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CONFIGURATION-INTERACTION METHODS
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GREEN’S FUNCTION MONTE CARLO
The GFMC projects out the lowest-energy state using an imaginary-time propagation
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Fig. 4 (Pudliner, et al.)
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HOW TO TACKLE (EVEN) LARGER NUCLEI? 
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Finding the exact ground-state is, in principle, exponentially hard

Quantum states of physical interest have distinctive features and intrinsic structures

Credit: G. Carleo

Hilbert Space

Physical States
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NEURAL-NETWORK QUANTUM STATES
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NEURAL-NETWORK QUANTUM STATES
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 Idea: use neural networks to represent the quantum 
many-body wave function
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G. Carleo and M. Troyer proved that Restricted Boltzmann machines outperform traditional Jastrow

NEURAL-NETWORK QUANTUM STATES

G. Carleo et al. Science 355, 602 (2017)
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NEURAL-NETWORK QUANTUM STATES

Credit: J. Kim



ANNs solve the deuteron using the 
N3LO Entem-Machleidt chiral-EFT 
NN potential

MACHINE-LEARNING THE DEUTERON

q

b

| S
ANN i

| D
ANN i

W(1) W(2)

Hidden
layer

Input
layer

Output
layer

Figure 1: ANN architecture used in this work. The input is a single
value of momentum, q, and the wavefunctions are modelled in terms
of a minimal single-layer network. In the example above, the number
of hidden nodes is Nhid = 4. The ANN has two outputs, one for the
S and one for the D state.

2. Methods

Our solution for the deuteron is variational. We set
up a minimal trial wavefunction. Our ANN has a single
input node: a value of relative momentum, q, between the
neutron and the proton in the deuteron. The ANN has
two output nodes, one for the L = 0 (S) and one for the
L = 2 (D) state. In between, we set up a single layer
with Nhid hidden nodes. The architecture of the network
is shown in Fig. 1, which translates mathematically into a
wavefunction ansatz

 
L
ANN(q) =

NhidX

i=1

W(2)
i,L �

⇣
W(1)

i q + bi

⌘
, (1)

where �(x) represents a non-linear activation function.
The weights W(1) connect the input relative momentum,
q, to a hidden layer, whereas W(2) connects the hidden
layer to the two outputs. We also use a bias between the
input and the hidden layer, b. We use bold notation W(1)

to denote the full weight (or bias) vectors, as opposed to

the vector components W(1)
i . The concatenation of all

weights and biases is denoted by W =
�
b,W(1)

,W(2)
 
.

For a given number of hidden layer nodes Nhid, there are a
total of 4Nhid parameters in the trial ANN wavefunction.

We use both a sigmoid and a softplus activation func-
tion �(x) in our ansatz. The two functions are continu-
ous and di↵erentiable, and softplus is less prone to be af-
fected by the vanishing gradient problem [26]. The output
layer is a weighted linear sum of the values of the hidden
nodes, and provides arbitrary admixtures of the S� and
D� states,  L=0,2

ANN . Dedicating a single layer to each of
the two states would result in an increase of the number
of parameters, departing from the minimal spirit of our
approach.

The parameters W are used as variational parameters
in a minimisation problem for the energy,

E
W =

⌦
 W

ANN

�� Ĥ
�� W

ANN

↵
⌦
 W

ANN

��  W
ANN

↵ . (2)

We solve the problem explicitly in momentum space [27,
28, 29]. This is unlike previous VANN applications [19,
20, 21, 22], but helpful for three practical reasons. First,
in momentum space the kinetic term in the Hamiltonian
of Eq. (2) is a continuous function. In contrast, in real
space, the kinetic term would involve numerically costly
derivatives on the ANN wavefunctions. Second, for the
deuteron, the separation between centre-of-mass and rel-
ative motion can be implemented straightforwardly. The
centre-of-mass coordinate can be ignored and the problem
is solved as an e↵ective one-body Schrödinger equation
in relative momentum, q. Third, a momentum space ap-
proach allows us to employ directly the numerical routines
associated to the N3LO Entem-Machleidt nucleon-nucleon
force, our interaction of choice [30]. We have tested the
method with other momentum-space potentials, and have
found similar levels of agreement with the corresponding
benchmarks.

We use the same momentum quadrature in all our in-
tegrals. In the many-body case, these integrals may be
more e�ciently performed using Monte Carlo techniques
[19]. For the one-dimensional integrals associated to the
deuteron, we estimate that a large number of Monte Carlo
samples of order > 105 is needed to get an accurate pre-
diction for the binding energy. We instead use Nk = 64
points in a Gauss-Legendre quadrature, and use a tangen-
tial change of variables to extend the integration range
from 0 to kmax = 500 fm�1. This approach provides a
dense mesh at low momenta, while sparsely covering the
high-momentum region (only 7 mesh points lie beyond
k = 5 fm�1). We use the same quadrature to solve the
exact ground state eigenvalue problem, to set a bench-
mark for the VANN solution and find an “exact” ground
state energy, EGS = �2.2267 MeV.

The choice of a continuous momentum basis, as op-
posed to a discrete basis, is further motivated by an im-
portant result on ANNs. The Universal Approximation
Theorem guarantees that a network with a single layer
provides a faithful representation of any continuous func-
tion within a given domain, provided Nhid is large enough
[31, 32]. In this sense, working in continuous momentum
space, rather than in a discrete basis, may be advanta-
geous. One naively expects that ANNs should mimic the
shape of any wavefunction, if given enough hidden nodes to
do so. We note that perfect agreement between input and
output is likely to require a local cost function, to penalise
di↵erences throughout momentum space. This is not nec-
essarily the case here, where we use a global (integrated)
energy cost function.

We solve the variational problem in three di↵erent steps,
implemented using the ready-made PyTorch framework
[33]. First, we initialise the network using random weight
values. We sample from uniform distributions withW(1) 2
[�1, 0), b 2 [�1, 1) and W(2) 2 [0, 1). This di↵ers from
the traditional Xavier initialisation scheme, which has a
poor performance in this problem [34]. After this random
initialisation, the wavefunctions are featureless and have

2

 The parameters of the ANN are optimized minimizing the variational energy using RMSprop

Figure 2: Deuteron binding energy as a function of iteration number
for a network with Nhid = 10 and a softplus activation function. The
energy cost function is minimised using RMSprop (see Appendix A
for details).

no bearing to physical ones. In a second step, we therefore
follow Ref. [19] and train the ANN to reproduce physically
inspired, but arbitrary, target wavefunctions for each of the

two states. We use a functional form  
L
targ(q) / q

L
e
� ⇠2q2

2

with ⇠ = 1.5 fm, which provides target wavefunctions with
momentum space widths which are similar to the exact so-
lutions.

We train the ANN wavefunction to match the target
wavefunction in a supervised manner. The cost function,
C = CS + CD, is the sum of the individual contributions
for each state, CL = (KL � 1)2, where we introduce the
overlap
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The RMSprop scheme is used to minimise C for 105 itera-
tions [14, 35]. We provide more details about this scheme
in Appendix A, and list here only the relevant hyperpa-
rameters: ↵ = 10�2, � = 0.9 and ✏ = 10�8. The network
calculates an unnormalised wavefunction for each partial
wave. In the minimisation algorithm, the wavefunction
normalization constants divide the learning rates. Be-
cause these normalization constants are typically larger
than one, unnormalized wavefunctions e↵ectively reduce
the learning rate during the minimisation process, allow-
ing for a relatively large value of ↵. After this initial train-
ing step, the resulting overlap is within 1� 5% of the de-
sired value of KL = 1. The admixture of the S� and the
D�states is deliberately chosen to have an unphysically
large value of 50%.

The third and final step is the actual variational en-
ergy minimisation. We let the network evolve to readjust
the wavefunctions while minimising the energy. The initial
large admixture between the two states does not hinder the
convergence of the VANN. We use RMSprop again to min-
imise the energy cost function in Eq. (2), with the same hy-
perparameter set discussed above. A typical energy min-

Figure 3: Binding energy of the deuteron (top panel), fidelities
FL (central) and D�state probability (bottom) as a function of the
number of hidden layer nodes, Nhid. Lines (bands) are obtained
from the average (standard deviation) of 50 independent VANN runs.
Horizontal (dashed) lines show the benchmark result.

imisation curve for the case with Nhid = 10 and a softplus
activation function is shown in Fig. 2. Within the first few
thousands of iterations (not shown in the Figure for clar-
ity), the descent is fast and smooth and the network is able
to bind the deuteron. After about 10, 000 iterations, fluc-
tuations appear. This allows for the energy to be overshot
at times, but the minimisation algorithm eventually cor-
rects for that. At 50, 000 iterations, the binding energy is
already within 10% of the benchmark value (dashed line).
We stop our runs at 250, 000 iterations, where the binding
energy is converged within fluctuations of the order of 2�3
keV.

