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Configuration-interaction shell model

Disadvantage: 
• not size-extensive, basis grow exponentially

Advantages: 
• Excited states easy to generate
• Direct access to wave functions allows for detailed 
analysis

€ 

ˆ H Ψ = E ΨMatrix formalism:
expand in some (many-body) basis

€ 

Ψ = cα α
α

∑

€ 

Hαβ = α ˆ H β

€ 

Hαβcβ
β

∑ = Ecα
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Outline of talk

• How to x-ray a wave function
• The challenge of intruders
• 11Li  & 29F as case studies

• Possible paths forward
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Modern many-body calculations

No-core shell model: in harmonic oscillator 
basis, “all” particles active (up to Nmax h.o. excitation
quanta), with high-precision interaction (e.g. chiral EFT,
HOBET, etc.) fit to few-body data

e.g. p-shell nuclides up to Nmax = 10 … 22
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Maris et al PRC 90, 014314 (2014)

12C with chiral 2+3 body forces We can reproduce
experimental data!

such as the g.s. band 
of 12C

The NCSM has been a triumph! 
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But M-scheme dimensions are huge—into 
the tens of billions*!

How can we possibly ‘understand’ them?

*See Anna McCoy’s talk for a possible 
record, M-scheme dimension ~ 35 billion!
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But M-scheme dimensions are huge—into 
the tens of billions*!

How can we possibly ‘understand’ them?

*See Anna McCoy’s talk for a possible 
record, M-scheme dimension ~ 35 billion!

Richard Hamming: 
The purpose of computing
is insight, not numbers.
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M-scheme dimensions are huge—
into the tens of billions*!

How can we possibly ‘understand’ 
them?

*See Anna McCoy’s talk for a possible 
record, M-scheme dimension ~ 35 billion!We can x-ray the wave 

functions with math!
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Use eigenvalues
of Casimir operators to label

subspaces (“irreps”)

See also talks by Caprio and McCoy, up next!



PAINT Workshop @ TRIUMF, Feb 27, 2024

!!Ĉ z ,α = z z ,α
Casimir

z (eigenvalue) 
labels the 
subspace

a indexes all the 
states in the subspace
(same value of z)
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!!Ĉ z ,α = z z ,α
Casimir

The best known Casimir is J2,
which has eigenvalues j(j+1)



PAINT Workshop @ TRIUMF, Feb 27, 2024

!!Ĉ z ,α = z z ,α
Casimir

Another is Elliott’s representation 
of an SU(3) Casimir:  

ĈSU (3) =
!
Q i
!
Q − 1

4
!
L2

For this 2-body SU(3) Casimir, 
the eigenvalue z = λ2+λμ+μ2+3(λ+μ),

where λ, μ label the irreps
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!!Ĉ z ,α = z z ,α
Casimir

If the Casimir(s) commute(s)
with the Hamiltonian, 

then the Hamiltonian is block-diagonal
in the irreps (irreducible representation)

This is known as dynamical symmetry

!! Ĥ ,Ĉ
⎡⎣ ⎤⎦ =0
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A key idea: A Casimir can be used 
to divide up a Hilbert space into subspaces,
labeled by eigenvalues

even if the Casimir does not commute with
the Hamiltonian
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!!Ĉ z ,α = z z ,α
Casimir

!!
F(z)= z ,α Ψ

α
∑

2

For some wavefunction | Ψ >, we define
the fraction of the wavefunction in an irrep
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This can be done efficiently using a variant of the Lanczos algorithm:
CWJ, PRC 91, 034313 (2015) 

20Ne
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By looking at the group-
theoretical decomposition,
we can even show that 
the valence-space 
empirical and ab initio
multi-shell wave functions
have similar structure! 

20Ne
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theoretical decomposition,
we can even show that 
the valence-space 
empirical and ab initio
multi-shell wave functions
have similar structure! 

20Ne

So we’re 
good?

We can reproduce expt and
have insight!
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By looking at the group-
theoretical decomposition,
we can even show that 
the valence-space 
empirical and ab initio
multi-shell wave functions
have similar structure! 
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So we’re 
good?Not so fast!
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Maris et al PRC 90, 014314 (2014)

12C with chiral 2+3 body forces

Hoyle state

The Hoyle state in 
12C is a problem!
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Haxton and Johnson, PRL 65, 1325 
(1990)

There’s a similar state in 16O

VOLUME 65, NUMBER 11 PHYSICAL REVIEW LETTERS 10 SEPTEMBER 1990
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mined by the Lanczos algorithm, with about 270 itera-
tions yielding full convergence for the ten lowest-energy
states. In the spirit of BG, the strong interaction was
only allowed to operate within the Ip-2s ld shells. (This
choice also eliminates large 2hro and 4hro lplh ampli-
tudes that could mix into the low-lying states only be-
cause the shell-model interaction does not properly
respect the Hartree-Fock condition. ) The adopted Oh'
Hamiltonian was formed from the Cohen and Kurath
1p-shell interaction, the Brown and Wildenthal 2s1d-
shell interaction, and the Millener and Kurath cross-shell
interaction, with the four single-particle energy splittings
fitted to the isoscalar even-J states. We used the bare
Kuo g matrix for V "". All configurations were al-
lowed to interact through the center-of-mass Hamiltoni-
an H, , and spurious components were removed by add-
ing a large multiple of H, to the potential described
above. The same Hamiltonian was used in a 3hro calcu-
lation of the negative-parity states.
The calculated and experimental isoscalar spectra of

Fig. 1 are in very good agreement. We also show the
spectrum that would result from diagonalizing H in a
2hro model space. This illustrates the importance of the
2t1ro-4hro interaction in reducing the energy splitting
between the ground state and those states that are pri-
marily 2ttro in character (e.g. , the 01+-21+ splitting is
lowered by almost 8 MeV). The quality of the isovector
spectrum is similar to that of Fig. 1, with the lowest five
states in ' F well reproduced. A low-lying 0+1 state
(-16 MeV) not seen experimentally is predicted. The

isovector 0, 1,2,3 group is also nicely reproduced.
The principal diSculty with the isoscalar negative-parity
spectrum is the failure to generate a second 1 0 state
near 9.59 MeV.
Table I shows the OpOh, 2p2h, and 4p4h probabilities

of the first 0+ states in our calculation and in that of
BG. (Note that the 0+ 12.29-MeV state is the correct
analog of the 03+ BG state, since the nearby 0+ state at
12.80 MeV is 73% 4p4h. ) In the schematic model the
OpOh probability summed over the three 0+ states must
give 1, while in the shell model it mixes with the full set
of 0+ states in the 4hro space. As the OpOh fraction in
the first three states is about 50%, the 2p2h and 4p4h
shell-model fractions must be correspondingly larger.
Despite this, the schematic and shell-model results are
not too different: The correspondence for the 6.05-
MeV state, which is primarily a 4p4h state, is very close,
while both calculations conclude that about 70% of the
strength in the 03+ state is 2p2h.
The large intrinsic quadrupole moments that are pos-

