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Motivation

et AB INITIO NUCLEAR MANY-BODY PROBLEM

cea

P> Adopting realistic interactions, nuclei are described in terms of Z protons and N neutrons,
with the aim of

understanding how nucleons organise themselves into nuclei (pairing, clustering ...)

providing reliable predictions for nuclear observables (excited states, transitions ...)

Tool: the A-body Schrédinger equation HY{ = Eif Ui

where lIJ;f} is the A-body wavefunction, associated with the energy eigenvalue E;j

P In H, realistic interactions are drawn from Chiral Effective Field Theory, which provides
a direct link with low-enerqy QCD and its symmetries
a systematic framework to construct many-body interactions

a theoretical error, stemming from the truncation of the expansion in powers of Q/A,
where A,

is the chiral-symmetry-breaking scale () s the ‘small momentum’ or pion mass

In practice, ChEFT forces are preprocessed via the similarity renormalization group, in
order to quench the coupling between low and high momenta in the Hamiltonian
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Motivation
AB INITIO NUCLEAR WAVEFUNCTION

Efficient approximation schemes for the nuclear wavefunction entail a polynomial scaling in
the size M of the space of single-particle excitations ~» M* with o0 >4

Correlation-expansion methods: expansion of the exact nuclear wavefunction into the
space of particle-hole excitations built through the correlator 2 on a given reference state:
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where \1164 is the exact ground eigenstate of the A-body Hamiltonian, H,

and the reference state cI);)4 is the ground state of H , a solvable Hamiltonian, splitting
the original one into H = Hy+ H; where H; contains the 2-, 3-, ... -body interactions

PROBLEM: In open-shell nuclei, the ground state is almost degenerate with respect to
the excitation of pairs of nucleons in the same single-particle enerqy level

J | 4

SOLUTION: in the reference state, breaking the symmetry associated to particle number,
(semi-magic nuclei) together with rotational symmetry (doubly-open-shell nuclei)
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Motivation

AB INITIO NUCLEAR CHART

2010

B> A very significant increase
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Motivation

AB INITIO MODELS OF NUCLEAR STRUCTURE

Magic nuclei: MBPT, SCGF, IMSRG, CI, CC ...
Semi-magic nuclei: MR-IMSRG, BMBPT, SCGGF, BCC, ...
Doubly open-shell nuclei: MR-IMSRG, BMBPT, SCGGF+, CC, ...
Passepartout: FCI, NCSM, NLEFT, LQCD (A < 4), PGCM-PT ...

Main approaches:
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SCGGF Theory

STATE OF THE ART

The salient novelty of the self-consistent Gorkov-Green's function approach consists in the

> Breaking of the symmetry associated with particle-number: Uz(1) X Un(1)
~n» V. Soma et al. Phys. Rev. C 84, 064317 (2011)

#Ca and ™Ni: binding energy

43Ca and #°Ca: neutron addition and removal spectral distribution

#Cl, 4Cl and #°Cl: ground and excited state energies, spectroscopic factors

18 < Z < 24 isotopic chains: binding energy, two neutron shell gaps, one and two-
proton/neutron separation energy, charge radius

50Cr, 52Cr and >*Cr: charge density distribution

Lepton scattering in “°Ar and “®Ti: neutron spectral function, charge density distr.

O, Ca and Ni isotopes: binding energy, two-neutron separation energy, charge radius

47Ca #9Ca ®1Ca' %°Ca' 23K and *>Sc' low-lying excited states

ADC(2) with 2N forces ADC(2) with 2N+3N forces

Phys. Rev. C 87, 011303 (2013) Phys. Rev. C 89, 061301 (2014)
Phys. Rev. C 100, 062501 (2019)

Phys. Rev. C 89, 024323 (2014) Eur. Phys. J A 57, 135 (2021)

Phys. Rev. Lett. 128, 022502 (2022)
Extension of the algebraic diagrammatic construction to third order in progress ~» ADC(3)

P Additional breaking of the symmetry associated with angular momentum:
U;(1)x Un(1)xSUQ2) ~any  A. Scalesi et al. (in progress)
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SCGGF Theory

s THEORETICAL FRAMEWORK

The model conveniently is formulated in second-quantization formalism.

cea

P The single-particle space J# is split into two blocks, characterized by the sign of the total
angular mom. projection along the z axis, j,. = two pairs of creation/annihilation operators:

ap, Ay CLZ, Cbl—t
p—j—
where the involution ap = Mpa; b= (n 0,5, —m q) Ny = (_1) j—m
In s.p. space (™ time with P ’ where ¥ — p? =
f gl _ - My =My = 1
reversal) is defined: ap = Ty b= (n,4,j,m,q) o
=

and ¢ — z-component of the isospin

B> The two partitions of the single-particle space constitute the Nambu space (2-dimens.)
Introducing the superscripts g = 1,2 one groups the creation/annihilation oper. into

and A’ = (Al)Z obeying the canonical anticommutation rules
{43,4) = 6,4005 {a3,40) =000, {AL9 AL} = 60300

with 5= {1 if g =2 These define the elements of a metric tensor

2if g=1
| o — Nambu-Covariant Pertubation Theory (appendix)
involution in Nambu space
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SCGGF Theory

THEORETICAL FRAMEWORK

P> The system is described by the grand-canonical potential ) replacing the Hamiltonian:
Q=T+U — ppZ — o, N+ VNN U
\ V) Af—/

EEU EQI
where
1= Z Tu alas with  Tap = (a|T|b) s the kinetic energy operator
ab
1 - : =
V= Z;‘ o7z Vabea alalaga,  with Vabea = [(ab]VIN|ed) — (ab|VEN|de)]
od

is the partially antisymmetrized two-body potential energy operator

U = Z[Uab a;;ab - Uy aaa;_; + Ugp aj,a;_; + UZb azap|
ab

and

is a one-body auziliary potential, explicitly breaking particle number symmetry U(1).

