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4He

FIG. 2. Ground-state energies for 4He obtained in the NCSM
with the HO, HF, and NAT basis set as functions of the oscillator
frequency h̄� for Nmax = 4 ( ), 6 ( ), 8 ( ), 10 ( ), and 12
( ). All calculations employ the chiral NN+3N interaction (�3N =
400 MeV/c) after an SRG evolution with α = 0.08 fm4.

The deficiencies of the HF wave functions for unoccupied
states are not surprising, given that the self-consistent solution
of the HF equations only provides a variational optimization
of the occupied states, while unoccupied single-particle states
are only fixed via orthogonality and normalization. This is
different for the NAT basis, since all single-particle states—
also those not occupied in HF—contribute to the correlated
ground state and, thus, carry relevant physical information
on the global structure of the ground state. As long as the
Hamiltonian mixes the high-lying single-particle states into
the ground state, the one-body density matrix and the natural
orbitals provide an efficient tool for optimizing their wave
functions.

B. Ground-state energies

Based on the differences of the wave functions among the
HO, HF, and NAT basis sets, we should expect quite different
convergence patterns in actual NCSM calculations. We start
with the discussion of the ground-state energy as a function
of the oscillator frequency h̄� for increasing the model-
space truncation parameter Nmax. The ground-state energies
obtained for the three basis sets with the aforementioned
chiral NN+3N interactions for 4He and 16O are summarized in
Figs. 2 and 3, respectively. The left-hand panels depict the re-
sults with the HO basis, which exhibit a well-known systemat-
ics: At small Nmax the energies show a pronounced minimum
as a function of frequency, often used to define an optimal HO
frequency, with a monotonic rise of the energy toward smaller
and larger frequencies. With increasing Nmax the frequency
dependence gradually flattens and the minimum broadens.
Once convergence is reached, the energies become indepen-
dent of frequency, and successive Nmax calculations fall on top
of each other. For 4He we reach this convergence already at
Nmax = 10, while for 16O still larger Nmax would be needed.

For the HF basis, shown in the middle panel, the pattern
is vastly different. Obviously, we cannot extract meaning-
ful converged results from the HF-basis calculation. There
is a strong frequency dependence over the full Nmax range

16O

FIG. 3. Ground-state energies for 16O obtained in the NCSM
with the HO, HF, and NAT basis sets with Nmax = 2 ( ), 4 ( ), 6
( ), 8 ( ), and 10 ( ). The open symbols indicated results obtained
with the NO2B approximation. All other parameters as in Fig. 2.

considered here, favoring large frequencies. Furthermore,
there is no indication of convergence even for model-space
sizes where the HO calculation is converged already. This
catastrophic behavior results from a combination of two
effects: the pathologies of the HF single-particle basis, as
discussed above, and the Nmax model space truncation. In
a full CI calculation, which solely uses a truncation of the
single-particle basis, the HF basis would not pose a problem,
because the full CI model space covers all possible unitary
transformations of the single-particle states. Thus, the de-
ficiencies of the HF basis can be remedied by the full CI
solution. This is not possible in a NCSM calculation, since we
use a truncation in a many-body energy parameter and unitary
transformations of the single-particle basis would lead be-
yond the Nmax-truncated space. Methods like coupled-cluster
theory or the in-medium similarity renormalization group,
which employ a truncation of the single-particle basis (i.e., an
emax truncation) plus some cluster truncation, can work with
the HF basis, because they have the freedom to improve the
single-particle basis (singles amplitudes in coupled cluster).
However, this is only true as long as the HF calculation and
the subsequent full CI or coupled-cluster calculations use the
same single-particle truncation.

For the NAT basis, the situation improves drastically. Al-
ready for small Nmax there is almost no frequency depen-
dence, which is expected based on the robustness of single-
particle wave functions. With increasing Nmax we observe
rapid and very smooth convergence—the convergence rate
for all frequencies is as good as or even better than for
the HO basis at its optimal frequency. These two aspects,
frequency independence and optimal convergence, make the
NAT basis a perfect tool for efficient NCSM calculations. We
only have to consider a single Nmax sequence for one standard
frequency, instead of multiple sequences, to determine the
optimal frequency.