3. Results

We explore the bias and variance of our minimal VANN
model, particularly the out-of-sample error, in two di↵er-
ent ways. First, we change the number of hidden layer
nodes from Nhid = 2 to 20, in steps of 2. An extended dis-
cussion up to Nhid = 100 is presented in Appendix B. This
provides an idea of how model predictions change with an
increase in the number of variational parameters. Second,
we initialise the model, train it to target wavefunctions
and minimise the energy with 50 di↵erent random seed
configurations. The results shown here are obtained as
the means and standard deviations of these 50 individual
runs. This helps identify weight initialisation e↵ects.
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Figure 1: ANN architecture used in this work. The input is a single
value of momentum, q, and the wavefunctions are modelled in terms
of a minimal single-layer network. In the example above, the number
of hidden nodes is Nhid = 4. The ANN has two outputs, one for the
S and one for the D state.

2. Methods

Our solution for the deuteron is variational. We set
up a minimal trial wavefunction. Our ANN has a single
input node: a value of relative momentum, q, between the
neutron and the proton in the deuteron. The ANN has
two output nodes, one for the L = 0 (S) and one for the
L = 2 (D) state. In between, we set up a single layer
with Nhid hidden nodes. The architecture of the network
is shown in Fig. 1, which translates mathematically into a
wavefunction ansatz
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where �(x) represents a non-linear activation function.
The weights W(1) connect the input relative momentum,
q, to a hidden layer, whereas W(2) connects the hidden
layer to the two outputs. We also use a bias between the
input and the hidden layer, b. We use bold notation W(1)

to denote the full weight (or bias) vectors, as opposed to

the vector components W(1)
i . The concatenation of all

weights and biases is denoted by W =
�
b,W(1)
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.

For a given number of hidden layer nodes Nhid, there are a
total of 4Nhid parameters in the trial ANN wavefunction.

We use both a sigmoid and a softplus activation func-
tion �(x) in our ansatz. The two functions are continu-
ous and di↵erentiable, and softplus is less prone to be af-
fected by the vanishing gradient problem [26]. The output
layer is a weighted linear sum of the values of the hidden
nodes, and provides arbitrary admixtures of the S� and
D� states,  L=0,2

ANN . Dedicating a single layer to each of
the two states would result in an increase of the number
of parameters, departing from the minimal spirit of our
approach.

The parameters W are used as variational parameters
in a minimisation problem for the energy,
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We solve the problem explicitly in momentum space [27,
28, 29]. This is unlike previous VANN applications [19,
20, 21, 22], but helpful for three practical reasons. First,
in momentum space the kinetic term in the Hamiltonian
of Eq. (2) is a continuous function. In contrast, in real
space, the kinetic term would involve numerically costly
derivatives on the ANN wavefunctions. Second, for the
deuteron, the separation between centre-of-mass and rel-
ative motion can be implemented straightforwardly. The
centre-of-mass coordinate can be ignored and the problem
is solved as an e↵ective one-body Schrödinger equation
in relative momentum, q. Third, a momentum space ap-
proach allows us to employ directly the numerical routines
associated to the N3LO Entem-Machleidt nucleon-nucleon
force, our interaction of choice [30]. We have tested the
method with other momentum-space potentials, and have
found similar levels of agreement with the corresponding
benchmarks.

We use the same momentum quadrature in all our in-
tegrals. In the many-body case, these integrals may be
more e�ciently performed using Monte Carlo techniques
[19]. For the one-dimensional integrals associated to the
deuteron, we estimate that a large number of Monte Carlo
samples of order > 105 is needed to get an accurate pre-
diction for the binding energy. We instead use Nk = 64
points in a Gauss-Legendre quadrature, and use a tangen-
tial change of variables to extend the integration range
from 0 to kmax = 500 fm�1. This approach provides a
dense mesh at low momenta, while sparsely covering the
high-momentum region (only 7 mesh points lie beyond
k = 5 fm�1). We use the same quadrature to solve the
exact ground state eigenvalue problem, to set a bench-
mark for the VANN solution and find an “exact” ground
state energy, EGS = �2.2267 MeV.

The choice of a continuous momentum basis, as op-
posed to a discrete basis, is further motivated by an im-
portant result on ANNs. The Universal Approximation
Theorem guarantees that a network with a single layer
provides a faithful representation of any continuous func-
tion within a given domain, provided Nhid is large enough
[31, 32]. In this sense, working in continuous momentum
space, rather than in a discrete basis, may be advanta-
geous. One naively expects that ANNs should mimic the
shape of any wavefunction, if given enough hidden nodes to
do so. We note that perfect agreement between input and
output is likely to require a local cost function, to penalise
di↵erences throughout momentum space. This is not nec-
essarily the case here, where we use a global (integrated)
energy cost function.

We solve the variational problem in three di↵erent steps,
implemented using the ready-made PyTorch framework
[33]. First, we initialise the network using random weight
values. We sample from uniform distributions withW(1) 2
[�1, 0), b 2 [�1, 1) and W(2) 2 [0, 1). This di↵ers from
the traditional Xavier initialisation scheme, which has a
poor performance in this problem [34]. After this random
initialisation, the wavefunctions are featureless and have
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We take as input a LO pionless-EFT Hamiltonian

• NN potential fit to s-wave np scattering lengths 
and effective ranges
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We take as input a LO pionless-EFT Hamiltonian
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 Product of mean-field state modulated by a flexible correlator factor 

NEURAL SLATER-JASTROW ANSATZ
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 Product of mean-field state modulated by a flexible correlator factor 

Mean-field: Slater determinant of single-particle 
orbitals 

NEURAL SLATER-JASTROW ANSATZ
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Each orbital is a FFNN that takes as input

<latexit sha1_base64="hIVVkL8GA8q9ANh3+AbJq2v/m50=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIdVOS4m0jFNxIVxHtBZoYJtNpO3QyCTMToYQs3fgqblwo4tZHcOfbOG2z0NYfBj7+cw5nzh/EjEplWd/GwuLS8spqYa24vrG5tW3u7DZllAhMGjhikWgHSBJGOWkoqhhpx4KgMGCkFQyvxvXWAxGSRvxOjWLihajPaY9ipLTlmweuI6mf3tazcvsYXkJyn9Y1ZdB1BlSDb5asijURnAc7hxLI5fjml9uNcBISrjBDUnZsK1ZeioSimJGs6CaSxAgPUZ90NHIUEumlk0MyeKSdLuxFQj+u4MT9PZGiUMpRGOjOEKmBnK2Nzf9qnUT1LryU8jhRhOPpol7CoIrgOBXYpYJgxUYaEBZU/xXiARIIK51dUYdgz548D81qxT6rnN6clGrVPI4C2AeHoAxscA5q4Bo4oAEweATP4BW8GU/Gi/FufExbF4x8Zg/8kfH5Ax5Gl3E=</latexit>

 SJ(X) = eJ(X)�(X)

<latexit sha1_base64="UN64kV2KYz3L0zypso0aULrScbY="></latexit>

r̄i = ri �RCM

<latexit sha1_base64="vvL60F3SUlNR10ob1ubXycJEhZQ="></latexit> ..
.

<latexit sha1_base64="9EktmhB1eM07Vf4xk5C7YgK6Bes="></latexit>

r̄i, si
<latexit sha1_base64="8Y3brOYb3MXjfjmCX8EWlMdeE24="></latexit>

�↵i



NEURAL SLATER-JASTROW ANSATZ
“Manually” imposing permutation-invariance scales factorially with A
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Abstract

Recent work on the representation of functions
on sets has considered the use of summation in
a latent space to enforce permutation invariance.
In particular, it has been conjectured that the di-
mension of this latent space may remain fixed
as the cardinality of the sets under consideration
increases. However, we demonstrate that the ana-
lysis leading to this conjecture requires mappings
which are highly discontinuous and argue that this
is only of limited practical use. Motivated by this
observation, we prove that an implementation of
this model via continuous mappings (as provided
by e.g. neural networks or Gaussian processes)
actually imposes a constraint on the dimensional-
ity of the latent space. Practical universal function
representation for set inputs can only be achieved
with a latent dimension at least the size of the
maximum number of input elements.

