

2m�

. (47)

Note (47) defines the phase space boundary shown in
Fig. 6 for a given m� and v. Finally, ⇢T is the mass

7
In numerical implementations of (45), as done in DarkELF, it

is beneficial to change the order of integrating by first carrying

out the v integral, followed by the q integral and finally the !

integral.

density of the target material and we have recast the
rate in terms of the DM-proton scattering cross section
�p ⌘ 4⇡b

2
p
.

A. Massive hadrophilic mediator

In the case of a massive mediator coupling to baryon
number, we calculate the scattering rate by taking
fd = Ad and F̃ (q) = 1. The cross sections correspond-
ing to a rate of 3 events/kg-year exposure are shown in
the left panel of Fig. 8, assuming a GaAs target and for
di↵erent energy thresholds. The same figures for Si, Ge
and diamond can be found in Appendix D.

We can understand the numerical results in Fig. 8 ana-
lytically using the scaling of the structure factor discussed
in Secs. III A–III D. First, from (45), the m� dependence
of the rate is contained in

R /
�p

m�µ2
�

q+Z

q�

dq

!+Z

!th

d! q S(q, !). (48)

The structure factor only contains positive powers of q

across the entire phase space, so for a massive media-
tor, the integral (48) will be dominated by the largest
kinematically accessible momentum transfers.

For m� � 30 MeV, the kinematically allowed phase
space is extended to q and !

where the free nuclear recoil approximation can be
used. The rate therefore approximately scales as R ⇠

1/m� for mp & m� � 30 MeV.

23 Campbell-Deem, Knapen, TL, Villarama 2205.02250 
Harmonic oscillator model: Kahn, Krnjaic, Mandava 2011.09477

Single 
phonon Nuclear 

recoils

DM scattering rate
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Dark photon mediator

Coupling given by q-dependent effective charge Z(q) 
 

Single phonon reach estimated by dielectric response or directly computed in DFT
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Future steps
Pinning down : 

Quantify theoretical uncertainties and 
validity of approximations 

Detailed look at two (or three)  
phonon rates 

Experimental calibration? 

Above eV scale, rates pretty quickly 
converge to the impulse approximation, 

nuclear recoils

S(q, ω)

2-phonon

3-phonon
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Migdal effect

From Liang, Mo, Zheng, Zhang 2205.03395

Knapen, Kozaczuk, Lin 2011.09496

dσ
dERdωe

≈ dσN

dER

dP
dωe

�
<latexit sha1_base64="KAJTV5uvcvbDtk2sjCP3AM+Ir3A="></latexit>

recoil ER

charge ωe

DM-nucleus scattering with 
charge emission

Probability for 
charge excitation

Impulse approx

Incoherent approx

DM-nucleus 
scattering
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Backgrounds

A. Robinson 1610.07656

Figure from Berghaus, Essig, Hochberg, Shoji, Sholapurkar 2112.09702

Coherent scattering of high energy (~MeV) photons off ions
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Single phonon 
excitation
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Multiphonons

keV MeV GeV

Dark matter mass

TeV

First steps towards describing DM-nucleus scattering into multiphonons.

DM scattering in crystals

Nuclear recoils

Erecoil�
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