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Unfinished Business

Last time: Why don’t we just introduce a right-
handed neutrino into the Standard Model?
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Unfinished Business

Last time: Why don’t we just introduce a right-
handed neutrino into the Standard Model?

By the way, I don’t think RH neutrinos have a protected mass term

It’s not actually necessary!
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Review of Last Time 
SUSY qualitatively
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Hierarchy problem

The Higgs is quadratically sensitive to the mass 
scale of any new physics that couples to it. 

1 The Hierarchy Problem

At loop level, the Higgs mass receives corrections from self interactions, gauge loops, and fermion
loops (especially the top quark). Diagrammatically,

= + +

These loops are quadratically divergent and go like
R
d
4
k (k2

�m
2)�1

⇠ ⇤2 for some cuto↵ scale
⇤. Explicitly,

�m
2

H
=

⇤2

32⇡2


6�+

1

4

�
9g2 + 3g02

�
� y

2

t

�
(1.1)

If ⇤ � 10 tev (for example, ⇤ ⇠ MPl), then the quantum correction to the Higgs mass is much
larger than the mass itself, �m2

H
� m

2

H
. This is the Hierarchy problem: the Higgs mass is

quadratically sensitive to any mass scale of new physics. This problem is specific to elementary
scalars.

Unlike scalars, the quantum corrections to fermion and gauge boson masses are proportional to
the particle masses themselves. In this way, small fermion and gauge boson masses are technically
natural: the loop corrections are suppressed by the smallness of the tree-level parameter. For
fermions this is because of the appearance of a new chiral symmetry in the massless limit. For
gauge bosons this is because gauge symmetry is restored in the massless limit. By dimensional
analysis, the corrections to these mass parameters cannot be quadratically sensitive to the cuto↵,
⇤,
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The Hierarchy problem is independent of the renormalization scheme. It is sometimes argued
that in dimensional regularization there are no quadratic divergences since the 1/✏ poles correspond
to logarithmic divergences. This is fallacious. The Hierarchy problem isn’t about the cancellation of
divergences, it is about the separation of the electroweak and uv scales. Any new physics coupled
to the Higgs will reintroduce the quadratic dependence on the scale at which the new physics
appears. For example, suppose new physics enters at the scale mS by a four-point interaction
between the Higgs and an additional complex scalar, �L � �S|H|
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2. The contribution to the
Higgs mass from a loop of the S particle is
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Suppose one chose to ignore the term quadratic in the loop regulator, ⇤2

UV
—note that there’s no

justification to do this—the logarithmically divergent piece (corresponding to the 1/✏) and the
finite pieces are proportional to the squared mass scale of the new physics, m2

S
. The regulator

⇤UV is not a physical scale, but m2

S
is the scale of new physics. The Higgs mass is quadratically

sensitive to this scale, no matter how one chooses to regulate the loop.

3
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quantum contributions to Higgs mass1 The Hierarchy Problem
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Cancellations in SUSY

superpartners also contribute to Higgs mass

SUSY

1 The Hierarchy Problem

At loop level, the Higgs mass receives corrections from self interactions, gauge loops, and fermion
loops (especially the top quark). Diagrammatically,
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At loop level, the Higgs mass receives corrections from self interactions, gauge loops, and fermion
loops (especially the top quark). Diagrammatically,

= + +

These loops are quadratically divergent and go like
R
d
4
k (k2

�m
2)�1

⇠ ⇤2 for some cuto↵ scale
⇤. Explicitly,
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H
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⇤2

32⇡2


6�+

1

4

�
9g2 + 3g02

�
� y

2

t

�
(1.1)

If ⇤ � 10 tev (for example, ⇤ ⇠ MPl), then the quantum correction to the Higgs mass is much
larger than the mass itself, �m2

H
� m

2

H
. This is the Hierarchy problem: the Higgs mass is

quadratically sensitive to any mass scale of new physics. This problem is specific to elementary
scalars.

Unlike scalars, the quantum corrections to fermion and gauge boson masses are proportional to
the particle masses themselves. In this way, small fermion and gauge boson masses are technically
natural: the loop corrections are suppressed by the smallness of the tree-level parameter. For
fermions this is because of the appearance of a new chiral symmetry in the massless limit. For
gauge bosons this is because gauge symmetry is restored in the massless limit. By dimensional
analysis, the corrections to these mass parameters cannot be quadratically sensitive to the cuto↵,
⇤,

�me ⇠ me ln

✓
⇤

me

◆
(1.2)

�M
2

W
⇠ M

2

W
ln

✓
⇤

MW

◆
. (1.3)

The Hierarchy problem is independent of the renormalization scheme. It is sometimes argued
that in dimensional regularization there are no quadratic divergences since the 1/✏ poles correspond
to logarithmic divergences. This is fallacious. The Hierarchy problem isn’t about the cancellation of
divergences, it is about the separation of the electroweak and uv scales. Any new physics coupled
to the Higgs will reintroduce the quadratic dependence on the scale at which the new physics
appears. For example, suppose new physics enters at the scale mS by a four-point interaction
between the Higgs and an additional complex scalar, �L � �S|H|