1. Introduction

Machine learning models have had great success in taking
advantage of structure in their input spaces: recurrent neural
networks are popular models for sequential data (Sutskever
et al., 2014) and convolutional neural networks are the state-
of-the-art for many image-based problems (He et al., 2016).
Recently, however, models for unstructured inputs in the
form of sets have rapidly gained attention (Ravanbakhsh
et al., 2016; Zaheer et al., 2017; Qi et al., 2017a; Lee et al.,
2018; Murphy et al., 2018; Korshunova et al., 2018).

Importantly, a range of machine learning problems can nat-
urally be formulated in terms of sets; e.g. parsing a scene
composed of a set of objects (Eslami et al., 2016; Kosiorek
et al., 2018), making predictions from a set of points form-
ing a 3D point cloud (Qi et al., 2017a;b), or training a set
of agents in reinforcement learning (Sunehag et al., 2017).

*Equal contribution 1Department of Engineering Science, Uni-
versity of Oxford, Oxford, United Kingdom. Correspondence to:
<{ed, fabian, martin}@robots.ox.ac.uk>.
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Figure 1: Illustration of the model structure proposed in
several works (Zaheer et al., 2017; Qi et al., 2017a) for
representing permutation-invariant functions. The sum op-
eration enforces permutation invariance for the model as a
whole. � and ⇢ can be implemented by e.g. neural networks.

Furthermore, attention-based models perform a weighted
summation of a set of features (Vaswani et al., 2017; Lee
et al., 2018). Hence, understanding the mathematical prop-
erties of set-based models is valuable both in terms of set-
structured applications as well as better understanding the
capabilities and limitations of attention-based models.

Many popular machine learning models, including neural
networks and Gaussian processes, are fundamentally based
on vector inputs1 rather than set inputs. In order to adapt
these models for use with sets, we must enforce the property
of permutation invariance, i.e. the output of the model must
not change if the inputs are reordered. Multiple authors, in-
cluding Ravanbakhsh et al. (2016), Zaheer et al. (2017) and
Qi et al. (2017a), have considered enforcing this property
using a technique which we term sum-decomposition, illus-
trated in Figure 1. Mathematically speaking, we say that a
function f defined on sets of size M is sum-decomposable

via Z if there are functions � : R ! Z and ⇢ : Z ! R such
that2

f(X) = ⇢
�
⌃x2X�(x)

�
(1)

We refer to Z here as the latent space. Since summa-
tion is permutation-invariant, a sum-decomposition is also
permutation-invariant. Ravanbakhsh et al. (2016), Zaheer
et al. (2017) and Qi et al. (2017b) have also considered
the idea of enforcing permutation invariance using other
operations, e.g. max(·). In this paper we concentrate on a
detailed analysis of sum-decomposition, but some of the lim-
itations we discuss also apply when max(·) is used instead
of summation.

1Or inputs of higher rank, i.e. matrices and tensors.
2We use R here for brevity – see Definition 2.2 for the fully

general definition.
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J(X)Solution: “deep-sets”

Wagstaff et al., arXiv:1901.09006 (2019) Zaheer et al., arXiv:1703.06114 (2017)

“Manually” imposing permutation-invariance scales factorially with A
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SAMPLING COORDINATES AND SPIN
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Markov Chain Mote Carlo algorithm to sample the Hilbert space

Observables estimated by averaging over the sampled configurations  
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WAVE FUNCTION OPTIMIZATION
ANN trained by performing an imaginary-time evolution in the variational manifold

21

The parameters are updated as
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COMPARISON WITH GFMC
• The ANN Slater Jastrow ansatz outperforms conventional Jastrow correlations
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• Differences with the GFMC due to deficiencies in the Slater-Jastrow ansatz

C. Adams, AL, et al, PRL 127, 022502 (2021)
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ber of nodes in the hidden layers in �F and ⇢F has been
increased from 16 to 24. After about 4800 optimization
steps, the parity-conserving ansatz yields energies that
are consistent with the HH method. Nevertheless, our
results indicate that enforcing time-reversal symmetry is
e↵ective in reducing the training time and augment the
expressivity of the hidden-nucleon ANN architecture.

Neural-network quantum states applications to nuclear
systems have so far been limited to light nuclei, with
up to A = 6 nucleons [26, 28, 29]. Here, we signifi-
cantly extend the reach of this methods by computing the
ground-state of 16O utilizing the hidden-nucleon ansatz.
In Ref. [31], the AFDMC method has been employed to
study this nucleus using as input the LO pionless-EFT
Hamiltonian of Eq. (1). The AFDMC trial wave function
takes the factorized form  T (R,S) ⌘ hRS|F|�i. The
Slater determinant of single-particle orbitals �(R,S) de-
termines the long-range behavior of the wave function.
The correlation operator is expressed as

F =
⇣ Y

i<j<k

F c

ijk

⌘⇣Y

i<j

F c

ij

⌘⇣
1 +

X

i<j

F op

ij

⌘
(8)

The spin-isospin independent three-body correlations
F c

ijk
act on all triplets of nucleons. Similarly, the cen-

tral two-body Jastrow F c

ij
is applied to all nucleon pairs,

while the spin-isospin dependent term, F op

ij
, appears in

a linearized form [47]. This approximation reduces the
computational cost of evaluating  T (R,S) from expo-
nential to polynomial in A but makes the trial wave func-
tion non extensive: if the system is split in two (or more)
subsets of particles that are separated from each other,
the F does not factorize into a product of two factors
in such a way that only particles belonging to the same
subset are correlated. As a consequence, the correlation
operator of Eq. (8) becomes less e↵ective for nuclei larger
than 16O, preventing the applicability of the AFDMC
method to medium-mass nuclei.

The AFDMC projects out the ground-state of the sys-
tem from the starting trial wave function performing an
evolution in imaginary time ⌧

| 0i / lim
⌧!1

| (⌧)i = e�H⌧ | T i . (9)

The fermion-sign problem is mitigated by means of the
constrained-path approximation, which essentially lim-
its the imaginary-time propagation to regions where the
propagated and trial wave functions have a positive over-
lap [16]. Contrary to the fixed-node approximation, the
constrained-path approximation does provide an upper
bound to the true ground-state energy of the system [48].
The accuracy of the trial wave function is critical to re-
duce this bias, as the constrained-path approximation
becomes exact when the trial wave function is coincides
with the ground-state one.

In Fig. 3, we display the ground-state energy of 16O as
a function of the number of hidden nucleons Ah for the
parity and time-reversal conserving ansatz of Eq. (6). For
comparison, the VMC energy of 16O obtained with the

FIG. 3. Ground-state energy of 16O as a function of the num-
ber of hidden nucleons Ah (solid blue points). The VMC
and AFDMC energies — the latter taken from Ref. [31] —
are shown by the green-dashed and orange solid lines. The
shaded areas represent the Monte Carlo statistical uncertain-
ties.

correlation operator of Eq. (8) is represented in Fig. 3
by the dashed green line, while the shaded area is the
Monte Carlo statistical uncertainty. The solid horizontal
line and the shaded area indicate the constrained-path
AFDMC energy and its statistical uncertainty as listed
in Ref. [31]. Already for Ah = 2, the hidden-nucleon wave
function matches the VMC value. By further increasing
Ah, the variational energy lowers until it becomes consis-
tent with the AFDMC value, within error bars, demon-
strating the accuracy of the hidden-nucleon ansatz even
in the p-shell region.

Unless a forward-walk propagation is used [49, 50],
within di↵usion Monte Carlo methods, expectation val-

FIG. 4. Point nucleon density of 16O as obtained with the
hidden nucleon ansatz (solid blue circles) compared with the
perturbatively-corrected AFDMC estimates of Eq. (10).

16O 16O

AL, et al., Phys. Rev. Res. 4 (2022) 4, 043178

We extend the reach of neural quantum states to 16O

In addition to its ground-state energy, we evaluate the point-nucleon density of 16O with Ah=16

HIDDEN NUCLEONS ANSATZ
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slightly larger than the experimental value of �18.9(4)
fm, see [41] and references therein, while the e↵ective
range is well reproduced. The Hamiltonian also contains
a repulsive three-body force that ensures the stability of
nuclei.