B Paradigm: expansion scheme around a single reference state that builds the correlated state on
top of a Bogoliubov vacuum that incorporates static pairing correlations

PHYSICAL SYMMETRY GROUP CORRELATIONS
Particle number Uz(1) x Un(1) Pairing / superfluidity
Rotations in 3 dim. space SU(N) Quadrupole deformation
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SCGGF Theory

THEORETICAL FRAMEWORK

B Method: the degeneracy wrt ph-excitations is lifted via the Bogoliubov reference state and
transferred into a degeneracy wrt the operations of the symmetry group Uz(1) x Un(1)

Q2 (Z+2,N) =082, N) = EM(2Z+2N) - EfZN)~E{(2N)
— B EZ-2N)& ... &%
0G(Z,N+2)~ Q) (Z,N) = EA27zN+2) — EAZN)~ EAZN)

— EAZN-2)m...~ 2,
the constituents can be added or removed at the same energy cost, irrespective of A.

B Observation: The choice of U corresponds to selecting a superfluid unperturbed g.s., acting
as reference for the application of Wick’s theorem. The exact eigenstates of (), preserve A:

H|Pg) = Eg'|¥§) QUG) = (B — 1l — 1 N)|¥5) = Q5|95

Considering the superposition of the g.s. of the nuclear systems with even number of constituents

evern

U5°) =D cal¥E) one replaces  |¥p) = |[WA) with  wB)

where the coefficients of the expansion in the Fock space minimize:
SB _ /,SB SB A
Q5P = (USPQWSP) 2 0
subject to three constraints: even

SB|.1SB\ _ 2 _
7 = (Q§B|Z|QJ§B) N = (\pr|N|xpr) (o~ |Pg") = ; len|® =1
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SCGGF Theory

THE ONE-BoDY PROPAGATOR

B> The Gorkov-Green's function in Nambu space and time repr. is defined as

iGap(t,t') = (Vo|T{AL(t) © Ap(t)} Po)

Since the Hamiltonian is time-independent, the FT of the one-body propagator becomes

+oc
Gap(w) = / d(t —t') et Gy (t — )

Carrying out the integration, the Lehmann representation can be recast as
k.g k.9 * kg kTg’*
Gof (W) =) e Xb 1y L —
3 w— (Q — Q) /h+in i w4+ (s — Qo) /h —in
where E,g“)i = o, = (Q — Q) with u=p, n are the separation energies between
the g.s. of the A-body system and the excited state k of the A 4 1-body system.

B ~ (U8 | H|WFP) — (U5P | H|WEP)) 7 p, [(WFP) 2| W55) — (2 +1)]
BV~ £ (O3B H|OFB) — (W5P|H|UER)) F i [(TFEIN|WFE) — (N £ 1)
whereas the residues of the poles are proportional to the spectroscopic amplitudes
KT} = (W] Ay To) = (Tg|ay | To) “xb = (To| A} Ty) = (Volas|Ts)
YF = (W | A7 Wo) = (W|al [Wo) ’“xﬁ = (Wo| AZ|Ty) = (Tolal |Wy)

B The spectroscopic amplitudes are not independent: [Fy9)* =F 19
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» Gorkov spectral functions:

St (w) = —lJm Gap(w Z’“xa F x5 (w — wy)
with w >0

S, (w) = —I—%jm Gap(w) =Y F¥q FA]6(w + wy)
k with w <0

From the normal components, one nucleon

removal and addition amplitudes are extracted:

Sap(w) = Sgp ()
Sep(w) = S (w)
P One and two-neutron separation energies:
Sn(N,Z)=|E(N,Z)| - |E(N —1,7%)|
San(N, Z) = |E(N, Z)| = [E(N = 2,2Z)|

P> One and two-proton separation energies:
Sp(Na Z) = |E(N7 Z)l o |E(N72 - l)l
SQP(Naz) = |E(NaZ)| o |E(N,Z— 2)'
where E(N,Z) ~» g.s. energy

Gianluca Stellin

SCGGF Theory

PHYSICAL OBSERVABLES
from the one-body propagator

Sp(N,Z) and So,(N, Z)

i "’
.
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: &
[ Eur. Phys. J A 57, 135 (2021) |
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SCGGF Theory

PHYSICAL OBSERVABLES
from the one-body propagator

oo _ _ _ B> Energies of the excited states of odd-even
P> Binding energy of even-even isotopic chains: systems: the first 1/2* and 3/2* levels (Cl & K)

the 18 < Z <24 nuclei

- . 3 - (a) Cl ":
200 _ Full symbols: experimental data _ ; ' |
) Empty symbols: extrapolated data 1 §
Symbols + line: theory +:
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1 b
p +.
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Q . ; ]
s 1 3F (b) K 7
- - > 2 p— -
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[ Eur. Phys. J A 57, 135 (2021) ] [ Phys. Rev. C 104, 044331 (2021) ]
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SCGGF Theory
THE POLARIZATION PROPAGATOR

The construction of the Gorkov response functions recalls the Dyson case:
rorr s . oy rr / ’, ,/, 17 /f o , /Il
RIS (1,07 = G (6,400 - Gt ()G ()
where the two-body propagator is a rank-four tensor (16 elements) in Nambu space,

i*Gabea(t, ', t", ") = (Vo| T{AL(t) © Ap(t') © AG(t") © AZ(t")}H o)

with the convention of J. Schirmer, Phys. Rev. A 26, 5, 2395-2416 (1982)

