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Progress in Ab Initio Calculations
[ cf. HH, Front. Phys. 8, 379 (2020) ]

 chiral NN+3N forces are largest 
source of uncertainty - but UQ & 

emulators are start of new era
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Transforming the Hamiltonian

excitations relative 

to reference state:

normal-ordering
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Decoupling in A-Body Space

goal: decouple reference state  
from excitations
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Operators

truncated at two-body level -

matrix is never constructed  

explicitly!
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Decoupling

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@M
eV
D

40Ca
E
E+MBPTH2L

���	, � = �.� ����, ��
 = �



H. Hergert - 2024 Workshop on Progress in Ab Initio Nuclear Theory (PAINT), TRIUMF, Vancouver, Feb 28, 2024

Decoupling

off-diagonal couplings    
are rapidly driven to zero
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non-perturbative    
resummation of MBPT series      

(correlations)
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Decoupling

• absorb correlations into RG-improved Hamiltonian


• reference state is ansatz for transformed, less correlated 
eigenstate:

U(s)HU†(s)U(s)
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“standard” IMSRG: build correlations on top of 

Slater determinant (=independent-particle state)

Correlated Reference States

! IMSRG(2) IMSRG(3) IMSRG(4) IMSRG(5)

. . . 

Collective (aka static) correlations, e.g.

due to intrinsic deformation:



H. Hergert - 2024 Workshop on Progress in Ab Initio Nuclear Theory (PAINT), TRIUMF, Vancouver, Feb 28, 2024

Correlated Reference States

! MR-IMSRG(2)

. . . 

MR-IMSRG: build correlations on top of 

already correlated state (e.g., from a method that


describes static correlation well)

IMSRG

reference

new contractions 
(two-body and higher 
densities), but scaling  
remains unchanged
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IMSRG-Improved Methods

XYZ 
define


reference

IMSRG 
evolve


operators

XYZ 
extract


observables

• IMSRG for closed and open-shell nuclei: IM-HF 
and IM-PHFB

• HH, Phys. Scripta, Phys. Scripta 92, 023002 (2017)


• HH, S. K. Bogner, T. D. Morris, A. Schwenk, and K. Tuskiyama, 
Phys. Rept. 621, 165 (2016)


• Valence-Space IMSRG (VS-IMSRG)                 

• S. R. Stroberg, HH, S. K. Bogner, J. D. Holt, Ann. Rev. Nucl. Part. 

Sci. 69, 165 


• In-Medium No Core Shell Model (IM-NCSM)                                         

• E. Gebrerufael, K. Vobig, HH, R. Roth, PRL 118, 152503


• In-Medium Generator Coordinate Method (IM-
GCM)                                               

• J. M. Yao, J. Engel, L. J. Wang, C. F. Jiao, HH PRC 98, 054311 

(2018)


• J. M. Yao et al., PRL 124, 232501 (2020) 

see GCM  
talks by A. Porro,  

B. Bally

new variants in 
development
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Perturbative Enhancement of IM-GCM
M. Frosini et al., EPJA  58, 64 (2022)

• s-dependence is a built-in diagnostic tool for IM-GCM (not 
available in phenomenological GCM)

• if operator and wave function offer sufficient degrees of freedom, 

evolution of observables is unitary 

• need richer references and/or IMSRG(3) for certain observables
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76Ge

comprehensive  
state of the art study: 


IM-GCM & VS-IMSRG, explores 
interactions, truncations, 


contact term, …

A. Belley et al., arXiv:2308.15643 (v2)

see talk  
by A. Belley
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76Ge / 76Se Structure

EM1.8/2.0 NN+3N interaction, ℏω = 12 MeV, emax = 10

A. Belley et al., arXiv:2308.15643 (v2)
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76Ge / 76Se Structure

EM1.8/2.0 NN+3N interaction, ℏω = 12 MeV, emax = 10

A. Belley et al., arXiv:2308.15643 (v2)

caveat: EM1.8/2.0 gives radii that are a few percent too small
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IM-GCM for Odd Nuclei

• IMSRG evolution 
improves absolute 
energies


• working to 
understand how/
why evolution 
increases spread of 
spectrum:  
reshaping of PES, 
tailoring to g.s. 


