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What’s going at N = 20? 

N = 12, hw = 16MeV

S. J. Novario, G. Hagen, G. R. Jansen, T. Papenbrock, Phys. Rev. C 102, 051303 (2020)

InteracJon/method deficiency or something else? 

?
?



Onset of deformation and shape co-
existence in nuclei

Regions of shape co-existence 
from experiment and theory 
(mean-field + shell-model) 

Kris Heyde and John L. Wood  
Rev. Mod. Phys. 83, 1467 (2011)



Onset of deformation and shape co-
existence along N = 20

K. Wimmer et al, PRL (2010) 

Shape co-existence in 32Mg 



G. Hagen, S. J. Novario, Z. H. Sun, T. Papenbrock, G. R. Jansen, J. G. Lietz, T. Duguet, A. Tichai Phys. Rev. C 105, 064311 (2022)

Rigid rotor: E(J) ∝ J(J + 1) 
E(4+)/E(2+) = 10/3 

S. J. Novario, G. Hagen, G. R. Jansen, T. Papenbrock, Phys. Rev. C 102, 051303 (2020)

? ?

Towards island of inversion with ab initio methods

34Mg 
(BE: 257MeV)



The key lies in choosing the correct star1ng point  

Wave-func1on based methods starts from a 
mean-field reference state

Spherical Deformed 
<latexit sha1_base64="BboLK8xwOFo6DAOl9C8PPTz8Z2s=">AAACGHicbZDLSgMxFIYz9VbrrerSTbAIruqMFHUjFN24s4K9QKeUTHo6DU0yQ5IRytDHcOOruHGhiNvufBvTi6itBwI//3cOJ+cPYs60cd1PJ7O0vLK6ll3PbWxube/kd/dqOkoUhSqNeKQaAdHAmYSqYYZDI1ZARMChHvSvx7z+AEqzSN6bQQwtQULJuowSY612/sS31GC/ohn2FZEhB3yJ/VsBIcHfrPfD2vmCW3QnhReFNxMFNKtKOz/yOxFNBEhDOdG66bmxaaVEGUY5DHN+oiEmtE9CaFopiQDdSieHDfGRdTq4Gyn7pMET9/dESoTWAxHYTkFMT8+zsfkfayame9FKmYwTA5JOF3UTjk2ExynhDlNADR9YQahi9q+Y9ogi1NgsczYEb/7kRVE7LXpnxdJdqVC+msWRRQfoEB0jD52jMrpBFVRFFD2iZ/SK3pwn58V5dz6mrRlnNrOP/pQz+gK5Rp71</latexit>

| i = ⌦|�i
Wave-operator (includes 
many-body correlations)

Coupled-cluster computations of deformed nuclei



1. Compute Hartree-Fock reference state
§ Nontrivial vacuum state informs us about emergent breaking of 

symmetries  
§ Yields normal-ordered two-body Hamiltonian

2. Include dynamical (extensive) correlations via coupled-cluster theory
§ (or via IMSRG, or Gorkov methods, or Green’s functions)
§ Cost increases polynomial with mass number

3. Perform symmetry projections 
§ Non-extensive contributions to the energy
§ Often relevant for transition matrix elements

Dynamic correlation (large contribution 
and requires size-extensive methods)

StaRc correlaRon (can use 
non size-extensive methods)

The total energy of 
a nucleus
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E = Eref +�ECC + �E

Coupled-cluster computations of deformed nuclei



Symmetry restored coupled-cluster theory

Projection after 
variation (PAV):

Image credit: Wikimedia Commons 
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| i = eT |�0i

<latexit sha1_base64="DzvU1cYJHjaNtpGMtn0toqe6Q4M="></latexit>

he | = h�0|(1 + ⇤)e�T

Right coupled-cluster state:

Left state is parametrized differently: 

Bi-variaEonal

<latexit sha1_base64="1pkm+e1108xzFSabLRT/cPskoCg="></latexit>

E
(J) =

he |PJH| i
he |PJ | i

For axial symmetry around the z-
axis the rotaEon operator is: 

R(�) ⌘ ei�Jy
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PJ =
1

2

Z ⇡

0
d� sin(�)dJ00(�)R(�)

<latexit sha1_base64="JTPv92P5gSzziVpO6WPV50cq0UA="></latexit>



The kernels can be evaluated by using Thouless theorem:

R(�) = e�T1R(�)eT1

<latexit sha1_base64="Vfu+eNiB8dpMGmTYY7q0SOI1qRo=">AAACF3icbVDLSgMxFM3UV62vUZdugkWoC8uMFNSFUHTjspa+oFNLJr3ThmYeJBmhDP0LN/6KGxeKuNWdf2OmraCtBwIn59xDco8bcSaVZX0ZmaXlldW17HpuY3Nre8fc3WvIMBYU6jTkoWi5RAJnAdQVUxxakQDiuxya7vA69Zv3ICQLg5oaRdDxST9gHqNEaalrFp1Q22k6qY4LjguKHONLDHfJSa1rj6s/khbSe9fMW0VrArxI7BnJoxkqXfPT6YU09iFQlBMp27YVqU5ChGKUwzjnxBIiQoekD21NA+KD7CSTvcb4SCs97IVCn0Dhifo7kRBfypHv6kmfqIGc91LxP68dK++8k7AgihUEdPqQF3OsQpyWhHtMAFV8pAmhgum/YjogglClq8zpEuz5lRdJ47Rol4oXt6V8+WpWRxYdoENUQDY6Q2V0gyqojih6QE/oBb0aj8az8Wa8T0czxiyzj/7A+PgG2yOeeQ==</latexit>

eH(�) = e
V1(�)He

�V1(�)

<latexit sha1_base64="5VfN3Rup6rsXiM2K1yULs8TQsak=">AAACK3icbVDLSgMxFM3Ud31VXboJFqEuLDNSUBeC1E2XFWwVOrVkMrcamnmQ3FHK0P9x46+40IUP3PofZtpZaPVA4OSce3NzjxdLodG2363CzOzc/MLiUnF5ZXVtvbSx2dZRoji0eCQjdeUxDVKE0EKBEq5iBSzwJFx6g7PMv7wDpUUUXuAwhm7AbkLRF5yhkXqlunsvfEAhfUgbo4rrAbI9ekLhOm33nPw+om5kHslmmKLM2/9h9kplu2qPQf8SJydlkqPZKz27fsSTAELkkmndcewYuylTKLiEUdFNNMSMD9gNdAwNWQC6m453HdFdo/i0HylzQqRj9WdHygKth4FnKgOGt3ray8T/vE6C/aNuKsI4QQj5ZFA/kRQjmgVHfaGAoxwawrgS5q+U3zLFOJp4iyYEZ3rlv6R9UHVq1ePzWvm0nsexSLbJDqkQhxySU9IgTdIinDyQJ/JK3qxH68X6sD4npQUr79kiv2B9fQOQcaap</latexit>

Similarity transformed rotation 
operator and Hamiltonian: 

h�0|R(�) = h�0|R(�)|�0ih�0|eV1(�)
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§ Does not truncate 
§ How to evaluate the disentangled amplitudes?

<latexit sha1_base64="6BILiNyQu6nbLoeNc8MwhFJW21c="></latexit>

N (�) = h�|R(�)|�ih�|Z(�)eV (�)eT2 |�i

<latexit sha1_base64="rS6d8jNa62szk0caTWHneFEEz0Y="></latexit>

H(�) = h�|R(�)|�ih�|Z(�) eH(�)eV (�)
e
T2 |�i

<latexit sha1_base64="Km30Mnn5jI9xfRmRQ2vaj8vPNxU="></latexit>

eV (�)eT2 |�i = eW0(�)+W1(�)+W2(�)+...|�i

Symmetry restored coupled-cluster theory

[Qiu et al, J. Chem. Phys. 147, 064111 (2017)]



Solving for the disentangled amplitudes [Qiu et al] 

Taking the deriva.ve with respect to β leads to a set 
of ODEs with ini.al condi.ons: 
"# $ = 0 = "' $ = 0 = 0, ") $ = 0 = *)
[Qiu et al, J. Chem. Phys. 147, 064111 (2017)]

- Approximate restora.on of symmetries 
- Can lead to s.ffness as  +,($)/+ $ might be 

large for Φ 1 $ Φ ≈ 0.
- The trunca.on at ") might lead to loss of 

accuracy at larger angles 
- Kernels are not symmetric around $ = 4

)

<latexit sha1_base64="EpihnA1hblenoo1t7XgMLi8ge6E="></latexit>

eV (�)eT2 |�i ⇡ eW0(�)+W1(�)+W2(�)|�iApproximate: 



Taking the derivative with respect to ! for  
fixed β leads to a new set of ODEs with initial 
conditions: #$ ! = 0 = '$

- Approximate restoration of symmetries 
- Significantly improves stability of ODEs
- Kernels are fully symmetric around ( = )

*

We write: 

New approach to solve for disentangled amplitudes
<latexit sha1_base64="wHgtR67f7b0f/q6ZAdj7xtjLwtA="></latexit>

e�V eT2 |�i ⇡ eW0(�)+W1(�)+W2(�)|�i

Zhonghao Sun, A. Ekstrom, C. Forssen, 
G. Hagen. G. R. Jansen, T. Papenbrock (2024)



Electromagnetic transitions

Zhonghao Sun, A. Ekstrom, C. Forssen, G. Hagen. G. R. Jansen, T. Papenbrock (2024)