P> Switching to the two-time limit the Gorkov polarization propagator is obtained:

e rrr 7

mos 9" (t,¢'y = lim R9II" (1,1 ¢",¢")

Explicitly:

11t

g2 o) = —iwg r{ g A7 @) AL @) AL (o) )
ritwgr{agnate” () gy rdag () al?” @) jeg)
Analogously, the Fourier Transform of the polarization propagator yields
! +OO 5 / 1 rrr 7
[194 48 () E/ d(t — t")e™ =99 979 (t — ¢')

— OO

and fulfills the symmetry properties under time reversal (left) and complex conjugation (right):

rr oy s r o rrr s

o =11 —
Mooy 7 (w) =152, 7 “(-w) e 99 () = [

==
dbac

()l
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SCGGF Theory
THE POLARIZATION PROPAGATOR

P> The Lehmann representation of the Gorkov polarization propagator gives

rrrrr e rrt

g _ 9999 —99°9"g
Hggdf g(w) — H+acdb (OJ) + I acdb (OJ)

The two contributions contain the same information and are again related by complex conjugation
+9"393'g" _ +-99"9"9
I eapq - ()" =H geqp ~ (W)
where the I.h.s. (r.h.s.) is analytical in the upper (lower) part of the complex plane for

L rrr 7

g” kleg g NI kng kT*g g

g
[[+99.9°9 _ X —99.9"9 _

0 Bl s Y R i Bri oy 3y
the poles, for U(1)-cons. states, coincide with the energy of the excited states of the A-body

system with respect to the g.s. energy E) = Qi — p and the transition matrix elements, fulfilling

AP F

k ! k
T =)

have been defined and orthogonality between the A-body states has been exploited. Explicitly

"Xie = (Uo| A AL?|U) = (Wolalas|Uy,) FYP2 = (U4 AZAL 2| Wo) = (Tk|alaq|To)
"l = (ol AL AL?|Ty) = (Tg|apas|Vy) "2 = (U | AL AL? | W) = (Tg]apas|To)
AL = (ol AL AL W) = (Wolapal| W) Y2 = (U, AZAT Do) = (Wlalal|Wo)
“Xbe = (Vo AFAL!|Wy) = (Woalal|y) Il — (g | ALAT W) = (g |apal|Wo)

as in the one-body GF case, the anomalous elements vanish between U(1)-conserving states.
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SCGGF Theory
GORKOV’'S BETHE-SALPETER EQUATIONS

P> Gorkov's polarization propagator has proven to fulfill the following self-consistent equations

DY493g291 + BY4939291 + three-time pol.
H?i%39291 ( tat+a S+7 S) =1I feba (t9 t+78 18) +11 feba (t t + + Z Z/ propagatorp
disj. direct pol. propagator «— I’ g”g“' i
disj. Bogoliubov pol. propagator T
hes e e DY19299’ h9a'g"q" i ol || N
/ dtQ/ dtg[ dts 117 gpeq (t t7 b, te) T~ (ft2,t3,t0) TGS 7 (5,871, 25)
where disjoint direct three-time pol. propagator \
19’1 ‘g" ag'9"g" 23 gg’(tl t2)
Egbqq tt” — ZZ acef(slg+vceaf6g2)/ dt G¢ngc (tutat,=t+)G¢—lgdg (tlxt”) <: thcdhl (tlat27t37t4) HCdHI ’
beef g’ 5Gzl (t35t4) $(t)=0
self-energy, in terms of the two-body propagator particle-hole vertex

In energy representation, Gorkov's Bethe-Salpeter equations (GBSE) become

1 R ) 0 40
94939291 D 94939291 B 94939201 _E:E: 1 2 D 919299 (w=0Q1 w+
Hftbz ’ ( ) erbz oo ( )+erbit oo (UJ) + h — , j;oo (27.[_) -/;oo (27T)Habcd ( 2 2 )
c g9

r_rr_trr

h -0 gurgu
xl“’c’dh%g g4 (w 5 L ;s W,wW — 2Q2)H%e?}3z (292,W—2Q2) .

In contrast with Gorkovs equation, in energy repr. it remains an integral equation!

P> By defining a particle-hole Kernel, the GBSE can be recast into a algebraic equations...
M5 (W) = TPGge” " () HTIPc, " (W) ) 3 TP 9192959 gy e (o) KPH 9090795 o (o) I ()
digs SIeh W. Czyz, Acta. Phys. Pol. 20, 737 (1961).
Caveat: there's no diagram-based approach to determine " ,w) ! (except approx. such as RPA
g PP fa
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SCGGEF Theory
PERTURBATION EXPANSION

of the polarization propagator

> As an alternative to the solution of the GBSE, one considers the perturbation expansion of
Gorkov's polarization propagator in terms of €27, in the interaction picture

~n> ). Schirmer, Phys. Rev. A 26, 5, 2395-2416 (1982) (P)
400 oL +o0 +o0 ’ i ~
/ : —1 1 5 747 4 3
[EERestiE g 1 4 = —12 (?) ﬂ/ dtl.,./ dt; (<I>0|T{Qf(t1)...Q,(tl)A,gl(t)AIg (t )Ajfl (t’ﬂA}f (t+)}|<I>o)conn
1=0 "o e
. —-i\™ 1 [t e 193+
+ Y W/ dtl...f dtm(®0|T{QI(t1)...QI(tm)A[gl(t)AIC (1 )}|<1>0>Conn
m=0 YT -0
—i\" 1 [T e g2 (41 AT (4
P Z % Ef dtl...f dt,, (q)o‘T{QI(tl)---QI(tn)AIb (t )Al'd (t )}’(I)0>conn
n=0 Y =09 o
where r's \4

unperturbed reference state connected contributions only!