2
|S|

2. The contribution to the
Higgs mass from a loop of the S particle is

�m
2

H
=

�S

16⇡2


⇤2

UV
� 2m2

S
ln

✓
⇤UV

mS

◆
+ (finite)

�
. (1.4)

Suppose one chose to ignore the term quadratic in the loop regulator, ⇤2

UV
—note that there’s no

justification to do this—the logarithmically divergent piece (corresponding to the 1/✏) and the
finite pieces are proportional to the squared mass scale of the new physics, m2

S
. The regulator

⇤UV is not a physical scale, but m2

S
is the scale of new physics. The Higgs mass is quadratically

sensitive to this scale, no matter how one chooses to regulate the loop.

3

additional particles 
“just right” coupling
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MSSM Particle Content

(s)fermions
(QUDLE)

Higgs(inos)
(Hu and Hd)

gauge(inos)
SU(3), SU(2), U(1)
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MSSM Particle Content

Spectrum: sparticles are typically heavier.

(s)fermions
(QUDLE)

Higgs(inos)
(Hu and Hd)

gauge(inos)
SU(3), SU(2), U(1)
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Interactions

Crude estimate: take SM vertex, promote two 
lines to sparticles. (Sufficient for cocktail parties) 

Systematic: supersymmetric action  
e.g. superpotential

�sf SU(3)c SU(2)L U(1)Y

Q 3 2 1/6

Ū 3 1 �2/3

D̄ 3 1 1/3

L 1 2 �1/2

Ē 1 1 �1
Hd 1 2 1/2

Hu 1 1 �1/2

Table 1: Matter content of the mssm. Note that we have used 2 = 2 for SU(2)L.

propagating gaugino, a fermion in the adjoint representation. As we showed above, o↵-shell susy
also implies non-propagating auxiliary fields.

The matter (�sf) content of the mssm is shown in Table 1. It is the same as the sm except
that we require two Higgs doublet chiral superfields. This is necessary for the cancellation of
the SU(2)2

L
⇥U(1)Y and SU(2)L Witten anomalies coming from the Higgs fermions, or Higgsinos.

An additional hint that this is necessary comes from the observation that the superpotential is a
holomorphic function of the chiral superfields while the Standard Model up-type Yukawa coupling
requires the conjugate of the Higgs, eH = i�

2
H

⇤.
The most general renormalizable superpotential made with these fields can be split into two

terms, W = W
(good) +W

(bad),

W
(good) =y

ij

u
Q

i
HuŪ

j + y
ij

d
Q

i
HdD̄ + y

ij

e
L
i
HdĒ

j + µHuHd (2.49)

W
(bad) =�

ijk

1
Q

i
L
j
D̄

k + �
ijk

2
L
i
L
j
Ē

k + �
i

3
L
i
Hu + �

ijk

4
D̄

i
D̄

j
Ū

k
. (2.50)

In W
(good) one can straight forwardly identify the Standard Model Yukawa couplings which give

the sm fermions their masses. Since these are packaged into the superpotential these terms also
encode the additional scalar quartic interactions required by supersymmetry. The last term in
W

(good) is a supersymmetric Higgs mass known as the µ-term. By supersymmetry this term also
gives a mass to the Higgsinos, which we require since we do not observe any very light chiral
fermions with the quantum numbers of a Higgs.

The W (bad) terms, on the other hand, are phenomenologically undesirable. These are renormal-
izable interactions which violate baryon (B) and/or lepton (L) number and are thus constrained
to have very small coe�cients. Compare this to the sm where B and L are accidental symmetries:
all renormalizable interactions of sm fields allowed by the sm gauge group preserve B and L. Vio-
lation of these symmetries only occurs at the non-renormalizable level and are suppressed by what
can be a very high scale, e.g. MGUT.

We see that in the mssm we must find ways to forbid, or otherwise strongly suppress, the terms
in W

(bad). Otherwise one would be faced with dangerous rates for rare processes such as proton
decay, p+ ! e

+
⇡
0 or ⌫̄⇡

+ (or alternately with ⇡ replaced with K) as shown in Fig. 2. Observe
that this is a tree level process and all of the couplings are completely unsuppressed.

A simple way to forbid W
(bad) is to impose matter parity, which is a 2 symmetry with

assignments:

14
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Superpotential

W = [coupling] A B C  
gauge invariant combinations of superfields

�sf SU(3)c SU(2)L U(1)Y

Q 3 2 1/6

Ū 3 1 �2/3

D̄ 3 1 1/3

L 1 2 �1/2

Ē 1 1 �1
Hd 1 2 1/2

Hu 1 1 �1/2

Table 1: Matter content of the mssm. Note that we have used 2 = 2 for SU(2)L.

propagating gaugino, a fermion in the adjoint representation. As we showed above, o↵-shell susy
also implies non-propagating auxiliary fields.