We approximate the ground-state solution of the nu-
clear many-body problem with an NQS ansatz that be-
longs to the hidden-fermion family [42], recently general-
ized to continuum Hilbert spaces and applied to atomic
nuclei in Ref. [29]. In addition to the visible spatial and
spin coordinates of the A neutrons, R = {r1 . . . rA} and
S = {sz1 . . . szA}, the Hilbert space contains fictitious Ah

hidden-nucleon degrees of freedom. In this work we use
Ah = A = 14 so that the system is as flexible as possi-
ble, but in practice we have also found using as few as
8 hidden nucleons gives very similar results. The wave
function can be conveniently expressed in a block matrix
form as

 HN (R,S) ⌘ det


�v(R,S) �v(Rh, Sh)
�h(R,S) �h(Rh, Sh)

�
. (1)

As in Ref. [29], �v(R,S) is the A ⇥ A matrix represent-
ing visible single-particle orbitals computed on the visible
coordinates while the Ah ⇥ Ah matrix �h(Rh, Sh) yields
the amplitudes of hidden orbitals evaluated on the co-
ordinates of the Ah hidden nucleons. Finally, �h(R,S)
and �v(Rh, Sh) are Ah ⇥ A and A ⇥ Ah matrices giving
the amplitudes of hidden orbitals on visible coordinates
and visible orbitals on hidden coordinates, respectively.
All the above matrices are expressed in terms of deep
neural networks with di↵erentiable activation functions
— see Ref. [29] for additional details. To respect the
Pauli principle, the coordinates of the hidden nucleons
must be permutation-invariant functions of the visible
ones. We enforce this symmetry by using a Deep-Sets
architecture [43, 44] with logsumexp pooling. Addition-
ally, the discrete parity and time reversal symmetries, are
enforced in the same manner as Ref. [29].

Inspired by the success of quantum-chemistry NQS [32,
33], we augment the flexibility of the ansatz by perform-
ing a generalized backflow transformation to the visi-
ble coordinates of the hidden-nucleon matrix: (R,S) !
(R̃, S̃). We use the Deep-Sets architecture again to en-
force fermion anti-symmetry

(r̃i, s̃
z

i
) = ⇢bf

⇣
ri, s

z

i
, log

⇣X

j

exp(�bf(rj , s
z

j
)
⌘⌘

. (2)

To further augment the expressivity, separate ⇢bf and
�bf neural networks are used for each of the A visible
coordinates.

We simulate infinite neutron matter using 14 particles
in a box with periodic boundary conditions. Following
Ref. [45], the latter are imposed by mapping the spatial
coordinates onto periodic functions by

ri !
✓
sin

✓
2⇡ri
L

◆
, cos

✓
2⇡ri
L

◆◆
(3)

which ensures the wave function is continuous and di↵er-
entiable at the box boundary. Here L is the size of the
simulation periodic box, and the sin and cos functions
are applied element-wise to ri. Finite-size e↵ects due
to the tail corrections of two- and three-body potentials
are accounted for by summing the contributions given by
neighboring cells to the simulation box [46].

Evaluating the expectation values of quantum mechan-
ical operators, including the Hamiltonian, requires car-
rying out multi-dimensional integration over the spatial
and spin coordinates of the neutrons. To this aim, we
exploit Monte Carlo quadrature and sample R and S
from | HN (R,S)|2 using the Metropolis-Hastings algo-
rithm [47] — additional details can be found in the sup-
plemental material of Ref. [27]. The best variational
parameters defining the NQS are found by minimiz-
ing the system’s energy, which we carry out using the
R(oot)M(ean)S(quared)Prop(agation)-enhanced version
of the stochastic-reconfiguration optimization method in-
troduced in Ref. [29].

Results and discussion. We first benchmark the ex-
pressivity of the hidden-nucleon NQS for periodic sys-
tems by comparing the energy per particle of infinite
neutron matter against “conventional” variational Monte
Carlo (VMC), and both constrained-path and AFDMC
results. The variational wave function used in state-of-
the-art neutron-matter studies, see for example [7, 21],
contains a spin-independent Jastrow factor that multi-
plies a Slater determinant augmented by spin-dependent
backflow correlations. The constrained-path approxi-
mation, commonly employed to alleviate the AFDMC
fermion-sign problem [19], brings about a bias in the
ground-state energy estimate [6, 21]. Exact results can be
obtained by performing unconstrained propagations, but
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FIG. 1. NQS training data in neutron matter at ⇢ = 0.04
fm�3 (data points) compared with Hartree-Fock (dotted line),
conventional VMC (dashed line), constrained-path ADMC
(dash-dotted line) and unconstrained-path ADMC results
(solid line).

B. Fore, AL et al., Phys. Rev. Res. 5, 033062 (2023)

• NQS: 100 GPU hours

• AFDMC: 1.2 million CPU hours 

14 Neutrons @ ρ=0.04 fm-3

Periodic hidden-nucleons ansatz to 
model low-density neutron matter
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from | HN (R, S)|2 using the Metropolis-Hastings algo-
rithm [48] — additional details can be found in the sup-
plemental material of Ref. [27]. The best variational
parameters defining the NQS are found by minimiz-
ing the system’s energy, which we carry out using the
R(oot)M(ean)S(quared)Prop(agation)-enhanced version
of the stochastic-reconfiguration optimization method in-
troduced in Ref. [29].

Results and discussion. We first benchmark the ex-
pressivity of the hidden-nucleon NQS for periodic sys-
tems by comparing the energy per particle of infinite
neutron matter against “conventional” variational Monte
Carlo (VMC), and both constrained-path and AFDMC
results. The variational wave function used in state-of-
the-art neutron-matter studies, see for example [7, 21],
contains a spin-independent Jastrow factor that multi-
plies a Slater determinant augmented by spin-dependent
backflow correlations. The constrained-path approxi-
mation, commonly employed to alleviate the AFDMC
fermion-sign problem [19], brings about a bias in the
ground-state energy estimate [6, 21]. Exact results can be
obtained by performing unconstrained propagations, but
the statistical error grows exponentially with the imagi-
nary time.

As shown in Fig. 1 for ⇢ = 0.04 fm�3, after ' 2000
stochastic-reconfiguration steps, the NQS ansatz con-
verges to the virtually exact unconstrained AFDMC en-
ergy, using a fraction of its computing time: about
100 hours on NVIDIA-A100 GPUs vs approximately
1.2 million hours on Intel-KNL CPUs. Notice that the
constrained-path approximation violates the variational
principle. In contrast, variational Monte Carlo calcula-
tions based on the NQS never yield energies below that
of the Hamiltonian’s ground state. Comparing with the
Hartree-Fock approximation, it appears that the hidden-
nucleon ansatz captures the overwhelming majority of
the correlation energy.

In Fig. 2, we compare the /⇡EFT energies obtained
with the NQS ansatz against AFDMC calculations of
14 particles with periodic-box boundary conditions, so
that finite-size e↵ects are the same in both approaches.
The AFDMC takes as input the AV18+UIX Hamiltonian
used in the celebrated APR equation of state [40], and
the local, �-full chiral-EFT potentials that include tri-
tium �-decay in the fitting procedure and do not make
neutron-matter collapse, i.e. models NV2+3-Ia*/b*, and
NV2+3-IIb* [6, 21]. Since for all the densities we con-
sider, the AV18+UIX, NV2+3-Ia*/b*, and NV2+3-IIb*
are in excellent agreement, they are collectively displayed
by the “⇡-full” band, stressing that all these interactions
explicitly retain pion-exchange terms.

The /⇡EFT Hamiltonian “o” is in excellent agreement
with the ⇡-full models — both providing energies much
below the non-interacting Fermi gas (not shown in the
Figure). These minor di↵erences are likely because model
“o” yields a slightly larger nn scattering length than
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FIG. 2. Low-density neutron-matter /⇡EFT equation of state
as obtained with the hidden-nucleon NQS for /⇡EFT potential
“o” (blue circles) and /⇡EFT potential “a” (orange squares)
compared with interactions which retain pion-exchange terms
(green band). We see that the “o” potential is in excelent
agreement with the ⇡-full interactions while the “a” potential
has a slightly sti↵er equations of state due primarily to a more
repulsive three-body force.

the experimental value and, therefore, more attraction in
neutron matter. For benchmark purposes, we also con-
sider the /⇡EFT model “a” of Ref. [35], which provides
a slightly sti↵er equation of state than model “o”. By
checking the individual expectation value of the two and
three-body potentials, we find that this behavior is pri-
marily due to the three-body force contribution that is
more repulsive in model “a” than model “o”, which arises
from a more bound 3H when the two-body force alone is
employed.