tulated in the schematic model provide a simple explana-
tion of the enhancements found in ' 0 E2 transitions.
We can now test whether this physics emerges from the
shell-model and realistic WV interactions. As the shell
model makes no explicit assumption about the single-
particle basis, one must interpret the E2 transition densi-
ty matrices in terms of suitable radial wave functions.
We have used Ginocchio potential wave functions,
which are algebraic and yet closely resemble numerical
finite-well wave functions (such as Woods-Saxon). The
parameters of this potential were adjusted to reproduce
the elastic (e,e') form-factor diA'raction minimum and
the height and location of the second diA'raction max-
imum, as well as the 1pii2 and lp3i2 binding energies.
The single-particle spherical shell model for ' 0 pro-
duces an unbound 113/2 state, and in this respect does
not provide an appropriate basis for interpreting transi-
tion density matrices between bound states. In a de-
formed well this problem need not arise, since the d3/2
amplitudes could be sensibly associated with bound
Nilsson orbitals. We avoid this complication by appeal-
ing to the schematic model, where the sd-shell excita-
tions of ' 0 involve a single bound Nilsson level (No. 6).
This motivates our choice of a single binding energy for
the sd-shell orbits in the Ginocchio well, which we take
as the average of the shell-model 2sii2, 1d~i2, and 1d3/2

0
0 0

TABLE I. Comparison of the shell-model (SM) and BG
OpOh, 2p2h, and 4p4h probabilities for the first three 0+ states

l 6~

expt 4b ~ g.S.
Probability BG SM

02+ (6.05 MeV)
BG SM

0+
BG SM

FIG. 1. A comparison of experiment and the 4hco ' 0
shell-model spectrum of T=O states. The spectrum resulting
from diagonalizing the same Hamiltonian in a 2hco space is
also shown.

OpOh
2p2h
4p4h

0.76 0.42 0.07
0.22 0.45 0.05
0.02 0.1 3 0.88

0.04
0.05
0.90

0.17 0.03
0.73 0.68
0.10 0.30

1326
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Haxton and Johnson, PRL 65, 1325 
(1990)

There’s a similar state in 16O

VOLUME 65, NUMBER 11 PHYSICAL REVIEW LETTERS 10 SEPTEMBER 1990
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mined by the Lanczos algorithm, with about 270 itera-
tions yielding full convergence for the ten lowest-energy
states. In the spirit of BG, the strong interaction was
only allowed to operate within the Ip-2s ld shells. (This
choice also eliminates large 2hro and 4hro lplh ampli-
tudes that could mix into the low-lying states only be-
cause the shell-model interaction does not properly
respect the Hartree-Fock condition. ) The adopted Oh'
Hamiltonian was formed from the Cohen and Kurath
1p-shell interaction, the Brown and Wildenthal 2s1d-
shell interaction, and the Millener and Kurath cross-shell
interaction, with the four single-particle energy splittings
fitted to the isoscalar even-J states. We used the bare
Kuo g matrix for V "". All configurations were al-
lowed to interact through the center-of-mass Hamiltoni-
an H, , and spurious components were removed by add-
ing a large multiple of H, to the potential described
above. The same Hamiltonian was used in a 3hro calcu-
lation of the negative-parity states.
The calculated and experimental isoscalar spectra of

Fig. 1 are in very good agreement. We also show the
spectrum that would result from diagonalizing H in a
2hro model space. This illustrates the importance of the
2t1ro-4hro interaction in reducing the energy splitting
between the ground state and those states that are pri-
marily 2ttro in character (e.g. , the 01+-21+ splitting is
lowered by almost 8 MeV). The quality of the isovector
spectrum is similar to that of Fig. 1, with the lowest five
states in ' F well reproduced. A low-lying 0+1 state
(-16 MeV) not seen experimentally is predicted. The

isovector 0, 1,2,3 group is also nicely reproduced.
The principal diSculty with the isoscalar negative-parity
spectrum is the failure to generate a second 1 0 state
near 9.59 MeV.
Table I shows the OpOh, 2p2h, and 4p4h probabilities

of the first 0+ states in our calculation and in that of
BG. (Note that the 0+ 12.29-MeV state is the correct
analog of the 03+ BG state, since the nearby 0+ state at
12.80 MeV is 73% 4p4h. ) In the schematic model the
OpOh probability summed over the three 0+ states must
give 1, while in the shell model it mixes with the full set
of 0+ states in the 4hro space. As the OpOh fraction in
the first three states is about 50%, the 2p2h and 4p4h
shell-model fractions must be correspondingly larger.
Despite this, the schematic and shell-model results are
not too different: The correspondence for the 6.05-
MeV state, which is primarily a 4p4h state, is very close,
while both calculations conclude that about 70% of the
strength in the 03+ state is 2p2h.
The large intrinsic quadrupole moments that are pos-

tulated in the schematic model provide a simple explana-
tion of the enhancements found in ' 0 E2 transitions.
We can now test whether this physics emerges from the
shell-model and realistic WV interactions. As the shell
model makes no explicit assumption about the single-
particle basis, one must interpret the E2 transition densi-
ty matrices in terms of suitable radial wave functions.
We have used Ginocchio potential wave functions,
which are algebraic and yet closely resemble numerical
finite-well wave functions (such as Woods-Saxon). The
parameters of this potential were adjusted to reproduce
the elastic (e,e') form-factor diA'raction minimum and
the height and location of the second diA'raction max-
imum, as well as the 1pii2 and lp3i2 binding energies.
The single-particle spherical shell model for ' 0 pro-
duces an unbound 113/2 state, and in this respect does
not provide an appropriate basis for interpreting transi-
tion density matrices between bound states. In a de-
formed well this problem need not arise, since the d3/2
amplitudes could be sensibly associated with bound
Nilsson orbitals. We avoid this complication by appeal-
ing to the schematic model, where the sd-shell excita-
tions of ' 0 involve a single bound Nilsson level (No. 6).
This motivates our choice of a single binding energy for
the sd-shell orbits in the Ginocchio well, which we take
as the average of the shell-model 2sii2, 1d~i2, and 1d3/2

0
0 0

TABLE I. Comparison of the shell-model (SM) and BG
OpOh, 2p2h, and 4p4h probabilities for the first three 0+ states

l 6~

expt 4b ~ g.S.
Probability BG SM

02+ (6.05 MeV)
BG SM

0+
BG SM

FIG. 1. A comparison of experiment and the 4hco ' 0
shell-model spectrum of T=O states. The spectrum resulting
from diagonalizing the same Hamiltonian in a 2hco space is
also shown.