<latexit sha1_base64="c03HjkJBkqhr7nXREpVSMCgx1XU="></latexit>

B(E2, #) ⌘ |h0+||Q2||2+i|2
<latexit sha1_base64="xBB2lEKygGvALMx6FJ/+CrfuDtM="></latexit>

B(E2, #) = he |P0Q20P2| ihe |P2Q20P0| i
he |P0| ihe |P2| i
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| i ⌘ eT |�0i
<latexit sha1_base64="1BuDolH1l93U4vPyvBqT+IHaQIE="></latexit>

he | ⌘ h�0|(1 + ⇤)e�T

Recall the leE and right coupled-cluster states:



Benchmarking projected coupled-cluster in 20Ne 

Benchmarks from SA-NCSM 
[Dytrych, Launey et al. (2020)]

NNLOopt



Inclusion of three-body forces
§ The normal ordered 2-body approxima3on breaks rota3onal symmetry when normal-ordered with respect 

to a broken symmetry reference state
§ Perform spherical HF with frac3onal filling to normal-order three-nucleon force 
§ Use normal-ordered Hamiltonian in the 2-body approxima3on in a second HF calcula3on of deformed 

nuclei 

Mikael Frosini et al, Eur. Phys. J. A 57 (2021)

What is the 
correct spherical 
filling in very 
deformed nuclei?



Collectivity in neon isotopes

Zhonghao Sun, A. Ekstrom, C. Forssen, G. Hagen. G. R. Jansen, T. Papenbrock (2024)

Rotational structure of 
neutron-rich neon 
isotopes in good 
agreement with data

Spectra of 30-34Ne follow 
that of a rigid rotor 
E(J) ∝ J(J + 1)  

Small energies reflect a 
large moment of inertia 
and a strong deformation 



Shape co-existence in 30Ne

Zhonghao Sun, A. Ekstrom, C. Forssen, G. Hagen. G. R. Jansen, T. Papenbrock (2024)
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Shape co-existence in 32Mg

Zhonghao Sun, A. Ekstrom, C. Forssen, G. Hagen. G. R. Jansen, T. Papenbrock (2023)
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Ikuko Hamamoto, Phys. Rev. C 93, 054328 (2016)

Crawford et al. PRL 122, 052501 (2019)
Tsunuda et al, Nature 587,  66 (2020)

§ RotaIonal structure in good agreement with experiment 
§ IndicaIons of shape co-existence in 40Mg 
§ Find oblate band in 40Mg 2-3MeV above the prolate band 

40Mg

39Mg

Deformation in neutron-rich magnesium 
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Looks complicated;
shown data lacks understanding

NCSM from Caprio, Maris, Vary & Smith, 
Int. J. Mod. Phys. E 24, 1541002 (2015)

Zhonghao Sun et al., in preparaLon
Hartree-Fock computaLons yield deformed reference

Coupled-cluster + projecLon yields bands

Making sense of spectra in odd-mass nuclei



Rotational bands in odd-mass nuclei
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Zhonghao Sun et al., in preparaBon (2024)

NNLOopt

1.8/2.0(EM)



Onset of deformation around 78Ni
R. Taniuchi, et al, Nature 569, 53 (2019) 

Deformed band?
Where is the band head?

T Otsuka and Y Tsunoda J. Phys. G 43 024009 (2016)



Onset of deformation around 78Ni
R. Taniuchi, et al, Nature 569, 53 (2019) 

Baishan Hu, Zhonghao Sun, G. Hagen, 
T. Papenbrock. in preparation (2024)

Preliminary Deformed band?
Where is the band head?



Coupled-cluster computations of strongly 
deformed nuclei around 80Zr

Tomás R. Rodríguez, J. Luis Egido,  
Phys. Le8. B 705 255 (2011) 

N = Z



Coupled-cluster computations of strongly 
deformed nuclei around 80Zr

Baishan Hu, Zhonghao Sun, G. Hagen, T. Papenbrock. in prepara9on (2024)

Preliminary

prolate

larger 
prolate



Preliminary

Baishan Hu, Zhonghao Sun, G. Hagen, T. Papenbrock. 
in prepara<on (2024)

K. Kaneko, et al, Phys Lett B 817, 136286 (2021) 

R.D.O. Llewellyn, et al, Phys Rev Lett 124, 152501 (2020) 

Shell model

Mean field

Exp

Coupled-cluster computations of strongly 
deformed nuclei around 80Zr



Summary

§ Neutron-rich neon isotopes are strongly deformed: 34Ne as 
rota9onal as 32Ne and 34Mg

§ Electromagne9c transi9ons follow experimental trends   
§ Signatures of shape co-existence along N = 20 towards 28O
§ Nuclei around 80Zr are strongly deformed with rich prolate 

and oblate structure 
§ Predict low-lying rota9onal states in 78Ni consistent with 

data and shell-model predic9ons 

Thank you for your attention!