Once trained on the system’s energy, the NQS
can be used to accurately evaluate a variety of
quantum-mechanical observables, such as the spin-singlet
and triplet two-body distribution functions defined in
Ref. [49]. Figure 3 shows these distributions at ⇢ = 0.01
fm�3 (panel a), ⇢ = 0.04 fm�3 (panel b), and ⇢ = 0.08
fm�3 (panel c). The significant increase in the spin-
singlet channel compared to the non-interacting Fermi
Gas indicates that the NQS wave function can capture
the emergence of the 1S0 neutron pairing, despite not be-
ing explicitly encoded in the ansatz. Consistent with the
behavior of the pairing gap [13, 22], the enhancement is
more prominent at low densities and vanishes at higher
densities. On the other hand, at these densities, no pair-
ing correlations are present in the spin-triplet channel.

Conclusions – In this work, we have put forward an
NQS suitable to model the normal and superfluid phases
of infinite neutron matter in a unified fashion. We im-
prove the expressivity of the hidden-nucleon ansatz of
Ref. [29] by adding state-dependent generalized back-
flow correlations, whose inclusion has proven beneficial

DILUTE NEUTRON MATTER
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COLD FERMI GASES
Periodic-NQS to solve the two-components Fermi gas in the BCS- BEC crossover region 
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We model the 3D unpolarized gas of fermions with the Hamiltonian

• Modified Pöschl-Teller potential between 
opposite-spin particles
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We introduce a Pfaffian-Jastrow ansatz

In order for the above matrix to be skew-symmetric, the neural pairing orbitals are taken to be

Example:
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775 = �12�34 � �13�24 + �14�23
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Figure 1. Schematic illustration of the backflow transformation, which transforms single-particle coordinates ri 2 Rd (black
dots, top left) to quasi-particle coordinates �ri 2 Cd via the MPNN (black/white dots for real/imaginary part, top right).
The MPNN constructs an initial graph that consists of an initial feature vector (dark grey) and a hidden state (green). This
graph is then transformed via messages, defined in Eq. 7, to another graph consisting of the initial feature vectors and an
updated hidden state (indicated by di↵erent coloring). After the final iteration, the node states are linearly transformed to

the quasi-particle positions �ri = W · h(T )
i , which now contain information about all particles (D is the dimension of the last

graph’s nodes).

orbitals are a natural choice: �k(r) = exp [ik · r] with
k = 2⇡

L
n where n 2 Zd. To take into account spin, we use

the spin-orbitals �µ(r, s) = �kµ(r)�sµ,s, where s denotes
the spin of the particle at position r, and each spin-orbital
is characterized by the quantum numbers µ = (kµ, sµ).
This choice of orbitals allows us to fix the total momen-
tum of the system ktot =

P
N

i=1 ki. Furthermore, the
choice of orbitals allows us to factorize the determinant
into a product of determinants of up and down spin or-
bitals.

D. MP-NQS for the Electron Gas

To specialize the MP-NQS architecture to the HEG,
we only need to define the initial feature vectors. Since
the HEG is invariant under continuous translations and
spin inversion, we do not input single-particle informa-
tion (single-particle positions/spins) to the initial node
features. Instead, we use a learnable embedding vector
e 2 RD1 , that does not depend on the particle index i.
For the edge features, we use the translation invariant
particle-distances rij = ri � rj and their norm. To dis-
tinguish same- and opposite-spin pairs without breaking
the spin-inversion symmetry of the problem, we input
products of the form si · sj = ±1 to the edge features.

Overall, we get the following initial feature vectors:

x(0)
i

= e (15)

x(0)
ij

= [rij , krijk, si · sj ]. (16)

Notice that with this choice, the resulting backflow coor-
dinate yi preserves the spin quantum number si of the
particle i exactly.

To respect the PBCs of the simulation box, we apply
the method introduced in Ref. [21]. The components of
a vector r 2 Rd (where r can represent a single-particle
position vector ri or a distance vector rij) are mapped
to a Fourier basis r 7!

⇥
sin

�
2⇡
L
r
�
, cos

�
2⇡
L
r
�⇤

2 R2d and
the norm of the distance between two particles krijk is
replaced with a periodic surrogate krijk 7!

��sin
�
⇡

L
rij

���.
In sum, our Ansatz allows us to fix the total momen-

tum ktot, while being translation invariant and respecting
spin-inversion symmetry. Furthermore, the MP-NQS can
change the nodal surface with a number of variational pa-
rameters independent of the system size. The variational
Ansatz for the HEG uses around ⇠ 19000 variational pa-
rameters and can be trained within O(103) optimization
steps while reaching state-of-the-art accuracy. A detailed
comparison to other existing NQS approaches is given in
Appendix C.

Translation-invariant (and periodic) by construction: 
<latexit sha1_base64="30DIWt6A2bjQefgaEHrkcz9M3pE="></latexit>

x(0)
i = e, x(0)

ij = [rij , ||rij ||, si · sj ].

G. Pescia, et al., 2305.08831 [cond-mat.quant-gas]



Figure 3. Ground-state energies per particle for unpolarized
systems as a function of the number of particles, at unitarity
1/akF = 0. The effective range is fixed at kF re = 0.2.

One of the most appealing aspects of our PJ-BF ansatz is
that it does not depend on the particle number N. In light of
this, we can apply the transfer learning procedure again to
accelerate the training of the larger N cases by starting with
the parameters obtained from the smaller N cases. We use this
process to investigate the ground-state energies at unitarity
as a function of N, as shown in Figure 3. Our PJ-BF ansatz
gives energies about 0.007�0.008EFG lower than DMC for
all values of N tested, with the largest discrepancy at N = 38.
Further investigations will be required to make conclusions
about the thermodynamic limit.

As an initial comparison with existing AFQMC results,
we consider the case of N = 38 and kF re = 0.2. Our PJ-BF
ansatz yields ground-state energies 0.0061(5)EFG higher than
the AFQMC value of 0.3897(4)EFG that we extracted from
Fig. 2 of Ref.8. A portion of this discrepancy is likely due to
using different finite effective-range potentials52; discretiza-
tion effects present in AFQMC also contribute. In addition,
refinement of our network through hyperparameter tuning
could mitigate some of these discrepancies. In future work

N DMC-BCS PJ-BF Diff.
14 0.428(1) 0.4208(3) -0.007(1)
16 0.4240(2) 0.4173(4) -0.0067(4)
18 0.4206(2) 0.4139(3) -0.0067(4)
22 0.4150(2) 0.4084(3) -0.0066(4)
26 0.4109(3) 0.4038(3) -0.0071(4)
32 0.4067(3) 0.3989(3) -0.0078(4)
38 0.404(1) 0.3958(3) -0.008(1)

Table 2. Energies per particle for unpolarized systems with
different numbers of particles at kF re = 0.2.

Figure 4. Upper panel: Energy per particle in the BCS-BEC
crossover region as a function of the scattering length a for a
fixed effective range kF re = 0.2. Lower panel: Difference
between Pfaffian-Jastrow with backflow (PJ-BF) and
DMC-BCS benchmark energies. See Table 3 for the
corresponding values of v0 and µ .

we plan to carry out detailed benchmarks with the AFQMC.
To this aim, we will carefully extrapolate to the zero effective
range using the transfer learning technique outlined here, so
as to enable comparison with the AFQMC zero lattice spacing
limit.

Finally, we explore the BCS-BEC crossover region for a
fixed effective range kF re = 0.2 in Fig. 4. See Table 3 for the
values of the interaction parameters v0 and µ , as well as the
corresponding DMC-BCS benchmarks and the PJ-BF results.
Once again, we employ transfer learning, wherein we use
cases closer to unitarity to pretrain the cases that are further
away. In the BCS regime, our PJ-BF ansatz consistently yields
energies ⇠ 0.01EFG lower than those obtained from DMC-
BCS, albeit with slightly inferior performance in the BEC
regime. We attribute the minor difference in performance
of our PJ-BF ansatz between the BCS and BEC phases to
the requirement for greater flexibility in capturing the short-
range behavior of pairs in the BEC regime. We anticipate that
enlarging the size of the FNN that defines the pairing orbital
would help alleviate the small discrepancies in performance
observed between the BCS and BEC phases.