OpOh
2p2h
4p4h

0.76 0.42 0.07
0.22 0.45 0.05
0.02 0.1 3 0.88

0.04
0.05
0.90

0.17 0.03
0.73 0.68
0.10 0.30
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One can think of these 
as alpha-cluster states
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mined by the Lanczos algorithm, with about 270 itera-
tions yielding full convergence for the ten lowest-energy
states. In the spirit of BG, the strong interaction was
only allowed to operate within the Ip-2s ld shells. (This
choice also eliminates large 2hro and 4hro lplh ampli-
tudes that could mix into the low-lying states only be-
cause the shell-model interaction does not properly
respect the Hartree-Fock condition. ) The adopted Oh'
Hamiltonian was formed from the Cohen and Kurath
1p-shell interaction, the Brown and Wildenthal 2s1d-
shell interaction, and the Millener and Kurath cross-shell
interaction, with the four single-particle energy splittings
fitted to the isoscalar even-J states. We used the bare
Kuo g matrix for V "". All configurations were al-
lowed to interact through the center-of-mass Hamiltoni-
an H, , and spurious components were removed by add-
ing a large multiple of H, to the potential described
above. The same Hamiltonian was used in a 3hro calcu-
lation of the negative-parity states.
The calculated and experimental isoscalar spectra of

Fig. 1 are in very good agreement. We also show the
spectrum that would result from diagonalizing H in a
2hro model space. This illustrates the importance of the
2t1ro-4hro interaction in reducing the energy splitting
between the ground state and those states that are pri-
marily 2ttro in character (e.g. , the 01+-21+ splitting is
lowered by almost 8 MeV). The quality of the isovector
spectrum is similar to that of Fig. 1, with the lowest five
states in ' F well reproduced. A low-lying 0+1 state
(-16 MeV) not seen experimentally is predicted. The

isovector 0, 1,2,3 group is also nicely reproduced.
The principal diSculty with the isoscalar negative-parity
spectrum is the failure to generate a second 1 0 state
near 9.59 MeV.
Table I shows the OpOh, 2p2h, and 4p4h probabilities

of the first 0+ states in our calculation and in that of
BG. (Note that the 0+ 12.29-MeV state is the correct
analog of the 03+ BG state, since the nearby 0+ state at
12.80 MeV is 73% 4p4h. ) In the schematic model the
OpOh probability summed over the three 0+ states must
give 1, while in the shell model it mixes with the full set
of 0+ states in the 4hro space. As the OpOh fraction in
the first three states is about 50%, the 2p2h and 4p4h
shell-model fractions must be correspondingly larger.
Despite this, the schematic and shell-model results are
not too different: The correspondence for the 6.05-
MeV state, which is primarily a 4p4h state, is very close,
while both calculations conclude that about 70% of the
strength in the 03+ state is 2p2h.
The large intrinsic quadrupole moments that are pos-

tulated in the schematic model provide a simple explana-
tion of the enhancements found in ' 0 E2 transitions.
We can now test whether this physics emerges from the
shell-model and realistic WV interactions. As the shell
model makes no explicit assumption about the single-
particle basis, one must interpret the E2 transition densi-
ty matrices in terms of suitable radial wave functions.
We have used Ginocchio potential wave functions,
which are algebraic and yet closely resemble numerical
finite-well wave functions (such as Woods-Saxon). The
parameters of this potential were adjusted to reproduce
the elastic (e,e') form-factor diA'raction minimum and
the height and location of the second diA'raction max-
imum, as well as the 1pii2 and lp3i2 binding energies.
The single-particle spherical shell model for ' 0 pro-
duces an unbound 113/2 state, and in this respect does
not provide an appropriate basis for interpreting transi-
tion density matrices between bound states. In a de-
formed well this problem need not arise, since the d3/2
amplitudes could be sensibly associated with bound
Nilsson orbitals. We avoid this complication by appeal-
ing to the schematic model, where the sd-shell excita-
tions of ' 0 involve a single bound Nilsson level (No. 6).
This motivates our choice of a single binding energy for
the sd-shell orbits in the Ginocchio well, which we take
as the average of the shell-model 2sii2, 1d~i2, and 1d3/2

0
0 0

TABLE I. Comparison of the shell-model (SM) and BG
OpOh, 2p2h, and 4p4h probabilities for the first three 0+ states

l 6~

expt 4b ~ g.S.
Probability BG SM

02+ (6.05 MeV)
BG SM

0+
BG SM

FIG. 1. A comparison of experiment and the 4hco ' 0
shell-model spectrum of T=O states. The spectrum resulting
from diagonalizing the same Hamiltonian in a 2hco space is
also shown.

OpOh
2p2h
4p4h

0.76 0.42 0.07
0.22 0.45 0.05
0.02 0.1 3 0.88

0.04
0.05
0.90

0.17 0.03
0.73 0.68
0.10 0.30

1326

One can think of these 
as alpha-cluster states

Or as np-nh states
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mined by the Lanczos algorithm, with about 270 itera-
tions yielding full convergence for the ten lowest-energy
states. In the spirit of BG, the strong interaction was
only allowed to operate within the Ip-2s ld shells. (This
choice also eliminates large 2hro and 4hro lplh ampli-
tudes that could mix into the low-lying states only be-
cause the shell-model interaction does not properly
respect the Hartree-Fock condition. ) The adopted Oh'
Hamiltonian was formed from the Cohen and Kurath
1p-shell interaction, the Brown and Wildenthal 2s1d-
shell interaction, and the Millener and Kurath cross-shell
interaction, with the four single-particle energy splittings
fitted to the isoscalar even-J states. We used the bare
Kuo g matrix for V "". All configurations were al-
lowed to interact through the center-of-mass Hamiltoni-
an H, , and spurious components were removed by add-
ing a large multiple of H, to the potential described
above. The same Hamiltonian was used in a 3hro calcu-
lation of the negative-parity states.
The calculated and experimental isoscalar spectra of

Fig. 1 are in very good agreement. We also show the
spectrum that would result from diagonalizing H in a
2hro model space. This illustrates the importance of the
2t1ro-4hro interaction in reducing the energy splitting
between the ground state and those states that are pri-
marily 2ttro in character (e.g. , the 01+-21+ splitting is
lowered by almost 8 MeV). The quality of the isovector
spectrum is similar to that of Fig. 1, with the lowest five
states in ' F well reproduced. A low-lying 0+1 state
(-16 MeV) not seen experimentally is predicted. The

isovector 0, 1,2,3 group is also nicely reproduced.
The principal diSculty with the isoscalar negative-parity
spectrum is the failure to generate a second 1 0 state
near 9.59 MeV.
Table I shows the OpOh, 2p2h, and 4p4h probabilities