The matter (�sf) content of the mssm is shown in Table 1. It is the same as the sm except
that we require two Higgs doublet chiral superfields. This is necessary for the cancellation of
the SU(2)2

L
⇥U(1)Y and SU(2)L Witten anomalies coming from the Higgs fermions, or Higgsinos.

An additional hint that this is necessary comes from the observation that the superpotential is a
holomorphic function of the chiral superfields while the Standard Model up-type Yukawa coupling
requires the conjugate of the Higgs, eH = i�

2
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⇤.
The most general renormalizable superpotential made with these fields can be split into two

terms, W = W
(good) +W

(bad),
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In W
(good) one can straight forwardly identify the Standard Model Yukawa couplings which give

the sm fermions their masses. Since these are packaged into the superpotential these terms also
encode the additional scalar quartic interactions required by supersymmetry. The last term in
W

(good) is a supersymmetric Higgs mass known as the µ-term. By supersymmetry this term also
gives a mass to the Higgsinos, which we require since we do not observe any very light chiral
fermions with the quantum numbers of a Higgs.

The W (bad) terms, on the other hand, are phenomenologically undesirable. These are renormal-
izable interactions which violate baryon (B) and/or lepton (L) number and are thus constrained
to have very small coe�cients. Compare this to the sm where B and L are accidental symmetries:
all renormalizable interactions of sm fields allowed by the sm gauge group preserve B and L. Vio-
lation of these symmetries only occurs at the non-renormalizable level and are suppressed by what
can be a very high scale, e.g. MGUT.

We see that in the mssm we must find ways to forbid, or otherwise strongly suppress, the terms
in W

(bad). Otherwise one would be faced with dangerous rates for rare processes such as proton
decay, p+ ! e

+
⇡
0 or ⌫̄⇡

+ (or alternately with ⇡ replaced with K) as shown in Fig. 2. Observe
that this is a tree level process and all of the couplings are completely unsuppressed.

A simple way to forbid W
(bad) is to impose matter parity, which is a 2 symmetry with

assignments:

14
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Superpotential

Bilinear term gives mass.

�sf SU(3)c SU(2)L U(1)Y

Q 3 2 1/6

Ū 3 1 �2/3

D̄ 3 1 1/3

L 1 2 �1/2

Ē 1 1 �1
Hd 1 2 1/2

Hu 1 1 �1/2

Table 1: Matter content of the mssm. Note that we have used 2 = 2 for SU(2)L.

propagating gaugino, a fermion in the adjoint representation. As we showed above, o↵-shell susy
also implies non-propagating auxiliary fields.

The matter (�sf) content of the mssm is shown in Table 1. It is the same as the sm except
that we require two Higgs doublet chiral superfields. This is necessary for the cancellation of
the SU(2)2

L
⇥U(1)Y and SU(2)L Witten anomalies coming from the Higgs fermions, or Higgsinos.

An additional hint that this is necessary comes from the observation that the superpotential is a
holomorphic function of the chiral superfields while the Standard Model up-type Yukawa coupling
requires the conjugate of the Higgs, eH = i�

2
H

⇤.
The most general renormalizable superpotential made with these fields can be split into two

terms, W = W
(good) +W

(bad),

W
(good) =y

ij

u
Q

i
HuŪ
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In W
(good) one can straight forwardly identify the Standard Model Yukawa couplings which give

the sm fermions their masses. Since these are packaged into the superpotential these terms also
encode the additional scalar quartic interactions required by supersymmetry. The last term in
W

(good) is a supersymmetric Higgs mass known as the µ-term. By supersymmetry this term also
gives a mass to the Higgsinos, which we require since we do not observe any very light chiral
fermions with the quantum numbers of a Higgs.

The W (bad) terms, on the other hand, are phenomenologically undesirable. These are renormal-
izable interactions which violate baryon (B) and/or lepton (L) number and are thus constrained
to have very small coe�cients. Compare this to the sm where B and L are accidental symmetries:
all renormalizable interactions of sm fields allowed by the sm gauge group preserve B and L. Vio-
lation of these symmetries only occurs at the non-renormalizable level and are suppressed by what
can be a very high scale, e.g. MGUT.

We see that in the mssm we must find ways to forbid, or otherwise strongly suppress, the terms
in W

(bad). Otherwise one would be faced with dangerous rates for rare processes such as proton
decay, p+ ! e

+
⇡
0 or ⌫̄⇡

+ (or alternately with ⇡ replaced with K) as shown in Fig. 2. Observe
that this is a tree level process and all of the couplings are completely unsuppressed.