2.4 Pair distribution functions

The spin-dependent two-body radial distribution functions
capture the probability density of finding two particles with
specific spin orientations at a given separation distance.
Hence, they provide a quantitative description of the spatial
correlations and pairing phenomena between fermionic parti-
cles. Note that NQS offer a significant advantage over DMC
methods when computing expectation values of quantum me-
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Incorporating backflow correlations into the Slater-Jastrow
ansatz (SJ-BF) significantly improves results compared to the
fixed-node approach with plane waves, but more than half
of the discrepancy between the two DMC energies remains.
Our SJ-BF ansatz presents a weak dependence on the MPNN
depth T in Fig. 1, suggesting it is unlikely that further increas-
ing T would yield substantial improvements in energy. Other
changes in the structure, such as increasing the number of
nodes in a given hidden layer or increasing the depth of the
individual FNNs comprising the MPNN, could theoretically
provide more flexibility to the SJ-BF ansatz. However, it
is commonly observed that achieving high accuracy using a
generalized Slater determinant often requires the use of multi-
ple Slater determinants17 or hidden degrees of freedom25, 30.
In extreme cases, an entirely different ansatz may become
necessary, like the generalized Pfaffian we study here.

Therefore, we turn our attention to our Pfaffian-Jastrow-
Backflow (PJ-BF) ansatz. Even with a single MPNN layer, the
PJ-BF ansatz easily outperforms DMC-BCS while also pos-
sessing fewer parameters than the single-layer SJ-BF ansatz
(⇠5600 v.s. ⇠6200). For reference, the analytical expres-
sions for the number of parameters in each NQS are listed
in Table 6, along with the specific numbers of parameters
involved in this work. The overall dependence on the MPNN
depth is weak, with T = 2 giving a slightly lower energy and
variance than T = 5. For the remainder of our analysis, we
will use the PJ-BF ansatz with T = 2, which contains about
8500 variational parameters. In this initial investigation, we
have employed the same Jastrow correlator in all of our NQS
to ensure a fair comparison between the different architec-
tures. Our future research will explore whether the Jastrow
component is essential or if we can exclusively rely on the
generalized Pfaffian.

Given that the unitary limit is characterized by a vanishing
effective range, we examine how the ground-state energy
varies with re in Fig. 2. To expedite and stabilize the training
process for smaller values of re, we employ a technique called
transfer learning. Initially, we train the PJ-BF ansatz with
T = 2 using random initial parameters for kF re = 0.4, which
corresponds to approximately 21% of the average interparticle
distance. We then fine-tune this model as we progressively
reduce kF re to 0.2, 0.1, and finally, 0.05. With each decrease,

µ kF re DMC-BCS PJ-BF Diff.
5 0.4 0.446(1) 0.4366(3) -0.009(1)
10 0.2 0.428(1) 0.4208(3) -0.007(1)
20 0.1 0.418(1) 0.4131(8) -0.005(1)
40 0.05 0.412(1) 0.408(1) -0.004(1)
• 0.0 0.406(2)⇤ 0.404(1)⇤ -0.002(2)

Table 1. Energies per particle and their differences, in units
of EFG, for various values of µ and the corresponding values
of re. The values with asterisks (⇤) are extrapolations from the
quadratic fits shown in Fig. 2. The parameter v0 = 1 is fixed.

Figure 2. Ground-state energies per particle as a function of
the effective range. The DMC-BCS benchmark energies
(blue circles) and the Pfaffian-Jastrow with backflow (PJ-BF)
energies (orange triangles) are extrapolated to zero effective
range using quadratic fits (dashed lines). The shaded regions
are the error bands for the DMC-BCS and PJ-BF energies.

the wave function becomes increasingly more challenging to
learn.

The PJ-BF ansatz gives energies approximately
0.004EFG � 0.009EFG lower than DMC-BCS, with the
largest differences occurring for the largest values of kF re.
This behavior is somewhat expected, as the DMC calculations
rely on the nodes of the geminal wave function, which
only considers contributions from the singlet channel. For
small values of kF re, this is a reasonable assumption to
make, but the effects of the approximation are more apparent
for larger values. Extrapolating to zero effective range
using quadratic fits (see Table 1) suggests that PJ-BF and
DMC-BCS energies might eventually converge or at least
approach each other, mainly due to the dominance of s-wave
contributions. However, in our Pfaffian ansatz, we do not
make any assumptions about the character of the pairs. The
Pfaffian is a strict generalization of the geminal, and when
it is coupled with a fully-trainable pairing orbital, it is able
to capture both singlet and triplet contributions without
guidance. The true flexibility of our method originates
from the ability to include completely generalized backflow
correlations while remaining sign-problem free. Even if
backflow correlations are included in the starting variational
wave function for the DMC calculations, the fixed-node
approximation and the underlying biases inherent to the
variational ansatz would limit the final converged energy.
As a result, we anticipate that our ansatz will outperform
DMC at even smaller effective ranges than those explored in
this work, although it will likely require fine-tuning of the
network structure.
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DILUTE NUCLEONIC MATTER WITH MPNN
14 Neutrons, 14 Protons @ ρ=0.04 fm-3
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DILUTE NUCLEONIC MATTER WITH MPNN

Liquid phase 
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DILUTE NUCLEONIC MATTER WITH MPNN

2H clusters 



42

DILUTE NUCLEONIC MATTER WITH MPNN

8Be clusters 
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DILUTE NUCLEONIC MATTER WITH MPNN

4He clusters 
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DILUTE NUCLEONIC MATTER WITH MPNN
24 Neutrons, 4 Protons @ ρ=0.01 fm-3
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DILUTE NUCLEONIC MATTER WITH MPNN
24 Neutrons, 4 Protons @ ρ=0.01 fm-3
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DILUTE NUCLEONIC MATTER WITH MPNN
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ESSENTIAL ELEMENTS OF NUCLEAR BINDING
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ESSENTIAL ELEMENTS OF NUCLEAR BINDING
A simple pionless-EFT Hamiltonian reproduces well the spectrum of different nuclei 

A. Gnech, et al., 2308.16266
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ESSENTIAL ELEMENTS OF NUCLEAR BINDING
Deviations from experiments are more pronounced for charge radii 

A. Gnech, et al., 2308.16266
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The ground-state is generate in Lz
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The ground-state is generate in Lz
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The ground-state is generate in Lz
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<latexit sha1_base64="fQ2PVUkilMs+o0+hr1DYmCe8f4U=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiwcPEcwDkiXMTnqTIbOzy8xsICz5CC8eFPHq93jzb5wke9DEgoaiqpvuriARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs1OqOkWUP01654lbdOcgq8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFrqphoTykZ0gB1LJY1Q+9n83Ck5s0qfhLGyJQ2Zq78nMhppPYkC2xlRM9TL3kz8z+ukJrz1My6T1KBki0VhKoiJyex30ucKmRETSyhT3N5K2JAqyoxNqGRD8JZfXiXNi6p3Xb16vKzU3DyOIpzAKZyDBzdQg3uoQwMYjOAZXuHNSZwX5935WLQWnHzmGP7A+fwBbN2Plg==</latexit>

~L

<latexit sha1_base64="fQ2PVUkilMs+o0+hr1DYmCe8f4U=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiwcPEcwDkiXMTnqTIbOzy8xsICz5CC8eFPHq93jzb5wke9DEgoaiqpvuriARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs1OqOkWUP01654lbdOcgq8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFrqphoTykZ0gB1LJY1Q+9n83Ck5s0qfhLGyJQ2Zq78nMhppPYkC2xlRM9TL3kz8z+ukJrz1My6T1KBki0VhKoiJyex30ucKmRETSyhT3N5K2JAqyoxNqGRD8JZfXiXNi6p3Xb16vKzU3DyOIpzAKZyDBzdQg3uoQwMYjOAZXuHNSZwX5935WLQWnHzmGP7A+fwBbN2Plg==</latexit>

~L

<latexit sha1_base64="BySHmHeN9WkYwG0seapzzS/KOHk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmQ2dllZjYQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hofua3xqg0j+WTmSToR3QgecgZNVZqdcfIsrtpr1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7ulJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3voZl0lqULLFojAVxMRk9jvpc4XMiIkllClubyVsSBVlxiZUsiF4yy+vkuZF1buuXj1eVmpuHkcRTuAUzsGDG6jBA9ShAQxG8Ayv8OYkzovz7nwsWgtOPnMMf+B8/gBdq4+M</latexit>

~B
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The ground-state is generate in Lz

<latexit sha1_base64="kwInH8Gq6zKMAY7CNpi7uYd3HKA="></latexit>

| HN ;L, Si =
X

LzSz

cL,S

LzSz
|L,Lz;S, Szi.