of the first 0+ states in our calculation and in that of
BG. (Note that the 0+ 12.29-MeV state is the correct
analog of the 03+ BG state, since the nearby 0+ state at
12.80 MeV is 73% 4p4h. ) In the schematic model the
OpOh probability summed over the three 0+ states must
give 1, while in the shell model it mixes with the full set
of 0+ states in the 4hro space. As the OpOh fraction in
the first three states is about 50%, the 2p2h and 4p4h
shell-model fractions must be correspondingly larger.
Despite this, the schematic and shell-model results are
not too different: The correspondence for the 6.05-
MeV state, which is primarily a 4p4h state, is very close,
while both calculations conclude that about 70% of the
strength in the 03+ state is 2p2h.
The large intrinsic quadrupole moments that are pos-

tulated in the schematic model provide a simple explana-
tion of the enhancements found in ' 0 E2 transitions.
We can now test whether this physics emerges from the
shell-model and realistic WV interactions. As the shell
model makes no explicit assumption about the single-
particle basis, one must interpret the E2 transition densi-
ty matrices in terms of suitable radial wave functions.
We have used Ginocchio potential wave functions,
which are algebraic and yet closely resemble numerical
finite-well wave functions (such as Woods-Saxon). The
parameters of this potential were adjusted to reproduce
the elastic (e,e') form-factor diA'raction minimum and
the height and location of the second diA'raction max-
imum, as well as the 1pii2 and lp3i2 binding energies.
The single-particle spherical shell model for ' 0 pro-
duces an unbound 113/2 state, and in this respect does
not provide an appropriate basis for interpreting transi-
tion density matrices between bound states. In a de-
formed well this problem need not arise, since the d3/2
amplitudes could be sensibly associated with bound
Nilsson orbitals. We avoid this complication by appeal-
ing to the schematic model, where the sd-shell excita-
tions of ' 0 involve a single bound Nilsson level (No. 6).
This motivates our choice of a single binding energy for
the sd-shell orbits in the Ginocchio well, which we take
as the average of the shell-model 2sii2, 1d~i2, and 1d3/2
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mined by the Lanczos algorithm, with about 270 itera-
tions yielding full convergence for the ten lowest-energy
states. In the spirit of BG, the strong interaction was
only allowed to operate within the Ip-2s ld shells. (This
choice also eliminates large 2hro and 4hro lplh ampli-
tudes that could mix into the low-lying states only be-
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respect the Hartree-Fock condition. ) The adopted Oh'
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shell interaction, and the Millener and Kurath cross-shell
interaction, with the four single-particle energy splittings
fitted to the isoscalar even-J states. We used the bare
Kuo g matrix for V "". All configurations were al-
lowed to interact through the center-of-mass Hamiltoni-
an H, , and spurious components were removed by add-
ing a large multiple of H, to the potential described
above. The same Hamiltonian was used in a 3hro calcu-
lation of the negative-parity states.
The calculated and experimental isoscalar spectra of

Fig. 1 are in very good agreement. We also show the
spectrum that would result from diagonalizing H in a
2hro model space. This illustrates the importance of the
2t1ro-4hro interaction in reducing the energy splitting
between the ground state and those states that are pri-
marily 2ttro in character (e.g. , the 01+-21+ splitting is
lowered by almost 8 MeV). The quality of the isovector
spectrum is similar to that of Fig. 1, with the lowest five
states in ' F well reproduced. A low-lying 0+1 state
(-16 MeV) not seen experimentally is predicted. The

isovector 0, 1,2,3 group is also nicely reproduced.
The principal diSculty with the isoscalar negative-parity
spectrum is the failure to generate a second 1 0 state
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We can now test whether this physics emerges from the
shell-model and realistic WV interactions. As the shell
model makes no explicit assumption about the single-
particle basis, one must interpret the E2 transition densi-
ty matrices in terms of suitable radial wave functions.
We have used Ginocchio potential wave functions,
which are algebraic and yet closely resemble numerical
finite-well wave functions (such as Woods-Saxon). The
parameters of this potential were adjusted to reproduce
the elastic (e,e') form-factor diA'raction minimum and
the height and location of the second diA'raction max-
imum, as well as the 1pii2 and lp3i2 binding energies.
The single-particle spherical shell model for ' 0 pro-
duces an unbound 113/2 state, and in this respect does
not provide an appropriate basis for interpreting transi-
tion density matrices between bound states. In a de-
formed well this problem need not arise, since the d3/2
amplitudes could be sensibly associated with bound
Nilsson orbitals. We avoid this complication by appeal-
ing to the schematic model, where the sd-shell excita-
tions of ' 0 involve a single bound Nilsson level (No. 6).
This motivates our choice of a single binding energy for
the sd-shell orbits in the Ginocchio well, which we take
as the average of the shell-model 2sii2, 1d~i2, and 1d3/2
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duces an unbound 113/2 state, and in this respect does
not provide an appropriate basis for interpreting transi-
tion density matrices between bound states. In a de-
formed well this problem need not arise, since the d3/2
amplitudes could be sensibly associated with bound
Nilsson orbitals. We avoid this complication by appeal-
ing to the schematic model, where the sd-shell excita-
tions of ' 0 involve a single bound Nilsson level (No. 6).
This motivates our choice of a single binding energy for
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 16O B(GT) experimentally measured via (n,p) at TRIUMF!
Hicks et al PRC 43, 2554 (1991)

Theory calculation (dotted 
line) by CWJ  & Haxton, 
PRL 65, 1325 (1990)

One can probe the mixing of np-nh in 16O through Gamow-Teller
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These cluster states are not easy to 
reproduce in the NCSM.

They may require as much as 30hw
excitations in a h.o. basis (T. Neff),

yet they appear low in the spectrum
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Figure 6. Decomposition of the 12C ground state and the Hoyle state into Nh̄Ω components
for oscillator constants of 20 MeV (left) and 12 MeV (right).

than 8 or 10. It is therefore not surprising that the NCSM calculations for the ground state can
be converged. For the Hoyle state however, the distribution extends over a very large range of
Nh̄Ω. It is therefore clear that the Hoyle state can not be converged in NCSM calculations with
Nmax = 8 or even 10. The situation looks somewhat better for an oscillator parameter of 12 MeV
as shown on the right hand side of Fig. 6. Here the distribution for the Hoyle state peaks at
N = 8 and decays much more rapidly with N . However, standard NCSM calculations will not
be able to reach large enough spaces. Maybe approaches like the importance truncated no-core
shell model [29] or the symmetry adapted no-core shell model [30] will allow the description of
the Hoyle state within the oscillator basis in the future.
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5. Cluster States in 12C
The structure of the second 0+ state in 12C, the famous Hoyle state, is still one of the hottest
topics in nuclear structure. In [23] we investigated the structure of the Hoyle state using the
FMD approach. The model space consisted of configurations obtained by variation and a full
set of three-α configurations. A UCOM interaction with some phenomenological modifications
regarding the strength of the spin-orbit force and the saturation properties of the two-body
interaction was used in that calculation. We compared the results with a microscopic cluster
model using a phenomenological Volkov interaction. These cluster model calculations reproduced
previous results by Kamimura [24] and are also very close to those obtained by Funaki et al. [25].
We found for both models that the Hoyle state has a very dilute, extended three-α structure.
This is illustrated in Fig. 4 where we show the intrinsic FMD basis states that have the largest
overlap with the ground state and the Hoyle state.