• weak sensitivity to 
choice of reference 
(even neighbors, 
ensemble, …)

W. Lin, J. M. Yao, E. F. Zhou, HH, in preparation
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Pearson coefficient: 

p = cov(HDMD, HIMSRG)
σDMD σIMSRG

HDMD(s) vs. HIMSRG(s)
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Emulating IMSRG Flows

Dynamic Mode Decomposition 
emulator “learns” all flowing 
operator coefficients from 
snapshots!

EM(500) N3LO, λ = 2.0 fm−1

E(
s)

[M
eV

]

s [MeV−1]

J. Davison, HH, J. Crawford, S. Bogner, in preparation



• non-invasive ROM 
emulator based on 
Dynamic Mode 
Decomposition


• NNLOGO, NN+3N, 
, 


• O(10M) samples 


• computational 
effort reduced by 
5+ orders of 
magnitude

Δ
emax = 12 E3max = 14
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Emulation for Operators (IMSRG)
J. Davison, HH, J. Crawford, S. Bogner, in preparation

Pre
lim
ina
ry



H. Hergert - 2024 Workshop on Progress in Ab Initio Nuclear Theory (PAINT), TRIUMF, Vancouver, Feb 28, 2024

Preview: Finite-Temperature IMSRG

• formalism and 
benchmark paper 
out soon


• implementation for 
realistic nuclei and 
chiral interactions 
complete, under 
validation


• expect first 
applications to 
structure, beta 
decays within next 
1-2 years

The In-Medium Similarity Renormalization Group at Finite Temperature

Isaac G. Smith, Heiko Hergert, Scott K. Bogner
Facility for Rare Isotope Beams, Department of Physics and Astronomy,

Michigan State University, East Lansing, MI 48824

The study of nuclei at finite-temperature is of immense interest in nuclear astrophysics. Many ab
initio methods for determining properties of nuclei at zero-temperature have been developed over
the past few decades. We exapand one such method, the In-Medium Similarity Renormalization
Group (IMSRG), to finite temperature. The implementation of the finite-temperature IMSRG (FT-
IMSRG), including the implementation of finite-temperature Hartree-Fock, is detailed. Using an
exactly-solvable toy model, we show that the FT-IMSRG can accurately determine the energetics
of nuclei at finite temperature. The e↵ect of model parameters on the FT-IMSRG’s accuracy is
discussed. We also demonstrate the di↵erence between the FT-IMSRG results when treating nuclei
in the canonical ensemble and the grand canonical ensemble. In future work, we will apply the
FT-IMSRG to realistic models of nuclei to study nuclear properties finite-temperature, which will
help paint a picture of the nuclear reactions occurring in stellar cores.

I. INTRODUCTION

There has recently been a large e↵ort to study the
properties of nuclei starting from a fundamental descrip-
tion of the nuclear force. The so-called ab initio nuclear
many-body theory has seen immense progress over the
last decade, and has been used to study hundreds of nu-
clei up to isotopes of calcium and beyond[1]. The main
di�culty of many-body theory is the sheer size of the
problem. For a relatively simple model of oxygen-16,
the exact solution to the many-body problem would in-
volve diagonalizing a 2 ⇥ 1017 by 2 ⇥ 1017 Hamiltonian
matrix[2]. This is because for a system with A identi-
cal nucleons which can be in N di↵erent single-particle
states, we have a many-body basis of dimension

�N
A

�
by

the Pauli exclusion principle.

In order to e�ciently study heavier nuclei from first
principles, it is necessary to develop methods to approx-
imate the solution to the many-body problem in poly-
nomial time. Recently, several such methods have been
developed, which can extract properties of specific energy
eigenstates, most frequently the ground state.

The first line of attack is known as Hartree-Fock (HF)
theory[3]. It is a variational method to approximate the
ground state of a many-body Hamiltonian as a single
Slater determinant by constructing an e↵ective single-
particle basis. This serves as the basis for so-called post-
HF methods, which take in a HF ground state and further
improve the approximation of the ground state. Post-HF
methods, such as perturbation theory and coupled cluster
theory, have been successful in approximating solutions
to the nuclear many-body problem[3].

A post-HF method of particular interest is the In-
Medium Similarity Renormalization Group (IMSRG)[4].
The IMSRG applies a continuous unitary transforma-
tion to the Hamiltonian, with the goal of extracting the
ground state energy, or the energy of a selected excited
state. It has shown great success in the prediction of
ground state and excited state properties in medium-
mass nuclei[5].