Remove this degeneracy by 
<latexit sha1_base64="wRSwM4qxmvHVIZT+j1yaeplm/lc=">AAAB+nicbVC5TsNAEB1zhnA5UNKsiJBosGzEVUbQpKAIEjmkxLLWm3WyyvrQ7hqUmHwKDQUI0fIldPwNm8QFJDxppKf3ZjQzz084k8q2v42l5ZXVtfXCRnFza3tn1yztNWScCkLrJOaxaPlYUs4iWldMcdpKBMWhz2nTH9xM/OYDFZLF0b0aJtQNcS9iASNYackzS1XUUTGqohN07Y3QrTfyzLJt2VOgReLkpAw5ap751enGJA1ppAjHUrYdO1FuhoVihNNxsZNKmmAywD3a1jTCIZVuNj19jI600kVBLHRFCk3V3xMZDqUchr7uDLHqy3lvIv7ntVMVXLkZi5JU0YjMFgUpR/rZSQ6oywQlig81wUQwfSsifSwwUTqtog7BmX95kTROLefCOr87K1esPI4CHMAhHIMDl1CBKtSgDgQe4Rle4c14Ml6Md+Nj1rpk5DP78AfG5w93fJIn</latexit>

H ! H �BzLz

<latexit sha1_base64="fQ2PVUkilMs+o0+hr1DYmCe8f4U=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiwcPEcwDkiXMTnqTIbOzy8xsICz5CC8eFPHq93jzb5wke9DEgoaiqpvuriARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs1OqOkWUP01654lbdOcgq8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFrqphoTykZ0gB1LJY1Q+9n83Ck5s0qfhLGyJQ2Zq78nMhppPYkC2xlRM9TL3kz8z+ukJrz1My6T1KBki0VhKoiJyex30ucKmRETSyhT3N5K2JAqyoxNqGRD8JZfXiXNi6p3Xb16vKzU3DyOIpzAKZyDBzdQg3uoQwMYjOAZXuHNSZwX5935WLQWnHzmGP7A+fwBbN2Plg==</latexit>

~L

<latexit sha1_base64="fQ2PVUkilMs+o0+hr1DYmCe8f4U=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiwcPEcwDkiXMTnqTIbOzy8xsICz5CC8eFPHq93jzb5wke9DEgoaiqpvuriARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs1OqOkWUP01654lbdOcgq8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFrqphoTykZ0gB1LJY1Q+9n83Ck5s0qfhLGyJQ2Zq78nMhppPYkC2xlRM9TL3kz8z+ukJrz1My6T1KBki0VhKoiJyex30ucKmRETSyhT3N5K2JAqyoxNqGRD8JZfXiXNi6p3Xb16vKzU3DyOIpzAKZyDBzdQg3uoQwMYjOAZXuHNSZwX5935WLQWnHzmGP7A+fwBbN2Plg==</latexit>

~L

<latexit sha1_base64="BySHmHeN9WkYwG0seapzzS/KOHk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmQ2dllZjYQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hofua3xqg0j+WTmSToR3QgecgZNVZqdcfIsrtpr1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7ulJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3voZl0lqULLFojAVxMRk9jvpc4XMiIkllClubyVsSBVlxiZUsiF4yy+vkuZF1buuXj1eVmpuHkcRTuAUzsGDG6jBA9ShAQxG8Ayv8OYkzovz7nwsWgtOPnMMf+B8/gBdq4+M</latexit>

~B
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The ground-state is generate in Lz

<latexit sha1_base64="kwInH8Gq6zKMAY7CNpi7uYd3HKA="></latexit>

| HN ;L, Si =
X

LzSz

cL,S

LzSz
|L,Lz;S, Szi.

Remove this degeneracy by 
<latexit sha1_base64="wRSwM4qxmvHVIZT+j1yaeplm/lc=">AAAB+nicbVC5TsNAEB1zhnA5UNKsiJBosGzEVUbQpKAIEjmkxLLWm3WyyvrQ7hqUmHwKDQUI0fIldPwNm8QFJDxppKf3ZjQzz084k8q2v42l5ZXVtfXCRnFza3tn1yztNWScCkLrJOaxaPlYUs4iWldMcdpKBMWhz2nTH9xM/OYDFZLF0b0aJtQNcS9iASNYackzS1XUUTGqohN07Y3QrTfyzLJt2VOgReLkpAw5ap751enGJA1ppAjHUrYdO1FuhoVihNNxsZNKmmAywD3a1jTCIZVuNj19jI600kVBLHRFCk3V3xMZDqUchr7uDLHqy3lvIv7ntVMVXLkZi5JU0YjMFgUpR/rZSQ6oywQlig81wUQwfSsifSwwUTqtog7BmX95kTROLefCOr87K1esPI4CHMAhHIMDl1CBKtSgDgQe4Rle4c14Ml6Md+Nj1rpk5DP78AfG5w93fJIn</latexit>

H ! H �BzLz

<latexit sha1_base64="fQ2PVUkilMs+o0+hr1DYmCe8f4U=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiwcPEcwDkiXMTnqTIbOzy8xsICz5CC8eFPHq93jzb5wke9DEgoaiqpvuriARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs1OqOkWUP01654lbdOcgq8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFrqphoTykZ0gB1LJY1Q+9n83Ck5s0qfhLGyJQ2Zq78nMhppPYkC2xlRM9TL3kz8z+ukJrz1My6T1KBki0VhKoiJyex30ucKmRETSyhT3N5K2JAqyoxNqGRD8JZfXiXNi6p3Xb16vKzU3DyOIpzAKZyDBzdQg3uoQwMYjOAZXuHNSZwX5935WLQWnHzmGP7A+fwBbN2Plg==</latexit>

~L

<latexit sha1_base64="fQ2PVUkilMs+o0+hr1DYmCe8f4U=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiwcPEcwDkiXMTnqTIbOzy8xsICz5CC8eFPHq93jzb5wke9DEgoaiqpvuriARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs1OqOkWUP01654lbdOcgq8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFrqphoTykZ0gB1LJY1Q+9n83Ck5s0qfhLGyJQ2Zq78nMhppPYkC2xlRM9TL3kz8z+ukJrz1My6T1KBki0VhKoiJyex30ucKmRETSyhT3N5K2JAqyoxNqGRD8JZfXiXNi6p3Xb16vKzU3DyOIpzAKZyDBzdQg3uoQwMYjOAZXuHNSZwX5935WLQWnHzmGP7A+fwBbN2Plg==</latexit>

~L

<latexit sha1_base64="BySHmHeN9WkYwG0seapzzS/KOHk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmQ2dllZjYQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hofua3xqg0j+WTmSToR3QgecgZNVZqdcfIsrtpr1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7ulJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3voZl0lqULLFojAVxMRk9jvpc4XMiIkllClubyVsSBVlxiZUsiF4yy+vkuZF1buuXj1eVmpuHkcRTuAUzsGDG6jBA9ShAQxG8Ayv8OYkzovz7nwsWgtOPnMMf+B8/gBdq4+M</latexit>

~B
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<latexit sha1_base64="BySHmHeN9WkYwG0seapzzS/KOHk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmQ2dllZjYQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hofua3xqg0j+WTmSToR3QgecgZNVZqdcfIsrtpr1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7ulJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3voZl0lqULLFojAVxMRk9jvpc4XMiIkllClubyVsSBVlxiZUsiF4yy+vkuZF1buuXj1eVmpuHkcRTuAUzsGDG6jBA9ShAQxG8Ayv8OYkzovz7nwsWgtOPnMMf+B8/gBdq4+M</latexit>

~B

<latexit sha1_base64="BySHmHeN9WkYwG0seapzzS/KOHk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmQ2dllZjYQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hofua3xqg0j+WTmSToR3QgecgZNVZqdcfIsrtpr1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7ulJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3voZl0lqULLFojAVxMRk9jvpc4XMiIkllClubyVsSBVlxiZUsiF4yy+vkuZF1buuXj1eVmpuHkcRTuAUzsGDG6jBA9ShAQxG8Ayv8OYkzovz7nwsWgtOPnMMf+B8/gBdq4+M</latexit>

~B

A. Gnech, et al., 2308.16266
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In addition to energies and single-particle densities, we compute electroweak properties

A. Gnech, et al., 2308.16266
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ESSENTIAL ELEMENTS OF NUCLEAR BINDING
A simple pionless-EFT Hamiltonian reproduces well the spectrum of different nuclei 



HIGH-PERFORMANCE COMPUTING

The variational Monte Carlo with neural network quantum state code is by design scalable to 
leadership-class hybrid CPU/GPU computers 

59



PERSPECTIVES
• Larger nuclei are within reach on leadership-class machines

➡ Optimized version of the code reaches 
76Ge on Polaris @ANL

➡ Work in progress to port it to Intel Ponte 
Vecchio (100Sn and beyond on Aurora 
@ANL)



PERSPECTIVES

➡ Relevant for: fission, fusion lepton- and hadron-nucleus scattering 

• Real-time dynamics is the prototypal exponentially-hard problem in many-body theory

61

<latexit sha1_base64="W+MeCJylV677nRUbKRo9TsGPIGs="></latexit>

D
�
| (pt+�t)i, e�iHt| (pt)

�2
= arccos

 s
h (pt+�t)|e�iHt| (pt)ih (pt)|eiHt| (pt+�t)i

h (pt+�t)| (pt+�t)ih (pt)| (p⌧+�t)i

!2

➡ Learn from TDHF calculations: collaboration with K. Godbey, W. Nazarewicz, and N. Rocco.