We used these wave functions also to calculate the transition form factor from the ground state
to the Hoyle state. This transition form factor can be directly compared to electron scattering
data [23, 26]. The good agreement of calculation and experiment is a strong confirmation for a
spatially extended structure for the Hoyle state.

5.1. Two-body densities
Observables like radii and form factors are scalar quantities that provide information about
the size of the states but they do not provide direct information about the structure of the
states. The old question whether the Hoyle state should be interpreted as a linear chain of
α-particles, a triangular structure or a gas-like structure can therefore not be answered directly
by these experimental observables. There is also the questions of how we should compare the
wave functions obtained in different many-body approaches like the cluster model, the no-core
shell model or as obtained on the lattice [27].

In case of FMD or the cluster model the individual basis states can be easily interpreted
in terms of the intrinsic structure as shown in Fig. 4. However the eigenstates are linear
combinations of many basis states and the non-orthogonality of the basis states might question
the validity of the obtained picture.

To remedy this situation we propose to use two-body densities to analyze the structure of the
12C eigenstates. In Fig. 5 we show the diagonal part of the two-body density integrated over the
center-of-mass coordinates and summed over all spin-isospin channels which can be expressed
as

ρ(2)(r) =
〈

Ψ
∣

∣

∑

i<j

δ(r̂i − r̂j − r)
∣

∣Ψ
〉

. (4)

The two-body density ρ(2)(r) tells us about the probability to find a pair of nucleons at a
given distance r. In the case of 12C where we expect an intrinsic α-cluster structure the two-body
density should directly reflect the correlations between the α-clusters. The two-body density
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Figure 4. (Left) Intrinsic FMD basis state that has the largest overlap with the ground state.
(Right) The four intrinsic FMD basis states that have the largest overlaps with the Hoyle state.
The basis states are not orthogonal.
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Figure 4. (Left) Intrinsic FMD basis state that has the largest overlap with the ground state.
(Right) The four intrinsic FMD basis states that have the largest overlaps with the Hoyle state.
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5. Cluster States in 12C
The structure of the second 0+ state in 12C, the famous Hoyle state, is still one of the hottest
topics in nuclear structure. In [23] we investigated the structure of the Hoyle state using the
FMD approach. The model space consisted of configurations obtained by variation and a full
set of three-α configurations. A UCOM interaction with some phenomenological modifications
regarding the strength of the spin-orbit force and the saturation properties of the two-body
interaction was used in that calculation. We compared the results with a microscopic cluster
model using a phenomenological Volkov interaction. These cluster model calculations reproduced
previous results by Kamimura [24] and are also very close to those obtained by Funaki et al. [25].
We found for both models that the Hoyle state has a very dilute, extended three-α structure.
This is illustrated in Fig. 4 where we show the intrinsic FMD basis states that have the largest
overlap with the ground state and the Hoyle state.

We used these wave functions also to calculate the transition form factor from the ground state
to the Hoyle state. This transition form factor can be directly compared to electron scattering
data [23, 26]. The good agreement of calculation and experiment is a strong confirmation for a
spatially extended structure for the Hoyle state.

5.1. Two-body densities
Observables like radii and form factors are scalar quantities that provide information about
the size of the states but they do not provide direct information about the structure of the
states. The old question whether the Hoyle state should be interpreted as a linear chain of
α-particles, a triangular structure or a gas-like structure can therefore not be answered directly
by these experimental observables. There is also the questions of how we should compare the
wave functions obtained in different many-body approaches like the cluster model, the no-core
shell model or as obtained on the lattice [27].

In case of FMD or the cluster model the individual basis states can be easily interpreted
in terms of the intrinsic structure as shown in Fig. 4. However the eigenstates are linear
combinations of many basis states and the non-orthogonality of the basis states might question
the validity of the obtained picture.

To remedy this situation we propose to use two-body densities to analyze the structure of the
12C eigenstates. In Fig. 5 we show the diagonal part of the two-body density integrated over the
center-of-mass coordinates and summed over all spin-isospin channels which can be expressed
as

ρ(2)(r) =
〈

Ψ
∣

∣

∑

i<j

δ(r̂i − r̂j − r)
∣

∣Ψ
〉

. (4)
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density should directly reflect the correlations between the α-clusters. The two-body density
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See also: S. Shen, D. Lee, et al,
 Nat. Commun. 14 (2023) 2777
(arXiv:2202.13596 ) for similar 
results on the lattice

12C Hoyle state main FMD configurations.
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So basically we have 
intruders!
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So basically we have 
intruders!

Yikes! Intruders 
are scary!
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mined by the Lanczos algorithm, with about 270 itera-
tions yielding full convergence for the ten lowest-energy
states. In the spirit of BG, the strong interaction was
only allowed to operate within the Ip-2s ld shells. (This
choice also eliminates large 2hro and 4hro lplh ampli-
tudes that could mix into the low-lying states only be-
cause the shell-model interaction does not properly
respect the Hartree-Fock condition. ) The adopted Oh'
Hamiltonian was formed from the Cohen and Kurath
1p-shell interaction, the Brown and Wildenthal 2s1d-
shell interaction, and the Millener and Kurath cross-shell
interaction, with the four single-particle energy splittings
fitted to the isoscalar even-J states. We used the bare
Kuo g matrix for V "". All configurations were al-
lowed to interact through the center-of-mass Hamiltoni-
an H, , and spurious components were removed by add-
ing a large multiple of H, to the potential described
above. The same Hamiltonian was used in a 3hro calcu-
lation of the negative-parity states.
The calculated and experimental isoscalar spectra of

Fig. 1 are in very good agreement. We also show the
spectrum that would result from diagonalizing H in a
2hro model space. This illustrates the importance of the
2t1ro-4hro interaction in reducing the energy splitting
between the ground state and those states that are pri-
marily 2ttro in character (e.g. , the 01+-21+ splitting is
lowered by almost 8 MeV). The quality of the isovector
spectrum is similar to that of Fig. 1, with the lowest five
states in ' F well reproduced. A low-lying 0+1 state
(-16 MeV) not seen experimentally is predicted. The

isovector 0, 1,2,3 group is also nicely reproduced.
The principal diSculty with the isoscalar negative-parity
spectrum is the failure to generate a second 1 0 state
near 9.59 MeV.
Table I shows the OpOh, 2p2h, and 4p4h probabilities