A simple way to forbid W
(bad) is to impose matter parity, which is a 2 symmetry with

assignments:

14
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More generally

Why quartic/Yukawa couplings are just so:  
they come from the same object.  
Kähler potential gives scalar quartics + derivative 
interactions. We’ll stick to superpotential.

where W is a holomorphic function of chiral superfields called the superpotential. Note that the
integral over d2✓ is an ordinary fermionic integral that just picks out the highest component of W .
Performing the fermionic integral gives Lagrangian terms

L = �
@
2
W (')

@�i@�j

 i j �

X

i

����
@W (')

@�i

����
2

. (2.30)

Observe that the superpotential is evaluated on the scalar components of the superfields, � = '.
One can check that restricting to renormalizable terms in the Lagrangian limits the mass dimension
of the superpotential to [W ]  3.

Cancellation of quadratic divergences. One can check from explicit calculations that the susy formalism
ensures the existence of superpartner particles with just the right couplings to cancel quadratic divergences. A
more elegant way to see this, however, is to note that the symmetries of superspace itself prevent this. While
it is beyond the scope of these lectures, the superpotential is not renormalized perturbatively—see, e.g. [8, 16]
for details. The holomorphy of W plays a key role in these arguments. The symmetries of the theory enforce
the technical naturalness of parameters in W , including scalar masses.

Superpotential terms, however, do not include the usual kinetic terms for propagating fields.
In fact, one can show that these terms appear in the ✓2✓̄2 term of the combination

�†�
��
✓2✓̄2

= FF
⇤ +

1

4
'
⇤
@
2
'+

1

4
@
2
'
⇤
'�

1

2
@µ'

⇤
@
µ
'+

i

2
@µ ̄�̄

µ
 �

i

2
 ̄�̄@µ . (2.31)

Two immediate observations are in order:

1. The complex scalar ' and Weyl fermion  each have their canonical kinetic term. The non-
propagating field, F , does not have any derivative terms: its equation of motion is algebraic
and can be solved explicitly. This is precisely what is meant that F is auxiliary.

2. �†� is not a chiral superfield. In fact, it’s a real superfield and the ✓2✓̄2 component is the
auxiliary D field. Indeed, in the same way that the highest component of a �sf transforms
into a total derivative, the highest component of a real superfield also transforms into a total
derivative and is a candidate term for the Lagrangian.

We thus arrive at the second way to write supersymmetric Lagrangian terms: take the D-term
of a real superfield. We may write this term as an integral over superspace,

R
d
4
✓ �†�, where

d
4
✓ = d

2
✓ d

2
✓̄.

More generally, we may write a generic real function K(�,�†) of chiral superfields, � and
�†, whose D term is supersymmetric contribution to the Lagrangian. This is called the Kähler
potential. The simplest Kähler potential built out of chiral superfields is precisely (2.31) and
includes the necessary kinetic terms for the chiral superfield. One can check that restricting to
renormalizable terms in the Lagrangian limits the mass dimension of the Kähler potential to
[K]  2. Combined with the condition that K is real and the observation that chiral superfields
are typically not gauge invariant, this usually restricts the Kähler potential to take the canonical
form, K = �†

i
�i.

The most general N = 1 supersymmetric Lagrangian for chiral superfields is thus

L =

Z
d
4
✓ K(�,�†) +

✓Z
d
2
✓ W (�) + h.c.

◆
. (2.32)

10

Kähler potential superpotential

real function holomorphic function
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SUSY as a symmetry 
where it comes from
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Angular Momentum Algebra

Gives us representations of SU(2).  
e.g. 3-vector has three components

Generalizes to Poincaré group. 
e.g. spinor representation (“induced reps”)