The previously mentioned methods function primar-
ily at zero temperature. This means that they extract
information primarily about the ground state and low-
lying excited states. At finite temperature, nuclei can no
longer be described as being in a single quantum state,
but as being in a thermal ensemble of states. New quan-
tities, such as free energy and entropy, become relevant.
The significance of nuclear many-body theory at finite
temperature has been the subject of recent studies, see
for example [6]. Both HF[7] and coupled cluster theory[8]
have already been extended into the finite-temperature
domain, though as of yet no post-HF methods have been
applied to non-schematic models of nuclei at finite tem-
perature.

Solving the nuclear many-body problem at finite
temperature will allow for the calculation of nuclear
reaction and decay rates in stellar cores via meth-
ods like the finite-temperature quasiparticle random
phase approximation[9]. Understanding these reaction
rates is important for studying the origin of the el-
ements and other pressing questions within nuclear
astrophysics[10][11].

In this paper, we present finite-temperature exten-
sion of the IMSRG: the finite-temperature IMSRG (FT-
IMSRG). In Section II, we present a summary of the IM-
SRG at zero temperature. In Section IIIA we describe
our implementation of FT-HF, followed by a description
of the FT-IMSRG flow equations in Section III B. In Sec-
tion IV, our results are presented. We first explain the
toy model used in Section IVA, then present results for
a four nucleon system with eight single-particle states in
Section IVB, leading into a discussion of larger systems
in Section IVC. In Section IVD, we compare our results
for working in the canonical and grand canonical ensem-
bles. In Section IVE, we demonstrate the computation
of free energy from the FT-IMSRG results. Finally, we
conclude in Section V.
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What Else Is There?

• improved truncations: IMSRG(3), tailored operator bases                                                                                      
[also cf. talks by M. Heinz, R. Stroberg] 

• accelerate IMSRG & IM-GCM 


• GPUs, factorization, Machine Learning, …


• (random) compression & tensor factorization                                                       

• Uncertainty Quantification / Sensitivity Analysis 

• emulators for GCM (wave function / Galerkin methods)


• emulation workflow based on (IM)SRG ROMs ?
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Similarity Renormalization Group

• flow equation for Hamiltonian                                : 


• choose         to achieve desired behavior, e.g.,


to suppress (suitably defined) off-diagonal Hamiltonian


• consistent evolution for all observables of interest

Basic Idea
continuous unitary transformation of the Hamiltonian to band-
diagonal form w.r.t. a given “uncorrelated” many-body basis

�
��

�(�) =
�
�(�),�(�)

⇥
, �(�) =

��(�)
��

�†(�) = ��†(�)

�(�)

/(Z) = <(Z)/<†(Z)

�(Z) =
�
/K(Z),/VK(Z)

�
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SRG in Three-Body Space

chiral NN + 3N

N3LO + N2LO  (3H fit)

SRG Evolution in Three-Body Space
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λ =  ∞ fm-1λ =  3.16 fm-1λ =  2.66 fm-1λ =  2.24 fm-1λ =  1.88 fm-1λ =  1.58 fm-1λ =  1.33 fm-1
�� = �

�
+
,� = �

� , �Ǖ = �� ���

[figures courtesy of A. Calci and R. Roth]
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Operator Bases for the IMSRG
• choose a basis of  operators to represent the flow (make 

an educated guess about physics):


• close algebra by truncation, if necessary:


• flow equations for the coefficient (coupling constants):


• “obvious” choice for many-body problems:

d
dsck =

�

ij
gijk fi({c}) cj

�
Oi,Oj

�
=

�

k
gijkOk

H(s) =
�

i
ci(s)Oi , �(s) =

�

i
fi({c(s)})Oi

{Opq,Opqrs, . . .} = {a†
paq, a†

pa†
qasar, . . .}
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Standard IMSRG(2) Flow Equations

0-body Flow

1-body Flow

��
��

= ＋

��
��

=                        ＋                        ＋                   ＋

~ 2nd order MBPT for H(s)

coefficients (couplings) of H(s) 
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Standard IMSRG(2) Flow Equations

2-body Flow

�Ĳ
��

=                   ＋                －                 －                 

＋              ＋                ＋                       －

s channel t channel u channel
ladders rings

O(N6) scaling 

(before particle/hole distinction)