P Time ordered products are evaluated by means of the Wick theorem, converting them
into fully-contracted normal-ordered products of second-quantization operators.

Caveat: the contractions between two creation and annihilation operators do not vanish!

CONTRACTION aj o(t) ap (1)) ara(t) arp(t’)

I - - (0) 21 / (0) 12 /

Diagrammatics: dla V b € interaction vertex G 7 () G Ot t)
see the term (P) 4 Abe  esternal legs Gé%) 21(t,t’) Gg%) 12(t, t')
a A b€ external legs GEL%) 21(75, t’) Gg?)) 12(t, t’)
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cea

SCGGEF Theory

of the polarization propagator

DIAGRAMMATIC EXPANSION

B> Alternative to the Wick theorem, the diagrams appearing at any order n in perturbation
theory can be generated via Feynman rules for the polarization prop. in time representation:

|. diagrams have n interaction lines
and 2n+2 propagation lines

II. discard disconnected diag. and
disjoint linked diag. and direct type

lII. label the vertices and the endpoints
of the external legs with a single

VI. write a factor 1/2 for each
pair of prop. starting and ending
at the same two-body vertex

VII. write a factor 1/2 for each
anomalous prop. starting and

ending at the same int. vertex.

X. write a fact. (—1)Nf+Na where:

N ans number of closed loops
N, ~» number of
anomalous contractions.

Xl. sum over free s.p. indices

XII. integrate over free time
variables

particle (s.p.) index and a time index VIII. in the Abrikosov-Hiigenholtz @y
_ notation, check the global sign
IV. write V.4 for each two-b. vertex )\
V. write a factor ;2142 | i(—i/h)" IX. interpret the equal time prop. GOV 1)y =
A
B Unperturbed one-body propagator:

B> Two-body vertex: P ¥ PTOPEg b o/

a b a b a b a,t &, a,t
c d c d d, c i v v

‘7:1 bed = Vbu de = V(Lhd(' = = \T/f)u e ‘
e e e o w(0) 12 E 9
Gt (t,t) = GO ¢y = ab

ab ab

Abrik - v  /
..rl Os0V Extended or Bloch- 1
Hiigenholtz

. Brandow notation _
notation _
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SCGGEF Theory
DIAGRAMMATIC EXPANSION

of the polarization propagator

Converting each sequence of normal-ordered second quantization operators in (P) into
diagrammatic form, at any order the graphs can be grouped into 5 categories:

a &

B Disjoint linked diagrams N ¢ a a a
of direct type
A
o = — -+ +
y 3
m 4 Y d d d
i |
d b d b Gaa
. £ Y Hllll
(1) ¢ Hclzi;’li (111) I B dressed one-body propagator
1122
P> Disjoint linked diagrams - ‘ - Hacl';& a c
of exchange type . B Disjoint linked diagrams
ge typ (11) of Bogoliubov type
(i) multiple o
re ((ilili)) e disconnected e T
parts
- 1111 p Conjoint
(“ ) ¢ Hacdb diagrams d b
B  Disconnected (=disjoint unlinked) diagrams (V)
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SCGGF Theory
C2a LEADING AND FIRST ORDER DIAGRAMS

of the polarization propagator

Example: perturbation expansion of TI'!ll(z,¢)

P Leading order:

i.e. the LO disjoint exchange and Bogoliubov diagrams!
> Subleadmg order:

4o

h Z‘/}aqrs GO, t’+) dt1i GO Y (1, tH)iGy) M (t, 1) GO (¢, t)
a & quS _ C a c
A Y
1= 2 + ...
A Y
d b b d b

Ellipsis: Bogoliubov diagrams with a bubble on the Ggi propagator plus graphs with
at least a pair of anomalous propagators

5 D Viars / diyiGy) M (1 0)iGY M (4, 10)iGD M (41, 17)iGl) (1, )

pqTs
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SCGGEF Theory
SECOND ORDER DIAGRAMS

of the polarization propagator

Example (continued): perturbation expansion of IT}1%(z,¢)

B Neat to next to leading order:

(L

a c (.
Ellipsis: Bogoliubov plus
Composite 4 other composite diagrams
diagrams: Tt t... and graphs with the same
structure and (even)
anomalous propagators
d b d b

Skeleton diagrams:

@ . a C 2 = Ellipsis:
graphs with
the same
+ 4+ ... ‘I— . .. structure and
(even)
anomalous

W propagators

d b d b d b

400 —+o0
> Vo Vo / dty / AtoiG) M (1, 41)iGD M by, 0)iG ) M (b, 11 )iG) T (1, 12)iGG) (b, )G T (H 1)

pqrs
tuvw

Gianluca Stellin Progress in Ab Initio Nuclear Theory — 1st March 2023 20/29

ﬁ2




SCGGEF Theory
ALGEBRAIC DIAGRAMMATIC CONSTRUCTION

for the one-body propagator

It is an approximation scheme deveoped for the polarization propagator (J. Schirmer, Phys. Rev. A 26, 5,
2305-2416 (1982) ) and the one-body propagator (J. Schirmer, Phys. Rev. A 28, 3, 1237-1259 (1983) ) in SCGF
theory. At present, only the extension to Gorkov's one-body propagators is operational.