of the first 0+ states in our calculation and in that of
BG. (Note that the 0+ 12.29-MeV state is the correct
analog of the 03+ BG state, since the nearby 0+ state at
12.80 MeV is 73% 4p4h. ) In the schematic model the
OpOh probability summed over the three 0+ states must
give 1, while in the shell model it mixes with the full set
of 0+ states in the 4hro space. As the OpOh fraction in
the first three states is about 50%, the 2p2h and 4p4h
shell-model fractions must be correspondingly larger.
Despite this, the schematic and shell-model results are
not too different: The correspondence for the 6.05-
MeV state, which is primarily a 4p4h state, is very close,
while both calculations conclude that about 70% of the
strength in the 03+ state is 2p2h.
The large intrinsic quadrupole moments that are pos-

tulated in the schematic model provide a simple explana-
tion of the enhancements found in ' 0 E2 transitions.
We can now test whether this physics emerges from the
shell-model and realistic WV interactions. As the shell
model makes no explicit assumption about the single-
particle basis, one must interpret the E2 transition densi-
ty matrices in terms of suitable radial wave functions.
We have used Ginocchio potential wave functions,
which are algebraic and yet closely resemble numerical
finite-well wave functions (such as Woods-Saxon). The
parameters of this potential were adjusted to reproduce
the elastic (e,e') form-factor diA'raction minimum and
the height and location of the second diA'raction max-
imum, as well as the 1pii2 and lp3i2 binding energies.
The single-particle spherical shell model for ' 0 pro-
duces an unbound 113/2 state, and in this respect does
not provide an appropriate basis for interpreting transi-
tion density matrices between bound states. In a de-
formed well this problem need not arise, since the d3/2
amplitudes could be sensibly associated with bound
Nilsson orbitals. We avoid this complication by appeal-
ing to the schematic model, where the sd-shell excita-
tions of ' 0 involve a single bound Nilsson level (No. 6).
This motivates our choice of a single binding energy for
the sd-shell orbits in the Ginocchio well, which we take
as the average of the shell-model 2sii2, 1d~i2, and 1d3/2

0
0 0

TABLE I. Comparison of the shell-model (SM) and BG
OpOh, 2p2h, and 4p4h probabilities for the first three 0+ states

l 6~

expt 4b ~ g.S.
Probability BG SM

02+ (6.05 MeV)
BG SM

0+
BG SM

FIG. 1. A comparison of experiment and the 4hco ' 0
shell-model spectrum of T=O states. The spectrum resulting
from diagonalizing the same Hamiltonian in a 2hco space is
also shown.

OpOh
2p2h
4p4h

0.76 0.42 0.07
0.22 0.45 0.05
0.02 0.1 3 0.88

0.04
0.05
0.90

0.17 0.03
0.73 0.68
0.10 0.30

1326

38

One can phenomenologically reproduce spectra
for example, by adjusting single particle energies

16O  Haxton & CWJ,  PRL  65 (1990) 1325 
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One can phenomenologically reproduce spectra
for example, by adjusting single particle energies

B. Dai, CWJ, et al,  PRC 103, 064327 (2021)

(adjust s.pe.s to fit levels in 15,17O 
relative to 16O) 

TENSOR FORCE ROLE IN β DECAYS ANALYZED … PHYSICAL REVIEW C 103, 064327 (2021)

FIG. 3. Shell-model calculations of spectra for carbon isotopes, with the effective interaction derived from the D1S Gogny interaction
without and with the tensor force, indicated by D1S and D1S+T, respectively. The experimental data [33] and calculations using the WBP
interaction [15] are shown for comparisons.

FIG. 4. L decomposition for the g.s. wave functions of 14C
(a) and 14N (b) in the β decay of 14C(0+

g.s. ) → 14N(1+
g.s. ). The symbols

of D1S, D1S+T1 and D1S+T1+T0 indicate the calculations with
the D1S interaction only, the T1 tensor force added and both T1+T0
tensor forces included, respectively.

space beyond the p shell, indicating the importance of cross-
shell matrix elements.

While we have focused on the coupling of different
L components via the tensor forces, another recent analysis fo-
cused on the role of isoscalar pairing [43], which can become
incoherent depending on the relative sign of specific interac-
tion matrix elements (in the case of the 14C GT transition,

FIG. 5. The calculated GT transition strength M(GT) =∑Lmax
L=0 Meff

L (GT) for the 14C(0+
g.s. ) → 14N(1+

g.s. ) decay, with and
without the tensor forces. The experimental transition strength
is extracted by Mexp =

√
(2Ji + 1)Bexp(GT) [2].The insertion

displays the calculated individual effective transition strength Meff
L at

L = 2, 3, 4, separately, showing the cross-shell effects.

064327-5

Hoyle state
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One can phenomenologically reproduce spectra
or by adjusting the strength of an SU(3) Casimir

B. Dai, CWJ, et al,  PRC 103, 064327 (2021)

(adjust s.pe.s to fit levels in 15,17O 
relative to 16O) 

Hoyle state

From Dreyfuss, Launey, et al,
PLB 727, 511 (2013)
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One can phenomenologically reproduce spectra
or by adjusting the strength of an SU(3) Casimir

B. Dai, CWJ, et al,  PRC 103, 064327 (2021)

(adjust s.pe.s to fit levels in 15,17O 
relative to 16O) 

Hoyle state

From Dreyfuss, Launey, et al,
PLB 727, 511 (2013)

512 A.C. Dreyfuss et al. / Physics Letters B 727 (2013) 511–515

Fig. 1. Sp(3,R) irreps (slices) that comprise the spin-zero model space used for the 12C NCSpM calculations. Basis states (λµ) of a slice are built by 2h̄Ω 1p–1h monopole
or quadrupole excitation (Set II) over a bandhead. The symplectic bandhead (Set I) is a SU(3)-coupled many-body state with a given nucleon distribution over the HO shells.
The corresponding HO energy of this nucleon configuration together with the bandhead deformation, (λσ µσ ), serve to label the symplectic irrep.

states) together with low-lying states suggested to have a clus-
ter structure (0+

2 Hoyle state and its 2+ and 4+ excitations), as
well as a third low-lying 0+

3 state in 12C. We focus on excitation
energies and other observables such as matter rms radii, electric
quadrupole moments and E2 transition rates, as well as compare
to wavefunctions obtained by ab initio shell-model calculations us-
ing a realistic NN interaction. With no parameter adjustment, the
present model we find is also extensible to other light nuclei, as
demonstrated [17], for example, for the g.st. rotational band of 8Be
(and its low-lying 0+ states) as well as of 22Ne and 22,24Mg.

Symmetry-adapted shell-model framework. We employ the no-
core symplectic model (NCSpM) for symmetry-preserving interac-
tions with Sp(3,R) the underpinning symmetry [18]. This sym-
metry is found inherent to nuclear dynamics – a result we have
demonstrated in an analysis of large-scale ab initio NCSM applica-
tions for 12C and 16O [19]. The model offers a microscopic descrip-
tion of A nucleons in terms of mixed deformation configurations
and associated rotations [20], directly related to particle relative
(with respect to the center of mass, CM) position and momentum
coordinates, ri and pi , with i = 1, . . . , A. It has been successfully
applied to 20Ne [21] with a 16O core, as wells as to 166Er using
the Davidson potential [22]. It is a microscopic realization of the
Bohr–Mottelson collective model [16], as well as a multiple HO
shell generalization of Elliott’s SU(3) model [15].