As mentioned earlier, the NAT basis does not guarantee a
formal separation of intrinsic and center-of-mass motion and
we have to expect c.m. contaminations. We monitor the expec-
tation value of the HO c.m. Hamiltonian in all calculations.
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12C - Rms Radius
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12C - E2 Transition Strength
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12C - E2 Transition Strength

aHO [fm]
1.3
1.4
1.5

1.6
1.7
1.8

1.9
2.0
2.1

2 4 6 8

5

10

15

20

Nmax

B
(E
2)
2+
→
0+

[fm
4
]
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Motivation

• NCSM [1]: Expansion of nuclear wave function with exponential fall-off in har-
monic oscillator (HO) basis with Gaussian long-range behavior

• Not ideal for radii and several electromagnetic observables that are sensitive to
long-range part of nuclear wave function

• Derive more physical basis from natural orbitals with controllable length parameter
for fine-tuning of converging sequences

• This poster: Comparison between HO and this new basis for 12C and 6Li for radii,
quadrupole moments and E2 transition strengths

12C

• Non-local NN+3N interaction derived from chiral effective field theory at N3LO
with cutoff Λ=500MeV [2]; SRG evolved with flow parameter α=0.08 fm4

• Results forNmax=8 obtained via extrapolation of importance truncated (IT) NCSM
calculations [3]
→→ Most likely reason for sharp bend in quadruple moment sequences

HO SNAT
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• No clear starting point for aHO
→→ Initial guess necessary

• aHO for optimal energy convergence
(here: aHO ≈1.3 fm) far away from opti-
mal convergence for other observables

• ãHO=aHO=1.4 fm (normal NATs) good
general starting point for ãHO variation

• Optimally converging sequences close
to starting sequence ãHO=aHO=1.4 fm
→→ Only small variation required
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• Clear correlation between radius and electric quadrupole moment for both HO
and SNAT for Nmax=8 results (filled markers)

• Correlation becomes less systematic for smaller Nmax

Natural Orbitals (NATs)

Hartree-Fock (HF) [4]:

• Single HO Slater determinant (SD) |Φ⟩ ∝ |ϕ1 . . . ϕA⟩ as reference state
• Minimization of energy expectation value: δ

[
⟨Ψ|H|Ψ⟩ −

∑
i ϵi

(
⟨ψi|ψi⟩ − 1

)]
= 0

→→ HF equations
• Self-consistent solution of HF equations →→ HF basis

Natural Orbitals [5]:

• One-body density matrix from perturbatively improved HF ground state SD
• Diagonalization of density matrix →→ NATs
• Independent of HO length aHO

Scaled Natural Orbitals (SNATs)

• Calculate NATs with specific oscillator length aHO of underlying HO basis
• Rescale HO basis to different ãHO

|ψ(SNAT)
i ⟩ =

∑
k ⟨ϕk(aHO)|ψ

(NAT)
i ⟩ |ϕk(ãHO)⟩

• Modification of single-particle wave functions only dependent on relation between
aHO and ãHO, not initial choice of aHO

ãHO = aHO: standard NATs, ãHO < aHO: stretched, ãHO > aHO: compressed

6Li

Non-local NN+3N interaction derived from chiral effective field theory at N3LO
with cutoff Λ=500MeV [2]; SRG evolved with flow parameter α=0.08 fm4

HO SNAT

2 4 6 8

4

6

8

10

Nmax

B
(E
2)
3+
→
1+

[fm
4
]

-0.9

-0.8

-0.7

-0.6

-0.5

-0.4

-0.3

-0.2

Q
M
om

1+
[fm

2
]

aHO [fm]
1.6
1.7
1.8

1.9
2.0
2.1

2.2
2.3
2.4

6Li

2 4 6 8
2

4

6

8

10

Nmax

B
(E
2)
3+
→
1+

[fm
4
]

-0.9

-0.8

-0.7

-0.6

-0.5

-0.4

-0.3

-0.2

Q
M
om

1+
[fm

2
]
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• Quadrupole moment: Zig-zag pattern
makes finding optimal sequence and
predicting a value very difficult

• B(E2): Starting from aHO ≈1.5 fm
(optimal energy convergence) large
variation necessary

• Quadrupole moment: Complex,
strongly on ãHO dependent conver-
gence behavior complicates prediction

• BE2: Initial ãHO=aHO=1.4 fm already
closer to optimal convergence than
starting sequence for HO case

Conclusion

• SNATs: ãHO=aHO for SNATs consti-
tutes good starting point across various
observables and nuclei

• From there, only slight variation in ãHO
required to optimize convergence be-
havior

• HO: Unclear from which aHO to start,
if known use aHO that optimizes energy
convergence

• Difference to optimal aHO for other ob-
servables rather large

▶ SNATs facilitate optimization of converging sequences for radii & E2 observables

IT-
NCSM

IT-
NCSM

More details on
my poster

Thank you for your attention!
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