Motivation: the ADC scheme permits to rewrite Gorkov's equations (in energy repr.) as an
energy-independent eigenvalue problem, preserving the analytic structure of the self-energy.
> V. Soma et al. Phys. Rev. C 84, 064317 (2011)

P Splitting of the proper self-energy into a static and a dynamic part:

Eab( ) —U + E(Stat) + E(dyn)
whose structure is FM, FM] FN, FNI

E(dyn) w) = E(dyn)++2(dyn)— = +
ab (@) ab ab ; w—Q/h+in w4+ Q/h—in

It is sufficient to consider only X9+ =M, (1w — E)M]

» The ADC scheme postulates X\ T2 C, (w1l - W — P)~'C]

where the matrices C,and P in Nambu and k-space are expanded oder by order

Ca = C((ll) -+ 082) +... P = P(l) == P(z) == i W = Matrix of the unperturbed eigenvalues (QU)
By exploiting the geometric series, the ADC ansatz can be rewritten as
53(dyn) + AC -1 z {P1-w) } C|

Matching procedure with the standard pert. expanS|on yields the expressions for C,, P and W

Eg%yn) (OU) = Eg;ynal) + + Zc(:z)ynaQ) -+ _|_ L
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SCGGEF Theory
ALGEBRAIC DIAGRAMMATIC CONSTRUCTION

for the polarization propagator

B> It has been applied directly to the polarization propagator (instead of 24, (252w w —20y)).
Starting from the one-body transition operator

= Z Drsalas

TSs
for particle-number conserving operators, such as EM trans. oper. D,, = D!} or D*

Thanks to the complex-conj. property, one may consider only H:Cglljg?’g‘lgz (w)

Defining the transition function as Z D* H;rcgul)ll (w)Dap

abed
Lehmann's repr. permits to write ~ T(w) = TT(wl — A)T
where A = (T,|Q — Qo|¥r)/h = secular matriz and T}, = (U}, D|Wy) = vector of transition ampl.
P Construction of the ADC ansatz, similar to the one for Zgyn) *
T(w)=F(wl — K — C)F
where K — natriz of diff. betw. the eigenvalues associated with Qp:  Kijr = 6indji(w; — w;) /R
As for the self-energy, the matrices admit an order by order expansion

c=cV+c@4... F=°rFO 47O LF® 4
Again the geometric series gives..

T(w) = FH(wl - K) 12{ (Wl —K)~ }nF

Matching procedure with the standard pert. expansion yields the expressions for F ,C and K
T(w) = T(w)? + T(w)Y + T(w)? +...
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SCGGF Theob

GOLDSTONE DIAGRAMS

for the polarization propagator

The ADC splits the problem of determing T into two tasks: the construction of the modified
transition ampl. F and the diagonalization proc. for the modified. interaction matrix, C + K

p In the ADC formulation for the polariz. propagator, it is useful to disentangle the time
integrations, by considering the n+2/ possible orderings of the time vertices at order n

Time-ordered or Goldstone diagrams are obtained by multiplying each Feynman graph by
1=0(t—t)+6( —1t)
1 = 0t—tho(t1 —t) +0(t -t —t1) +0(t —t)0(t1 —t)
Ot —t)0(t; —t') +0(t' —t)0(t — t1) + 0(t' — t1)0(t1 — 1)
1 = 6t —t1)0(t —t")0(ta —t) + O(ta — t1)0(t — t2)0(t — t')
+ Ot —t1)0(ta —t")0(t — ta) + O(t1 — t2)0(t' — t1)0(t — t')
+ O(t; —t)0(t —tHO(t —ta) + ...

+

P> In practice: each Feynman diagram in H;g;}%%gl (t,t)) corresponds to:

1 Goldstone graph at leading order
3 Goldstone graphs first order
12 Goldstone graphs at second order

Diagrammatic rules for the Goldstone graphs of the SCGF polarization prop. in energy repr. exist...

2> J. Schirmer, Phys. Rev. A 26, 5, 2395-2416 (1982)
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SCGGEF Theory
FIRST-ORDER GOLDSTONE DIAGRAMS

for the polarization propagator

. . S 1111 : ,
B> Example of a first-order diagram contributing to Hicdb (w) (conventionally t > t):

in time representation:

1 = e
e (6) = 43> Vigra / Aty iGQ) 2 (11, t7)iGl 4, (', 11)

x iGN (b, )G 2 (¢ 11)0(t — t)0(ty — t) + . ..

P> Performing the FT, this Goldstone graph translates into the
following contribution to the first order transition function:

(0)2 iy p(0) 1 k4 (0)2 kg (0) 1

— +YYS3D pqrs "X

abed pqrs kq ko Wk 0 + Wks o + Wks o -+ Wy,
ks k4
d b t’ k2Xr(:LO) 1 szg(,O) 1 kgxgo) 1 ksT(O) 0|

d
X _ Dagp+ ...
W — Wy g — Wky o T 27)

Time ordering:
p Due to the SB in Wo, the connection of the ‘energies’ in the denominators

!
ty >t >t o - e — i

with the single-particle excitation energies is less transparent:

Wiy Whas Wh3s Wk = Eigenvalues of ) for states with an odd number of nucleons on average

~w>  |argest exp. contrib. = A £ 1 states
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SCGGEF Theory
Cea SECOND-ORDER GOLDSTONE DIAGRAMS

for the polarization propagator

p Example of a second-order Goldstone graph contributing to ot U w) (t>t),

corresponding to the time ordering ¢y > t >t >t In time representation, it gives:
w b w IEANEY) = g 30 Ve Vi G (8 11)

pgrs tuwv
x iGN (t1,1) iGO) Pty 1) iGYY M (81, t2) G M (o, 1)
x GG )0 — t1)6(t — )0ty — ) + ...