The NCSpM utilizes a symplectic basis (for details, see [23]),
which is related – via a unitary transformation – to the three-
dimensional HO (m-scheme) many-body basis used in the NCSM
[24]. The NCSM basis is constructed using HO single-particle states.
It is characterized by the h̄Ω oscillator strength and by the cut-
off in total excitation oscillator quanta, Nmax. Indeed, the NCSpM
employed within a full model space up through Nmax, will coin-
cide with the NCSM for the same Nmax cutoff. It is therefore clear
that the present study, while down-selecting to the most relevant
configurations, provides the first shell-model calculations carried
beyond current NCSM limits. These important configurations are

chosen among all possible symplectic Sp(3,R) irreducible repre-
sentations (irreps) within the model space.

The Sp(3,R) irreps divide the space into ‘vertical slices’ that are
comprised of basis states of definite (λµ) quantum numbers of
SU(3) (Fig. 1) linked to the intrinsic quadrupole deformation [25].
E.g., the simplest cases, (0 0), (λ0), and (0µ), describe spherical,
prolate, and oblate deformation, respectively, while a general nu-
clear state is typically a superposition of several hundred various
triaxial deformation configurations. The basis states are built over
a bandhead (Fig. 1, Set I) by consecutive 2h̄Ω 1p–1h (1-particle–
1-hole) excitations (Fig. 1, Set II), together with a smaller 2h̄Ω
2p–2h (two particles a shell up) correction for eliminating the
spurious CM motion (not shown in the figure). In the NCSpM,
to eliminate the spurious CM motion, we use symplectic gener-
ators constructed in relative coordinates with respect to the CM.
These generators are used to build the basis, the interaction, the
many-particle kinetic energy operator, as well as to evaluate ob-
servables.

For the purposes of this study, we utilize a microscopic many-
body interaction suitable for large-Nmax no-core shell-model ap-
plications. Specifically, along with the usual spin-orbit term, we
employ an elementary form tied to a long-range expansion of the
nucleon–nucleon central force V (|ri − r j |) [26] kept as simple as
possible by considering the most relevant degrees of freedom for a
description of deformed spatial configurations [15,16],

Hγ =
A∑

i=1

(
p2

i

2m
+ mΩ2r2

i

2

)
+ χ

2
(e−γ Q ·Q − 1)

γ

− κ
A∑

i=1

li · si . (1)

This Hamiltonian is given in terms of particle coordinates relative
to the CM, with Q (2M) = ∑A

i=1 q(2M)i = ∑
i
√

16π/5r2
i Y(2M)(r̂i)

the mass quadrupole moment and with 1
2 Q · Q = 1

2
∑

i qi · (
∑

j q j)
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Related to cluster states, 
islands of inversions 

and halo nuclei 
form a similar challenge to 

standard shell-model pictures
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Figure:
Alex Brown
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Figure:
Alex Brown
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Figure:
Alex Brown

11Li

29F
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CASE STUDY: 11LI
11Li makes for an excellent case study:

• Example of “island of inversion”

• Halo or extended state; large deformation

• Small enough to be tackled numerically

• Testbed for techniques
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One proton outside a 
filled shell 
+ filled neutron shell

One proton outside a 
filled shell 
+ neutron 2p-2h

“island of inversion”

CASE STUDY: 11LI
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CASE STUDY: 11LI
11Li makes for an excellent case study

3/2- g.s. is a halo state and on an island of inversion
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CASE STUDY: 11LI

“normal”

“intruder”
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CASE STUDY: 11LI

We can use the shell 
model to dissect the 

wavefunctions 
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CASE STUDY: 11LI

“normal”

“intruder”
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CASE STUDY: 11LI
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CASE STUDY: 11LI“intruder”



PAINT Workshop @ TRIUMF, Feb 27, 2024 54

CASE STUDY: 11LI

Here we see mixing 
(more in my talk, 

next!)
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CASE STUDY: 11LI

These are 0hw

These are 2hw Here we see mixing 
(more in my talk, 

next!)

“normal”

“intruder”
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CASE STUDY: 11LI
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CASE STUDY: 11LI

Mark Caprio

Radii are 
notorious 
difficult to 
get right
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CASE STUDY: 11LI

Mark Caprio

Are these spherical or 
deformed?
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CASE STUDY: 11LI

Nmax

Let’s look at quadrupole 
moments to tell us about 

deformation

Mark Caprio

Divide by radius2

for more robust 
results
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CASE STUDY: 11LI

Nmax

“normal”

“intruder”
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CASE STUDY: 11LI

modest deformation

Nmaxthis also agrees well
with experiment

“normal”

“intruder”
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CASE STUDY: 11LI

modest deformation

nearly spherical

Nmax

“normal”

“intruder”
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CASE STUDY: 11LI

modest deformation

nearly spherical

highly deformed

Nmax

“normal”

“intruder”
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CASE STUDY: 11LI

We can use the shell 
model to dissect the 

wavefunctions 
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CASE STUDY: 11LI

Group-
theoretical
Decomposition

Elliot SU(3)

more deformed

“normal”

“intruder”
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CASE STUDY: 11LI

Group-
theoretical
Decomposition

Symplectic
Sp(3,R)

more deformed

“normal”

“intruder”



PAINT Workshop @ TRIUMF, Feb 27, 2024 67

CASE STUDY: 11LI

Group-
theoretical
Decomposition

Symplectic
Sp(3,R)

more deformed

“normal” “intruder”
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CASE STUDY: 29F
29F is an analog of 11Li

One proton outside a 
filled shell 
+ filled neutron shell

One proton outside a 
filled shell 
+ neutron 2p-2h

“island of inversion”
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CASE STUDY: 29F
29F is an analog of 11Li

“normal”

“intruder”
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CASE STUDY: 29F
29F is an analog of 11Li

0hw

2hw

“normal”

“normal”

“intruder”

“intruder”
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CASE STUDY: 29F
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CASE STUDY: 29F

nearly spherical

modest deformation

large deformation

“normal”

“intruder”
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CASE STUDY: 29F

Nmax = 4 (natural orbitals)

Group-
theoretical
Decomposition

Symplectic
Sp(3,R)

“normal”

“intruder”
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CASE STUDY: 29F

Nmax = 4, natural orbitals

Group-
theoretical
decomposition

SU(4)

“normal”

“intruder”
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CASE STUDIES: 11LI, 29F

I suggest 11Li, 29F as case studies for other methods
(coupled cluster, IM-SRG, symmetry adapted, 
lattice, etc.).
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CASE STUDIES: 11LI, 29F

I suggest 11Li, 29F as case studies for other methods
(coupled cluster, IM-SRG, symmetry adapted, 
lattice, etc.).

