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Israel Equations

Israel formulated the Einstein equations for a thin shell as a 
purely geometric relation – the jump in extrinsic curvature 
across the shell.
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Example – ADS3

Take AdS3 in global coordinates

And perform the transformation:

where

Then

where
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What the 
transformation has 
done is shift the 
“origin” of 
coordinates to an 
off-centre position.
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Cut Along Theta:

Cutting along a constant theta line and computing the 
extrinsic curvature shows that 

So taking two copies of part of this space with 

Shows that we have a domain wall of tension

running from r=0 to the boundary 
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The Spacetime

Since the range of q is 2q0, at 
r=0 there is a conical deficit. 
This is interpreted as a point 
particle in 3D.

The spacetime is therefore a 
point particle “attached” to the 
boundary by a domain wall.

This is an accelerating particle!
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On Acceleration

Acceleration is when an object is not travelling on a geodesic.

For an observer at R=R0 in AdS:

The tangent vector is purely timelike, but the acceleration is 
radial:
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Rindler with no Horizon

The magnitude of the 
acceleration is related 
to R0
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Slowly Accelerating Rindler

Using the coordinate transformation as before

To get back to global AdS

And see consistency with (slow) acceleration and pure AdS.  

1 +
R2

`2
=

1 + (1�A2`2)r2/`2

(1�A2`2)⌦2
, R sin⇥ =

r sin ✓

⌦
<latexit sha1_base64="MokDQw1tNxcguJcaX++mVUncpKo="></latexit><latexit sha1_base64="MokDQw1tNxcguJcaX++mVUncpKo="></latexit><latexit sha1_base64="MokDQw1tNxcguJcaX++mVUncpKo="></latexit><latexit sha1_base64="MokDQw1tNxcguJcaX++mVUncpKo="></latexit>

ds2AdS = �
⇣
1 +

R2

`2

⌘
↵2dt2 +

dR2

1 + R2

`2

+R2
⇣
d⇥2 + sin2 ⇥

d�2

K2

⌘

<latexit sha1_base64="8QPItBkjxXSP80X2LaylxHpJHEA="></latexit><latexit sha1_base64="8QPItBkjxXSP80X2LaylxHpJHEA="></latexit><latexit sha1_base64="8QPItBkjxXSP80X2LaylxHpJHEA="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ZWuTwUMUrXk/h4Jc5eYAkziIRzg="></latexit><latexit sha1_base64="ZWuTwUMUrXk/h4Jc5eYAkziIRzg="></latexit><latexit sha1_base64="YOnTA47ctcCn+hDxkCmikEbLz0k="></latexit><latexit sha1_base64="8QPItBkjxXSP80X2LaylxHpJHEA="></latexit><latexit sha1_base64="8QPItBkjxXSP80X2LaylxHpJHEA="></latexit><latexit sha1_base64="8QPItBkjxXSP80X2LaylxHpJHEA="></latexit><latexit sha1_base64="8QPItBkjxXSP80X2LaylxHpJHEA="></latexit><latexit sha1_base64="8QPItBkjxXSP80X2LaylxHpJHEA="></latexit><latexit sha1_base64="8QPItBkjxXSP80X2LaylxHpJHEA="></latexit>



ds2 = f(r)dt2 � dr2

f(r)
� r2

✓
d✓2 + sin2 ✓

d�2

K2

◆

f =
⇣
1� 2m

r

⌘
+

r2

`2

ds2 = ⌦�2

"
f(r)dt2 � dr2

f(r)
� r2

✓
d✓2

g(✓)
+ g(✓) sin2 ✓

d�2

K2

◆#

f =
⇣
1� 2m

r

⌘�
1�A2r2

�
+

r2

`2

g = 1 + 2mA cos ✓

⌦ = 1 +Ar cos ✓

�± = 2⇡
⇣
1� g(0)

K

⌘
= 2⇡

⇣
1� 1± 2mA

K

⌘
= “8⇡µ±”

T =
f 0
+

4⇡
S =

⇡r2+
(1�A2r2+)K

TS =
r2+

2K(1�A2r2+)

"
m

r2+
(1�A2r2+) +

r+
`2(1�A2r2+)

#

=
m

2K
+

r3+
2`2(1�A2r2+)

2

=
M

2
+ PV

M =
m

K
P =

3

8⇡`2
V =

4⇡

3

r3+
K(1�A2r2+)

1

Acceleration in 4D

f determines horizon structure – 
black hole / acceleration / 
cosmological constant

In 4D, we use the C-metric to describe accelerating 
black holes

Where

Hong & Teo, CQG20 3629 (2003)



“C” in 3?
Look for an exact solution in 3D with the same type of 
structure:

The general solution is:

Which, after coordinate rescaling/shifts reduces to:

Arenas-Henriquez, RG, Scoins: 2202:08823; Anber 0809:2789; Astorino 1101.2616



Class I

Take each in turn. The first class looks very similar to the 4D 
C-metric (r=-1/Ay, t = at/A, x = cos(f/K) = cos(q))

Slow Acceleration   No horizon

Rapid Acceleration   Acc. horizon



Slow Acceleration

The presence of K now indicates both a conical deficit (the 
particle) and a domain wall at f=±p, i.e. codimension 1 
defect. The conical deficit at r=0 has a natural mass:

Because of the nonzero extrinsic curvature along f=± p, 
(thanks to A) there is a wall of tension



Particle Mass?