The presence of the sole normal propagators guarantees that

Wk, Wk, s Wkg =™  states with odd number of nucleons
(largest exp. contrib. = A — 1 state)

W, s Wks, Wk, = States with odd number of nucleons
(largest exp. contrib. = A 41 state)

P> In energy repr. this Goldstone graph translates into the
following contribution to the second order transition function:

OV 1 ki (01 iz (O) 1 earp(0) 1

T(z)(w) = —1 7 Y 7 T Y D qrs%uvw Xa

abed pars tuw ky ke ka ks Wk o + Wks o + W30 + Wy o

ks kg
k5X(0) 1 kgT(O) 1 k4 (0) 1k, T(O) k5X£3) 1 gy T&O) 1 kGX(O) 1 kGT(O) 1

w
X ) Da, + ...
W — (wkl,o T Why o T Wy o T Why g + Whs o T wka,o)/h Whyo T Wha o T Wks o + W o
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Perspective

AUTOMATED DIAGRAM GENERATION

for Gorkouv’s polarization propagator in the ADC scheme

A code generating the diagrammatic contrib. for Gorkov's polarization propagator as Wick
theorem contractions at first and second order in perturbation theory has been developed.

B> Tool: for any time ordering, the diagrammatic rules for Goldstone diagrams in energy
representation permit to bridge the sequences of contracted second-quantization op. in time

repr. and the amplitudes and the corresponding amplitudes in energy repr. 4 Goldstone
) ] ] F h graphs (%)
Alternatively, the time integrals can be evaluated as # Feynman graphs L P

in the Automated Diagram Generation code: 1 (1) 1(1)

any  P. Arthuis et al. Comp. Math. Comm. 240, 202-227 (2019) &

C a C
P Improvement: self-consistent dressing of . A
the one-body propagators in the skeleton Haeap = + +
graphs (up to 2" order), output of the 4
b d b

existing Boccadorata codes

d
6 (18) 20 (240) 20 (240) 20 (240)
a C a C
T - + oot M T
d b d b d b d b
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SCGGF Theory
PHISICAL OBSERVABLES

from the polarization propagator

P> For a general one-body operator that mediates the transition between two the A-body states

(Tp|O[T0) = > (a|O[b) (¥y|a)aa|To)

ab
B Example: reduced electric (R=F) and magnetic (R=M) multipole
transition probabilities between states with angular momentum J, and J,

B(Jo = Jp, Rl) = QJHS‘S‘Y\ U, | Qum (R)| W)

MO M m
where Qy,,(R) are the transition operators with angular momentum £ and projection m

(Up|Qm (R)|Wo) = > (a|Qum(R)[D)(p|[A; T ©@ A7, 1T0)
ab
which are expressed in terms of the angular-momentum-coupled transition matrix elements

(AT @ A43]L, = lal @ ]l = Y (adbllma — mym)(—1)"ala,
Mg MMy

and the matrix elements between the s.p. states and the EM mult. transition oper. are given by

(0] (E)|b) = / &r (alr'Y™(8, $)p(r)|b)
(0] (M) ) = / &r (alj(r) - Lty (8, $)|b)

where p(r) = 65(1‘ — I") and jr) = 2m% o(r — I‘ 6 % d(r — I‘ (pointlike charge distrib.)
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CONCLUSION

P Motivated by the successes of SCGGF theory in the prediction of physical observables
from the one-body propagator, we are extending the approach to quantities accessible
from the polarization propagator, such as the excitation spectrum of even-even semi-
magic nuclei and reduced EM multipole transition probabilities. In particular, we have

v briefly recapitulated the progress brought by the introduction of the particle-
number SB mechanism (binding energy, two-nucleon separation energy,
charge radius, shell gaps, energy levels of odd nuclei ...) in SCGF theory;

v" defined the polarization propagator in Gorkov's formalism, in time and energy
representation, together with its symmetry properties;

v" derived the self-consistent equation obeyed by Gorkov's polarization propagator,
thus generalizing the Bethe-Salpeter equation;

v" outlined the diagrammatic contributions up to the second order in perturbation
theory, exploiting the expansion formula for the polarization propagator;

v shortly illustrated the ADC approach, its application to the irreducible self-
energy and to the polariz. propagator, so far exploited in quantum chemistry;

v examples of Goldstone diagrams up to second order, instrumental for the
implementation of the ADC, have been shown in time representation.
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Thank you for the attention!
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APPENDIX

AB INITIO MODELS OF NUCLEAR STRUCTURE

FEzact solution of the Schr. equation: exponential or factorial scaling with the system size (A)
Approximate solution: polynomial scaling with A in the correlation expansion methods

Approximate solution for
magic and semi-magic
nuclei with A > 11.
Tools: MBPT/BMBPT,
SCGF/SCGGF, IMSRG,
CC/BCC ...

Approximate solution
for open-shell nuclei
with A > 11

Tools: BMBPT, Cl,
BCC, MR-IMSRG...

solution for
nuclei with A < 12
Tools: MBPT,
NLEFT, NCSM, LQCD
(A < 4)..
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APPENDIX
NAMBU COVARIANT PERTURBATION THEORY

We adopt the formalism of Nambu-covariant perturbation theory (NCPT) M. Drissi et al, arXiv:2107.09763

Purpose: extension of the SCGF approach to tackle the near-degeneracy of the ground states of
singly open-shell nuclei with respect to creation/annihilation of pairs of nucleons with opposite j,

Duplication of the Hilbert space associated to a single-nucleon 71" = 74 ® r%{r
where B C 7 is a basis and3 ¢ ! its dual and |b), |b) € B, (b], (b] € B!