For induced representations: see Weinberg QFT vol 1, chapter 2

[Ji, Jj ] = i✏ijkJk
<latexit sha1_base64="cVt73m1Ux+tT5Q3wo8VS/DDtLEM=">AAACCXicbVDLSsNAFL3xWesr6tLNYBFcSElE0I1QdCNdVbAPSEOYTCftNJMHMxOhhG7d+CtuXCji1j9w5984bbPQ1gMXDufcy733+ClnUlnWt7G0vLK6tl7aKG9ube/smnv7LZlkgtAmSXgiOj6WlLOYNhVTnHZSQXHkc9r2w5uJ336gQrIkvlejlLoR7scsYAQrLXkmcuoeO0V1b+iiK8S6NJWMayNnw3Cs5dAzK1bVmgItErsgFSjQ8Myvbi8hWURjRTiW0rGtVLk5FooRTsflbiZpikmI+9TRNMYRlW4+/WSMjrXSQ0EidMUKTdXfEzmOpBxFvu6MsBrIeW8i/uc5mQou3ZzFaaZoTGaLgowjlaBJLKjHBCWKjzTBRDB9KyIDLDBROryyDsGef3mRtM6qtlW1784rtesijhIcwhGcgA0XUINbaEATCDzCM7zCm/FkvBjvxsesdckoZg7gD4zPH7uhmRk=</latexit><latexit sha1_base64="cVt73m1Ux+tT5Q3wo8VS/DDtLEM=">AAACCXicbVDLSsNAFL3xWesr6tLNYBFcSElE0I1QdCNdVbAPSEOYTCftNJMHMxOhhG7d+CtuXCji1j9w5984bbPQ1gMXDufcy733+ClnUlnWt7G0vLK6tl7aKG9ube/smnv7LZlkgtAmSXgiOj6WlLOYNhVTnHZSQXHkc9r2w5uJ336gQrIkvlejlLoR7scsYAQrLXkmcuoeO0V1b+iiK8S6NJWMayNnw3Cs5dAzK1bVmgItErsgFSjQ8Myvbi8hWURjRTiW0rGtVLk5FooRTsflbiZpikmI+9TRNMYRlW4+/WSMjrXSQ0EidMUKTdXfEzmOpBxFvu6MsBrIeW8i/uc5mQou3ZzFaaZoTGaLgowjlaBJLKjHBCWKjzTBRDB9KyIDLDBROryyDsGef3mRtM6qtlW1784rtesijhIcwhGcgA0XUINbaEATCDzCM7zCm/FkvBjvxsesdckoZg7gD4zPH7uhmRk=</latexit><latexit sha1_base64="cVt73m1Ux+tT5Q3wo8VS/DDtLEM=">AAACCXicbVDLSsNAFL3xWesr6tLNYBFcSElE0I1QdCNdVbAPSEOYTCftNJMHMxOhhG7d+CtuXCji1j9w5984bbPQ1gMXDufcy733+ClnUlnWt7G0vLK6tl7aKG9ube/smnv7LZlkgtAmSXgiOj6WlLOYNhVTnHZSQXHkc9r2w5uJ336gQrIkvlejlLoR7scsYAQrLXkmcuoeO0V1b+iiK8S6NJWMayNnw3Cs5dAzK1bVmgItErsgFSjQ8Myvbi8hWURjRTiW0rGtVLk5FooRTsflbiZpikmI+9TRNMYRlW4+/WSMjrXSQ0EidMUKTdXfEzmOpBxFvu6MsBrIeW8i/uc5mQou3ZzFaaZoTGaLgowjlaBJLKjHBCWKjzTBRDB9KyIDLDBROryyDsGef3mRtM6qtlW1784rtesijhIcwhGcgA0XUINbaEATCDzCM7zCm/FkvBjvxsesdckoZg7gD4zPH7uhmRk=</latexit><latexit sha1_base64="cVt73m1Ux+tT5Q3wo8VS/DDtLEM=">AAACCXicbVDLSsNAFL3xWesr6tLNYBFcSElE0I1QdCNdVbAPSEOYTCftNJMHMxOhhG7d+CtuXCji1j9w5984bbPQ1gMXDufcy733+ClnUlnWt7G0vLK6tl7aKG9ube/smnv7LZlkgtAmSXgiOj6WlLOYNhVTnHZSQXHkc9r2w5uJ336gQrIkvlejlLoR7scsYAQrLXkmcuoeO0V1b+iiK8S6NJWMayNnw3Cs5dAzK1bVmgItErsgFSjQ8Myvbi8hWURjRTiW0rGtVLk5FooRTsflbiZpikmI+9TRNMYRlW4+/WSMjrXSQ0EidMUKTdXfEzmOpBxFvu6MsBrIeW8i/uc5mQou3ZzFaaZoTGaLgowjlaBJLKjHBCWKjzTBRDB9KyIDLDBROryyDsGef3mRtM6qtlW1784rtesijhIcwhGcgA0XUINbaEATCDzCM7zCm/FkvBjvxsesdckoZg7gD4zPH7uhmRk=</latexit>