Note: these are technically closed-shells +1 nuclides.

For example, does coupled-clusters with a spherical 
reference eventually regain the deformation?
Or does one need a deformed reference state?



PAINT Workshop @ TRIUMF, Feb 27, 2024

Symplectic Sp(3,R) Symmetry

(From K. Launey, LSU)
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8Be, 0gs 
+ 

0ħω: 42.5% 

2ħω: 29.4% 

4ħω: 14.3% 

6ħω: 8.4% 

8ħω: 5.4% 

79
.4
%

2.
9%

2.
0%

1.2
%

1.4
% N3LO

JISP16

N3LO

Launey et al., Prog. Part. Nucl. Phys. 89 (2016) 101
Dytrych et al., Phys. Rev. Lett. 111 (2013) 252501
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Collectivity features
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Giant 
resonances

N2LOopt; 9 shells, ħω = 15 MeV
 

18Ne, B(E2: 2+->0+)
------------------------
Experiment……… 17.7(18) W.u.

9 shells …………… 1.13 W.u.

33 shells …………. 13.0(7) W.u.
(no effective charges)

01
+ 0 0.000

21
+ 0 1.634

41
+ 0 4.248

61
+ 0 8.778

0.000

1.582

4.175

8.621

Exp X2\10 SA-NCSM

20Ne

0

2

4

6

8

10
E x
@M

eV
D

13 shells 
SA-NCSM (selected model space): 50 million SU(3) states 
Complete model space: 1000 billion states

Ne & Mg isotopes

Grigor Sargsyan, PhD student, LSU
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Group theory may be a 
natural framework for 
cluster physics

Kravvaris & Volya, PRL 119,
062501 (2017)

F lðρÞ ¼
X

n

χnΦnl: ð4Þ

The form of this expansion is determined variationally
using the generalized eigenvalue problem

X

n

HðlÞ
nn0χn0 ¼ E

X

n

N ðlÞ
nn0χn0 ; ð5Þ

where

HðlÞ
nn0 ¼ hΦnljHjΦn0li and N ðlÞ

nn0 ¼ hΦnljΦn0li: ð6Þ

The channel normalization requires
P

nN
ðlÞ
nn0χ

$
nχn0 ¼ 1.

Now, the Hamiltonian is used to establish the reaction
channels dynamically. For two-body reactions, the pro-
cedure amounts to an expansion of the relative motion in a
HO basis, where the expansion index n is the number of
nodes in the relative motion. For large n, which are
associated with large relative separation of the two frag-
ments, the basis channels Φnl become orthogonal and the
matrix elements of the relative motion Hamiltonian are
given by Coulomb and kinetic energy matrix elements that
are known analytically.
In general, these intermediate-range RGM solutions

should be properly matched or combined in the Hilbert
space with the asymptotic ones through other techniques
such as R matrix or CSM. For long-lived resonances, the
continuum coupling is weak and does not modify the
structure; in this limit, the perturbation theory is applicable;
therefore, Fermi’s golden rule and the spectroscopic ampli-
tudes characterize decay and reaction observables.
Let us demonstrate the approach using a well-known

8Be → αþ α example which, due to numerous previous
theoretical studies [7,23,54,55], emerged as a benchmark
for clustering methods. In addition, 8Be is a stark example
of collectivity and rotations in the continuum [3,56] where,
as being well established experimentally in many light
nuclei [6,8,9,57], strongly clustered rotational bands sur-
vive the complexity of many-body dynamics. In the limit
where a channel is constructed from two α particles with
structure limited to α½0', the norm kernel is diagonal and
nonzero only when 2nþ l ≥ 4 and l is even; it can be
computed analytically [58]:

N ðlÞ
nn0 ¼ δnn02ð1 − 22−2n−lÞ: ð7Þ

An example with four quanta in relative motion
(Nc ¼ 2nþ l) is included in Table I. Result (7) highlights
the bosonic nature of the α particle: Only even l are
allowed and with a growing number of quanta in the
relative motion, N ðlÞ

nn ≈ 2.
In Fig. 1, we show the spectrum of the RGM

Hamiltonian (5) computed using the SRG softened N3LO
nucleon-nucleon interaction with a softening parameter

λ ¼ 1.5 fm−1 [59,60]. The results from the corresponding
NCSM calculation 8Be½Nmax ¼ 4' and the experimental
spectrum are included for comparison. The radial part of
the RGM wave function for different values of l is shown
in the inset. The channel states are limited to a maximum
number of relative quanta Nc ≤ 12. Tests with different
Hamiltonians, with different values of ℏΩ, and with various
truncations by oscillator quanta in the relative α − α motion
ðNcÞ, as well as using more complex NCSM configurations
for the α, indicate that this is a generic result. Additional
details and comparisons can be inferred from the data in
Table II.
In comparison to the experiment, the relative energies

and the rotational band states 0þ, 2þ, and 4þ are well
reproduced. The full no-core calculation, which in general
includes cluster channels, naturally leads to a lower
absolute binding energy, but our results suggest that these
states in 8Be are indeed nearly indistinct from αþ α RGM
solutions. This structural information is highlighted by the
large overlaps between parent states Ψ and RGM channels
F l shown in Table II.
For the example in Fig. 1, the validity of expansion (4)

with 2nþ l ¼ Nc ≤ 12 is expected up to about ρ ∼ 4 fm.
Beyond that, the norm kernel transforms into that of

FIG. 1. Spectrum of RGM Hamiltonian with the SRG softened
N3LO interaction (λ ¼ 1.5 fm−1) and ℏΩ ¼ 25 MeV for a 2α
system. Zero on the energy scale is set by the αþ α breakup
threshold of the corresponding model. Levels are marked by spin
and parity and by an absolute binding energy in units of MeV.
The α binding energies for the α½0' and NCSM ðα½4'Þ calculations
are −26.08 and −28.56 MeV, respectively. The inset shows the
relative wave function of the two α clusters.

PRL 119, 062501 (2017) P HY S I CA L R EV I EW LE T T ER S
week ending

11 AUGUST 2017

062501-3
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Summary
The no-core configuration-interaction shell 
model remains useful. 

But ‘intruder’ states are very challenging! They are 
highly deformed and require large model spaces 
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Summary

+ or

‘deformation’ or ‘cluster’ or 
‘particle-hole’ or….

…but at times the correlation energy 
in these states bring them low in the spectrum
(or even to the ground state)
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Summary
The no-core configuration-interaction shell 
model remains useful. 

But ‘intruder’ states are very challenging! They are 
highly deformed and require large model spaces 

We can use the shell-model to 
‘x-ray’ the problems....

...and maybe find a way 
forward!
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Summary

In particular we suggest 11Li

...and 29F...
...as model cases to stress-test our 
many-body methods (CC, IMSRG, 
Sp(3,R), GCM, etc.)

Let the 
computing begin!