P> Second quantization operators: ap, aj and a}:, ag o
here the involuti b= (n,t,j ) m = (=177
whnere the novolution o B T T . = (ks 75— T 2
(s.p. space) is defined: @ = My ag = Mpay  with _ J. ! where Moy = 1 = 1
b:(naga.]ama(ﬁ 776775:—1
...which are grouped into Nambu vectors:
Bp,1) = @JIE BH i
B(b,2) = Tay = Gy B2 = nba% = a%

_ _ _ ...and [ =1,2 are Nambu indices.
P The canonical anticommutation rules

{BM,B,,} = Gy {BM,B”} =9," {Buygy} =gt {BN’BV} = g
define the elements of the metric tensor:
9% =036, 1, [0u.ma + 021,ma]  9aB = 04301,1, 1011, 76 + 21, 7a] 9%8 = 9% 98 = Oab0l,1,

g

i A Gag 2T€ antidiagonal in both the Nambu and the s.p. space! 9o = 9Jor g abOl, 1,
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APPENDIX
TIME EvOLUTION OF OPERATORS AND STATES

B Heisenberg’s picture: time evolution of Nambu second-quantization operators follows
Ab(t) — AQb(t) — ez’Qt/hAbe—z‘Qt/h
A(t) = [Aqu(t)]T = e PALT /T
As in standard Heisenberg's picture, the states are time-independent:
[Wo) = [Wo(t)) = [Yolto)) V trto
I Interaction picture: time evolution of Nambu second-quantization operators follows
Arp(t) = ewi/hp e—ifut/h
{Afb(t)]T — emUt/hAze—mUt/h

States evolve as in the standard interaction picture:

B Field picture: time evolution of Nambu second-quantization operators follows
A b(t) = ez’Qt/hAbe—z'Qt/h
[AF b(t)]T — emt/hAZe_mt/h
where Q% = Q; + ¢ contains the ext. field ¢(t) and the states evolve as
Uro) = e UL(t,0)| o)
and U§(t,0) is Schrodinger’s time evolution operator wrt the grand canonical potential Qg + Q?
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APPENDIX

GORKOV’S EQUATIONS

P The one-body Gorkov-Green's functions obey the following generalization of Dyson's equation:

G2 p(w) = GO (w) + 3 GO ()E7(w) G 5(w)
Yo
where the self-energy can be subdivided into a proper part and a contribution from the aux. potential
iaﬁ(w) =3Y%(w) —U%; — (}O‘B

and G(U)O‘ﬁ(w) are the unperturbed propagators.
Since U acts as a mean field, the Hartree-Fock-Bogoliubov (HFB) one-body propagators, solution of
the problem Qp = Qurp can be exploited for G(O)O‘g(w) as well as an input for G%(w) at the
r.h.s. of the self-consistent equation. The numerical G®3(w) are obtained though BcDor codes

m in practice: energy-independent self-consistent equations for G*g(w) are solved.

EXAMPLES (proper self-energy to first order):

_ dw’ 1 (a,1) . / dw’ 1
E(a’l)(b,l)(w)‘l = _ZZZ/(;T 2r 3! b (b,z)(uJ)‘l = zZZ o1 27 3]

ele dlg Gie Hpa
a, (d:ld) ¢l
xRN 55y @ P (o) x VoY (9 (c,tc)G( ) (@0 (@)
, dw' 1 dw’ 1
202 5w)| ==Y [ S2 ey == [ Bl
: | b,1 (.LJ) = —1
1 T Cl 21 3! (b,1) 1 C,Zlcd,zld ct 2 3‘
XV (CJC)(aaz)G(dsld) . ((.L,Q) c
(b:2)(d L) (0 (%) View ™0 G i @)
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APPENDIX
DYSON’S POLARIZATION PROPAGATOR

P> In SCGF theory, the polarization propagator is obtained from the two-body response function.
Adopting the covention of J. Schirmer, Phys. Rev. A 26, 5, 2395-2416 (1982), the latter reads:

R((lfc’ﬁ)(t, tt" ") = giﬁ;’j) (t, 8" ") — g(A A) (t t//)g(A JA) (', ")

where o (6,2,¢7,2") = (=) X (UHT{ au (D (¢)al (")l (¢") } 1 03)

and .. is the two-body Green's function.

G, t) = (=) (03 T{ aa()al (') }195)

.. is the one-body Green's function.

B Taking the two-time limit the polarization propagator is obtained:

: . (AA) .
Haean(t,t') = t”h_rf# iR ey (7t ")
t/ff_>t1+

alternatively, the limits ¢ — ¢/ A ¢ — ¢+ can be considered. In the first case, one writes

Macar (1 ¢') = =i(CFT{af (Daa(t)al(t)as () }195)

+i(m§|T{ag(t)aa(t)}yq;§)<wé\T{a;(t’)ab(t’)}l‘I’a“>
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APPENDIX
DYSON’S POLARIZATION PROPAGATOR

If the Schrodinger problem is time-independent, the Fourier transform is function of one frequency

+00
Hacdb(w) — / d(t o t’)eiw(t_t )Hacdb (ta t’)

— o0

The ensuing Lehmann representation can be decomposed into two interrelated parts,

Macds(w) = I g (W) + IT_ 5y (w)

analytical in the upper part of the complex plane ... ~and in the lower one.