Can follow a Fefferman-Graham prescription, giving the 
expected boundary metric:

And find the mass from the stress tensor:



Holographic Mass

Compare to “particle” mass from conical deficit:



New Solutions?

Although these have been 
derived as “new” solutions, 
we know that in 3D, gravity 
does not propagate, so any 
”vacuum” solution has to be 
locally equivalent to AdS. The 
transformation formulae for 
the various solutions are quite 
lengthy, but give an interesting 
alternative viewpoint, and help 
with understanding the “BTZ” 
family of solutions.

x
′  1  x

x  x+x
′  x+



Rapidly accelerating light Particle

Main difference to 4D: no accelerating partner!



Rapidly accelerating heavy Particle



Acceleration with Struts



Would like to understand bulk and holographic nature of 3D 
solutions, as well as thermal back-reaction.

Rapidly accelerating heavy particle – full bulk.



BTZ

Recall the BTZ black hole is an 
identification of the Rindler wedge:

Blue lines are constant f, and have 
zero extrinsic curvature, 



BTZ

Recall the BTZ black hole is an 
identification of the Rindler wedge:

Blue lines are constant f, and have 
zero extrinsic curvature, so can cut 
and paste along f–lines to form 
the BTZ black hole.



BTZ’s as class II
Looking at BTZ from the exact solution perspective:



BTZ’s

Adding A in the class 2’s 
skews the constant f lines, 
changing the way AdS is 
sliced and adding extrinsic 
curvature to constant f–
lines – here is a slightly 
distorted BTZ (slow 
acceleration)



Rapid BTZ’s

Because the distorted f–
lines now wrap back to the 
Rindler wedge horizon, for 
some values of f we get 
an “additional” horizon 
(different portions of the 
bulk Rindler horizon).



Novel BTZ
Hiding within class I is a new BTZ-like solution. If Al>1, 
have a horizon at 

For the accelerating particle, we usually take y<-yh with 
y ~ -1/Ar, but can also have 

To make this look more familiar, take

where

So that this solution is clearly disconnected from the 
non-accelerating solutions.

<latexit sha1_base64="z4Jq2TN9g7TCXoQec3gpd1TUxdE=">AAACDXicbVDLSsNAFJ34rPUVdelmsAoVsSTB10aounFZwT6gSctkOmmHTh7MTIQQ8gNu/BU3LhRx696df+O0zUJbD1w4nHMv997jRowKaRjf2tz8wuLScmGluLq2vrGpb203RBhzTOo4ZCFvuUgQRgNSl1Qy0oo4Qb7LSNMd3oz85gPhgobBvUwi4vioH1CPYiSV1NX3a+XkEF5C2+MIp2aWXnUsmzDWsTJ4DE14BJOO1dVLRsUYA84SMyclkKPW1b/sXohjnwQSMyRE2zQi6aSIS4oZyYp2LEiE8BD1SVvRAPlEOOn4mwweKKUHvZCrCiQcq78nUuQLkfiu6vSRHIhpbyT+57Vj6V04KQ2iWJIATxZ5MYMyhKNoYI9ygiVLFEGYU3UrxAOkcpEqwKIKwZx+eZY0rIp5Vjm9OylVr/M4CmAX7IEyMME5qIJbUAN1gMEjeAav4E170l60d+1j0jqn5TM74A+0zx/GlZjZ</latexit>

P (y) =
1
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� 1 + y2



Plotting this solution in 
global coordinates shows a 
clear parallel with BTZ. This 
time however, there is no 
continuous link to the BTZ 
metric.



Class iii - braneworld

Finally, the class 3 solutions 
don’t allow for an identification 
of a single bulk with a wall, 
instead we take 2 bulk copies 
a la Randall-Sundrum to form 
a braneworld.



Recap

§ Have classified all possible 3D AdS solutions with 
“acceleration”.

§ Class I are (mostly) accelerating “particles”

§ Class II are generalized accelerating BTZ.

§ Class III are braneworld-type solutions

§ Have found a new solution (in Class I) that is BTZ in nature 
but disconnected parametrically from BTZ.



Thank you 
Werner!

•  Domain walls

•  Braneworlds

•  Instantons

•  PBH seeded vacuum decay