Pµ,Mµ⌫
<latexit sha1_base64="omCcAw3WP4tM3cVo0UgMaYsIekw=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgQsqMCLosunEjVLAP6ExLJs20oUlmyEMpYz/FjQtF3Pol7vwb03YW2nrgcg/n3EtuTpQyqrTnfTuFldW19Y3iZmlre2d3zy3vN1ViJCYNnLBEtiOkCKOCNDTVjLRTSRCPGGlFo+up33ogUtFE3OtxSkKOBoLGFCNtpZ5brncDbk7hbTezPRBm0nMrXtWbAS4TPycVkKPec7+CfoINJ0JjhpTq+F6qwwxJTTEjk1JgFEkRHqEB6VgqECcqzGanT+CxVfowTqQtoeFM/b2RIa7UmEd2kiM9VIveVPzP6xgdX4YZFanRROD5Q7FhUCdwmgPsU0mwZmNLEJbU3grxEEmEtU2rZEPwF7+8TJpnVd+r+nfnldpVHkcRHIIjcAJ8cAFq4AbUQQNg8AiewSt4c56cF+fd+ZiPFpx85wD8gfP5A8THk60=</latexit><latexit sha1_base64="omCcAw3WP4tM3cVo0UgMaYsIekw=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgQsqMCLosunEjVLAP6ExLJs20oUlmyEMpYz/FjQtF3Pol7vwb03YW2nrgcg/n3EtuTpQyqrTnfTuFldW19Y3iZmlre2d3zy3vN1ViJCYNnLBEtiOkCKOCNDTVjLRTSRCPGGlFo+up33ogUtFE3OtxSkKOBoLGFCNtpZ5brncDbk7hbTezPRBm0nMrXtWbAS4TPycVkKPec7+CfoINJ0JjhpTq+F6qwwxJTTEjk1JgFEkRHqEB6VgqECcqzGanT+CxVfowTqQtoeFM/b2RIa7UmEd2kiM9VIveVPzP6xgdX4YZFanRROD5Q7FhUCdwmgPsU0mwZmNLEJbU3grxEEmEtU2rZEPwF7+8TJpnVd+r+nfnldpVHkcRHIIjcAJ8cAFq4AbUQQNg8AiewSt4c56cF+fd+ZiPFpx85wD8gfP5A8THk60=</latexit><latexit sha1_base64="omCcAw3WP4tM3cVo0UgMaYsIekw=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgQsqMCLosunEjVLAP6ExLJs20oUlmyEMpYz/FjQtF3Pol7vwb03YW2nrgcg/n3EtuTpQyqrTnfTuFldW19Y3iZmlre2d3zy3vN1ViJCYNnLBEtiOkCKOCNDTVjLRTSRCPGGlFo+up33ogUtFE3OtxSkKOBoLGFCNtpZ5brncDbk7hbTezPRBm0nMrXtWbAS4TPycVkKPec7+CfoINJ0JjhpTq+F6qwwxJTTEjk1JgFEkRHqEB6VgqECcqzGanT+CxVfowTqQtoeFM/b2RIa7UmEd2kiM9VIveVPzP6xgdX4YZFanRROD5Q7FhUCdwmgPsU0mwZmNLEJbU3grxEEmEtU2rZEPwF7+8TJpnVd+r+nfnldpVHkcRHIIjcAJ8cAFq4AbUQQNg8AiewSt4c56cF+fd+ZiPFpx85wD8gfP5A8THk60=</latexit><latexit sha1_base64="omCcAw3WP4tM3cVo0UgMaYsIekw=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgQsqMCLosunEjVLAP6ExLJs20oUlmyEMpYz/FjQtF3Pol7vwb03YW2nrgcg/n3EtuTpQyqrTnfTuFldW19Y3iZmlre2d3zy3vN1ViJCYNnLBEtiOkCKOCNDTVjLRTSRCPGGlFo+up33ogUtFE3OtxSkKOBoLGFCNtpZ5brncDbk7hbTezPRBm0nMrXtWbAS4TPycVkKPec7+CfoINJ0JjhpTq+F6qwwxJTTEjk1JgFEkRHqEB6VgqECcqzGanT+CxVfowTqQtoeFM/b2RIa7UmEd2kiM9VIveVPzP6xgdX4YZFanRROD5Q7FhUCdwmgPsU0mwZmNLEJbU3grxEEmEtU2rZEPwF7+8TJpnVd+r+nfnldpVHkcRHIIjcAJ8cAFq4AbUQQNg8AiewSt4c56cF+fd+ZiPFpx85wD8gfP5A8THk60=</latexit>

Poincaré:
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SUSY Algebra

Fermionic generators, only allowed extension to 
spacetime symmetry with mass gap. 

Exception to “no-go” theorerm (Coleman-Mandula)

For induced representations: see Weinberg QFT vol 1, chapter 2 
For 2-component spinors: see Haber TASI lectures 1205.4076

24 CHAPTER 2. SUPERSYMMETRY ALGEBRA AND REPRESENTATIONS

• (d)
n
Q↵ , Q̄�̇

o

This time, index structure implies an ansatz
n
Q↵ , Q̄�̇

o
= t (�µ)↵�̇ Pµ .

There is no way of fixing t, so, by convention, set t = 2:
n
Q↵ , Q̄�̇

o
= 2 (�µ)↵�̇ Pµ

Notice that two symmetry transformations Q↵Q̄�̇ have the e↵ect of a translation. Let |Bi be a bosonic state

and |F i a fermionic one, then

Q↵ |F i = |Bi , Q̄�̇ |Bi = |F i =) QQ̄ : |Bi 7! |B (translated)i .

• (e)
h
Q↵ , Ti

i

Usually, this commutator vanishes, exceptions are U(1) automorphisms of the supersymmetry algebra

known as R symmetry.

Q↵ 7! exp(i�)Q↵ , Q̄↵̇ 7! exp(�i�) Q̄↵̇ .

Let R be a U(1) generator, then
h
Q↵ , R

i
= Q↵ ,

h
Q̄↵̇ , R

i
= �Q̄↵̇ .

2.2.3 Representations of the Poincaré group

Recall the rotation group {Ji : i = 1, 2, 3} satisfying
h
Ji , Jj

i
= i✏ijk Jk .