0, w) =Y (U8 |alaa| UL ) (WL |ahas| E) 0@ =3 (Wit |alap|[ U (U |afa, | T8
acdb w_(Ei/:l_Eéél)_'_zn acdb w+(Eﬁ—Eé4)—Z77

k0 k40
P The poles coincide with the energy of the excited
The relation between the two reads: states of the even-even system wrt the g.s.
Hjabd*(_w) =1, (w) B> The residues of the poles are proportional to the
transition matrix elements:
P> Symmetry relations: k — AT A
y y de — (‘IJO |a,dab|‘llk) k}/ca —_— (llljj\alaa\\llaq)
time reversal of H
Macap (W) = Hpgea (—w) P> Transition mediated by a one-body operator:

complex-conjugation A A At A
UOWy) = a|Ob) (V> a! ap| W
Hacdb(w) — —szac(_w) < P ’ ‘ 0 > %}:( | ‘ )< P ’ a b’ 0 >
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APPENDIX
DYSON’S POLARIZATION PROPAGATOR

Approximation methods

In SCGF theory, the determination of the polarization propagator in Lehmann
representation may follow three different paths:

P the direct approach: the ADC scheme applied directly to the polarization propagator
J. Schirmer, Phys. Rev. A 26, 5, 2395-2416 (1982),

approx. scheme for the time-ordered diagrams contributing to the trans. function, linked to II via a unitary transf.

...s0 far adopted in molecular systems (quantum chemistry): comput. Mol. Sci. 5, 82-95 (2015)

Adv. Chem. Phys 69, 22, 201-240 (1987) J. of Chem. Phys 111, 9982-9999 (1999)
J. of Chem. Phys 112, 22, 4173-4185 (2000) J. of Chem. Phys 117, 6402-6409 (2002)

B the self-consistent (SC) approach: possible application of the ADC scheme on the intera-
ction kernel K;, . In time repr. the SC equation for the three-time polarization prop. reads

Maeas(t, ', 7, 8" = IO, (1,887, £"F) + Z / dt / dts / dt, / dtsTIS) (4,8, 1, 1)
efgh
K fegn(ta, tr, ts, ta) gnan (ts, tat” , £ ")

Tool: the SC equation for the two-time polarization propagator in energy representation

W. Czyz, Acta. Phys. Polonica 20, 737 (1961).
P the random phase approximation: although self-consistent, it neglects interactions betw.

Macan(w) = Mooy, (@) + Mo, () Ven rqTTgnas ()

particles/holes propagating in different ‘bubbles’. It is widely applied also in nuclear systems.
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APPENDIX
PHISICAL OBSERVABLES

from Dyson’s polarization propagator

In SCGF theory, dressed RPA including some 2p-2h excitations is adopted for EM
properties of semimagic nuclei with Z = 8, 20, 28 in Dyson GF theory.

Giant dipole resonances are studied, with different parameters of the HO s.p.
basis and different implementations of the ADC scheme

45 ' . . . v 1 . . v . v 50 -_
o [ HF (b) — DysADC3 RPA
401 - == g Ahrens (1975)
ol ! = AL . | e+ Ishkhanov (2002) |]
35f - — ADC(@3) |]
- ]
— 30} 2 M = 30f 16
o)
B o 3 160 - O
—_— & gV | N,iar=13, hw=20 MeV
5 HE -
v ¢ L L}
= 20 : . =
L ' i <4
10} 0 ELLE U
5F
0 e R i o.. ~10 510 15 20 25 30 35 20 25 50 55 60 65 70
= = 9 o5 2= 15 - =r <) 9 2U 2D « 90 < 49 oU 20 0O )
0 y 10 15 20 25 30 35 40 45 50 55 Ey [MeV]

Ey [MeV]
[ Phys. Rev. C 99, 054327 (2019) |

Gianluca Stellin Progress in Ab Initio Nuclear Theory — 1st March 2023 VII/X




APPENDIX
THE POLARIZATION PROPAGATOR IN THE SC APPROACH

m Derivation of a self-consistent
equation for the Gorkov
polarization propagator in
momentum space.

W. Czyz, Acta. Phys. Pol. 20, 737 (1961).

m Application of the algebraic
diagrammatic construction
scheme to the interaction Kernel

B Possible approzimation of the SC equation.

F. Raimondi et al., Phys. Rev. C 99, 054327 (2019).

B Possible automatisation of the construction of the
necessary Feynman/Goldstone diagrams (ADG).

m Implementation of the angular
momentum coupling (AMC) scheme

A. Tichai et al., Eur. Phys. J. A 56, 272 (2020).

B Redrafting of the BcDor
codes to include 11

B Application to
semi-magic nuclei
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APPENDIX
THE SEASTAR COLLABORATION

Publication of exp. results concerning nuclear spectroscopy campaigns in the period 2014-2017:

v v v v v v v B Vv Vv Vv V

B Around Z = 20

47Cl and #Cl: Phys. Rev. C 104, 044331 (2021).

50Ar Phys. Rev. C 102, 064320 (2020), 5'Ar Phys. Lett. B 814, 136108 (2021) and Ar Phys. Rev. Lett.
122, 074502 (2019).

SIK, 53K Phys. Lett. B 802, 135215 (2020) and 55K Phys. Lett. B 827, 136953 (2022).

SCa Phys. Rev. Lett. 126, 252501 (2019), 55Ca and 57Ca Phys. Lett. B 827, 136953 (2022).
©2T| Phys. Lett. B 800, 135071 (2020).

%3V Phys. Rev. C 827, 064308 (2021).

Around Z = 28

"2Fe Phys. Rev. Lett. 115, 192501 (2015).

%Cr Phys. Rev. Lett. 115, 192501 (2015).

®Ni Phys. Rev. C 99, 014312 (2019) and "8Ni Nature (London) 569, 53 (2019).
®Cu Phys. Rev. Lett. 119, 192501 (2017).

®"Mn Phys. Lett. B 784, 392 (2018).

8Zn Phys. Lett. B 773, 492 (2017).

%9Co, ™Co and "3Co Phys. Rev. C 101, 034314 (2020).

LEGEND: one-body propagator; one-body+polarization propagator; not yet investigated;
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