➡ Alternative approach based on integral transform, with N. Barnea, E. Parnes, and N. Rocco



7

P M = 5 M = 10 M = 15 M = 20

VMC-NQS
10

-0.160 0.000 - -

pCCD -0.193 0.000 - -

Iterative -0.160 0.000 - -

VMC-NQS
20

-0.394 -0.515 -0.394 0.000

pCCD -0.987 -1.743 -1.110 0.000

Iterative -0.394 -0.515 -0.394 0.000

VMC-NQS
30

-0.606 -0.946 -1.057 -0.946

pCCD -1.750 3.500 -6.467 -5.697

Iterative -0.606 -0.946 -1.057 -0.946

VMC-NQS
40

-0.809 -1.356 -1.678 -1.785

pCCD -4.231 124.923 7.598 -44.346

Iterative -0.809 -1.356 -1.678 -2.110

TABLE I. Correlation energies obtained with the VMC-NQS
method compared with pCCD and the iterative approach of
Ref. [36] for the constant-coupling Hamiltonian of Eq. (5) with
g = 0.05 and dp = p/10.

rectly reproduced by the VMC-NQS algorithm; on the
other hand, the behavior of the iterative method is less
regular, with a change from positive to negative concav-
ity at M = 20. To further support the VMC-NQS result,
we also verified its consistency within statistical error (of
order 10�6) when doubling the width of the inner neural
networks layers from 40 to 80 neurons.

Contrarily to VMC-NQS, pCCD struggles already for
P = 10 and M = 5, where it yields ⇠ 20% overbind-
ing. Increasing the number of single-particle states and
pairs, pCCD becomes more and more unreliable, with
large departures from both the exact and VMC-NQS val-
ues. This behavior is due to the the pairing interaction
terms growing faster with the number of states than the
mean-field one, making the exact ground-state very dif-
ferent from the Hartree-Fock solution.

To further gauge the accuracy of the VMC-NQS
method, we consider a parametrization of the constant-
pairing Hamiltonian of Eq. (5) suitable to describe ul-
trasmall superconducting grains [37, 38]. Specifically, to
make contact with density-matrix renormalization group
and exact results of Refs. [37, 38], we take P = 100 energy
levels with half filling (M = 50) and g = 0.4. We find the
VMC-NQS correlation energy, �40.500741(20), to be sta-
tistically compatible with the exact value of �40.500756.

We now turn to the separable-pairing Hamiltonian of
Eq. (9). In Fig. 4, we display the correlation energy for
this Hamiltonian for P = 10 energy levels and M = 5
pairs as a function of the interaction strength. Consis-
tent with Ref. [35], we use the cuto↵ ↵ = 10. The exact-
diagonalization and VMC-NQS results overlaps nicely
over the entire range of pairing strength that we con-
sider, in some cases matching up to 8 significant digits,
corroborating once more the accuracy of NQS in repre-
senting complicated many-body wave functions. Simi-

FIG. 4. Correlation energy for the separable-coupling model
for P = 10 energy levels and M = 5 pairs as a function of
the interaction strength. VMC-NQS (solid orange circles),
MBPT (solid red triangles), and pCCD (green crosses) calcu-
lations are compared with the exact answer (solid line).

larly to the results displayed in Fig. 3 for the constant-
pairing case, MBPT yields accurate correlation energies
only for very small values g, while for larger values of the
pairing strength large deviations are observed. The en-
ergies computed within pCCD start deviating from the
exact ones for g & 0.06, exhibiting abrupt violations of
the variational principle. Consistent with the constant-
pairing energies listed in Table I, pCCD becomes less
accurate with increasing system size, while VMC-NQS
does not seem to su↵er similar limitations. In addition,
we verified that the nearly perfect agreement between
VMC-NQS and exact-diagonalization energies persist at
least up until g = 0.6, confirming once again the robust-
ness of the method in the non-perturbative regime.

VII. CONCLUSIONS

We have introduced a variational Monte Carlo method
based on neural-network quantum states that solves
the nuclear many-body problem in the occupation-
number formalism. A tailored version of the stochastic-
reconfiguration algorithm, with a regularization term in-
spired by RMSprop, is utilized to train the neural net-
works and minimize the Hamiltonian expectation value.
As a specific application of this method, which ex-

hibits a polynomial scaling with the number of single-
particle levels, we considered two classes of exactly solv-
able pairing models both with constant and separa-
ble pairing interaction strength. In addition to exact-
diagonalization techniques, which are limited to rela-
tively small model spaces, we benchmark the VMC-NQS
approach against virtually-exact methods that solve the
Gaudin-Richardson equations in an iterative fashion. We
also gauge the accuracy of many-body perturbation the-
ory and pair coupled cluster doubles theory, both rou-

SOME PERSPECTIVES:
• Occupation number formalism allows to naturally satisfy Pauli’s exclusion  principle 

<latexit sha1_base64="nmSyvMFMJxRc3aTqNt5VethaZIc=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIdVMS8QVuCm5cSQX7gCaEyXTSDp08mJkIJRT8FTcuFHHrd7jzb5y0WWjrgYHDOfdyzxw/4Uwqy/o2SkvLK6tr5fXKxubW9o65u9eWcSoIbZGYx6LrY0k5i2hLMcVpNxEUhz6nHX90k/udRyoki6MHNU6oG+JBxAJGsNKSZx44Tcm8du3u2gmxGvpBlkxOkGdWrbo1BVokdkGqUKDpmV9OPyZpSCNFOJayZ1uJcjMsFCOcTipOKmmCyQgPaE/TCIdUutk0/gQda6WPgljoFyk0VX9vZDiUchz6ejLPKOe9XPzP66UquHIzFiWpohGZHQpSjlSM8i5QnwlKFB9rgolgOisiQywwUbqxii7Bnv/yImmf1u2L+vn9WbVhFXWU4RCOoAY2XEIDbqEJLSCQwTO8wpvxZLwY78bHbLRkFDv78AfG5w8W0pTi</latexit>

 V (N ;p)

<latexit sha1_base64="lclVeM6uP/Od13+p8dNiAKxqH68=">AAACE3icbVDLSsNAFL2pr1pfUZduBosgLkoivpYFNy4r2Ac0oUwmk3boZBJnJkKp/Qc3/oobF4q4dePOv3HaBtHWA8M9nHMvd+4JUs6Udpwvq7CwuLS8Ulwtra1vbG7Z2zsNlWSS0DpJeCJbAVaUM0HrmmlOW6mkOA44bQb9y7HfvKNSsUTc6EFK/Rh3BYsYwdpIHfvoHrnIu81w+FOdmep6Eosupx277FScCdA8cXNShhy1jv3phQnJYio04Viptuuk2h9iqRnhdFTyMkVTTPq4S9uGChxT5Q8nN43QgVFCFCXSPKHRRP09McSxUoM4MJ0x1j01643F/7x2pqMLf8hEmmkqyHRRlHGkEzQOCIVMUqL5wBBMJDN/RaSHJSbaxFgyIbizJ8+TxnHFPaucXp+Uq04eRxH2YB8OwYVzqMIV1KAOBB7gCV7g1Xq0nq03633aWrDymV34A+vjGxhgm8c=</latexit> |1
1

0
0

1i
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