The Casimir operator

J2 =
3X

i=1

J2

i

commutes with all the Ji and labels irreducible representations by eigenvalues j(j + 1) of J2. Within these

representations, diagonalize J3 to eigenvalues j3 = �j,�j + 1, ..., j � 1, j. States are labelled like |j, j3i.
Also recall the two Casimirs in Poincaré group, one of which involves the Pauli Ljubanski vector Wµ,

Wµ =
1

2
✏µ⌫⇢� P

⌫ M⇢�

(where ✏0123 = �✏0123 = +1).

Exercise 2.3: Prove that the Pauli Ljubanski vector satisfies the following commutation relations:
h
Wµ , P⌫

i
= 0

h
Wµ , M⇢�

i
= i⌘µ⇢ W� � i⌘µ� W⇢

h
Wµ , W⌫

i
= � i✏µ⌫⇢� W

⇢ P�

h
Wµ , Q↵

i
= � i P⌫ (�

µ⌫)↵
� Q�
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Action of symmetry on fields

Write generators as differential operators, e.g.

3.1. BASICS ABOUT SUPERSPACE 37

• Minkowski = Poincaré / Lorentz = {!µ⌫ , aµ}/{!µ⌫} simplifies to the translations {aµ = xµ} which can

be identified with Minkowski space.

We define N = 1 superspace to be the coset

Super Poincaré / Lorentz =
n
!µ⌫ , aµ, ✓↵, ✓̄↵̇

o
/
n
!µ⌫

o
.

Recall that the general element g of super Poincaré group is given by

g = exp
�
i (!µ⌫ Mµ⌫ + aµ Pµ + ✓↵ Q↵ + ✓̄↵̇ Q̄↵̇)

�
,

where Grassmann parameters ✓↵, ✓̄�̇ reduce anticommutation relations for Q↵, Q̄�̇ to commutators:

n
Q↵ , Q̄↵̇

o
= 2 (�µ)↵↵̇ Pµ =)

h
✓↵ Q↵ , ✓̄�̇ Q̄�̇

i
= 2 ✓↵ (�µ)↵�̇ ✓̄

�̇ Pµ

3.1.2 Properties of Grassmann variables

Superspace was first introduced in 1974 by Salam and Strathdee [6, 7]. Recommendable books about this

subject are [8] and [9].

Let us first consider one single variable ✓. When trying to expand a generic (analytic) function in ✓ as a

power series, the fact that ✓ squares to zero, ✓2 = 0, cancels all the terms except for two,

f(✓) =
1X

k=0

fk ✓
k = f0 + f1 ✓ + f2 ✓2|{z}

0

+ ...|{z}
0

= f0 + f1 ✓ .

So the most general function f(✓) is linear. Of course, its derivative is given by df
d✓ = f1. For integrals, define

Z
d✓

df

d✓
:= 0 =)

Z
d✓ = 0 ,

as if there were no boundary terms. Integrals over ✓ are left to talk about: To get a non-trivial result, define
Z

d✓ ✓ := 1 =) �(✓) = ✓ .

The integral over a function f(✓) is equal to its derivative,
Z

d✓ f(✓) =

Z
d✓ (f0 + f1 ✓) = f1 =

df

d✓
.

Next, let ✓↵, ✓̄↵̇ be spinors of Grassmann numbers. Their squares are defined by

✓✓ := ✓↵ ✓↵ , ✓̄✓̄ := ✓̄↵̇ ✓̄↵̇

=) ✓↵ ✓� = �1

2
✏↵� ✓✓ , ✓̄↵̇ ✓̄�̇ =

1

2
✏↵̇�̇ ✓̄✓̄ .

Derivatives work in analogy to Minkowski coordinates:

@✓�

@✓↵
= �↵

� =) @✓̄�̇

@✓̄↵̇
= �↵̇

�̇

As to multi integrals, Z
d✓1

Z
d✓2 ✓2 ✓1 =

1

2

Z
d✓1

Z
d✓2 ✓✓ = 1 ,

anticommuting
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which justifies the definition

1

2

Z
d✓1

Z
d✓2 =:

Z
d2✓ ,

Z
d2✓ ✓✓ = 1 ,

Z
d2✓

Z
d2✓̄ (✓✓) (✓̄✓̄) = 1 .

Written in terms of ✏:

d2✓ = �1

4
d✓↵ d✓� ✏↵� , d2✓̄ =

1

4
d✓̄↵̇ d✓̄�̇ ✏↵̇�̇ .

One can again identify integration and di↵erentiation:
Z

d2✓ =
1

4
✏↵�

@

@✓↵
@

@✓�
,

Z
d2✓̄ = �1

4
✏↵̇�̇

@

@✓̄↵̇
@

@✓̄�̇
.

3.1.3 Definition and transformation of the general scalar superfield

To define a superfield, recall properties of scalar fields '(xµ):

• function of spacetime coordinates xµ

• transformation under Poincaré, e.g. under translations:

Treating ' as an operator, a translation with parameter aµ will change it to

' 7! exp(�iaµ P
µ)' exp(iaµ P

µ) .

But '(xµ) is also a Hilbert vector in some function space F , so

'(xµ) 7! exp(�iaµ Pµ)'(xµ) =: '(xµ � aµ) =) Pµ = �i@µ .

P is a representation of the abstract operator Pµ acting on F . Comparing the two transformation rules

to first order in aµ, get the following relationship:

�
1 � iaµ P

µ
�
'
�
1 + iaµ P

µ
�

=
�
1 � iaµ Pµ

�
' =) i

h
' , aµ P

µ
i

= �iaµ Pµ ' = �aµ @µ '

For a general scalar superfield S(xµ, ✓↵, ✓̄↵̇), one can do an expansion in powers of ✓↵, ✓̄↵̇ with a finite number

of nonzero terms:

S(xµ, ✓↵, ✓̄↵̇) = '(x) + ✓ (x) + ✓̄�̄(x) + ✓✓M(x) + ✓̄✓̄N(x) + (✓ �µ ✓̄)Vµ(x)

+ (✓✓) ✓̄�̄(x) + (✓̄✓̄) ✓⇢(x) + (✓✓) (✓̄✓̄)D(x)

Transformation of S(xµ, ✓↵, ✓̄↵̇) under super Poincaré, firstly as a field operator

S(xµ, ✓↵, ✓̄↵̇) 7! exp
�
�i (✏Q + ✏̄Q̄)

�
S exp

�
i (✏Q + ✏̄Q̄)

�
,

secondly as a Hilbert vector

S(xµ, ✓↵, ✓̄↵̇) 7! exp
�
i (✏Q + ✏̄Q̄)

�
S(xµ, ✓↵, ✓̄↵̇) = S

�
xµ � ic(✏�µ✓̄) + ic⇤(✓�µ✏̄), ✓ + ✏, ✓̄ + ✏̄

�
.

Here, ✏ denotes a parameter, Q a representation of the spinorial generators Q↵ acting on functions of ✓, ✓̄,

and c is a constant to be fixed later, which is involved in the translation

xµ 7! xµ � ic (✏ �µ ✓̄) + ic⇤ (✓ �µ ✏̄) .
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@
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@
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@

@✓̄↵̇
@
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P is a representation of the abstract operator Pµ acting on F . Comparing the two transformation rules

to first order in aµ, get the following relationship:

�
1 � iaµ P

µ
�
'
�
1 + iaµ P

µ
�

=
�
1 � iaµ Pµ

�
' =) i

h
' , aµ P

µ
i

= �iaµ Pµ ' = �aµ @µ '

For a general scalar superfield S(xµ, ✓↵, ✓̄↵̇), one can do an expansion in powers of ✓↵, ✓̄↵̇ with a finite number

of nonzero terms:

S(xµ, ✓↵, ✓̄↵̇) = '(x) + ✓ (x) + ✓̄�̄(x) + ✓✓M(x) + ✓̄✓̄N(x) + (✓ �µ ✓̄)Vµ(x)

+ (✓✓) ✓̄�̄(x) + (✓̄✓̄) ✓⇢(x) + (✓✓) (✓̄✓̄)D(x)

Transformation of S(xµ, ✓↵, ✓̄↵̇) under super Poincaré, firstly as a field operator

S(xµ, ✓↵, ✓̄↵̇) 7! exp
�
�i (✏Q + ✏̄Q̄)

�
S exp

�
i (✏Q + ✏̄Q̄)

�
,

secondly as a Hilbert vector

S(xµ, ✓↵, ✓̄↵̇) 7! exp
�
i (✏Q + ✏̄Q̄)

�
S(xµ, ✓↵, ✓̄↵̇) = S

�
xµ � ic(✏�µ✓̄) + ic⇤(✓�µ✏̄), ✓ + ✏, ✓̄ + ✏̄

�
.

Here, ✏ denotes a parameter, Q a representation of the spinorial generators Q↵ acting on functions of ✓, ✓̄,

and c is a constant to be fixed later, which is involved in the translation

xµ 7! xµ � ic (✏ �µ ✓̄) + ic⇤ (✓ �µ ✏̄) .
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Translations in superspace
3.1. BASICS ABOUT SUPERSPACE 39

The translation of arguments xµ, ✓↵, ✓̄↵̇ implies,

Q↵ = �i
@

@✓↵
� c (�µ)↵�̇ ✓̄

�̇ @

@xµ

Q̄↵̇ = +i
@

@✓̄↵̇
+ c⇤ ✓� (�µ)�↵̇

@

@xµ

Pµ = �i@µ ,

where c can be determined from the commutation relation which, of course, holds in any representation:
n
Q↵ , Q̄↵̇

o
= 2 (�µ)↵↵̇ Pµ =) Re{c} = 1

It is convenient to set c = 1. Again, a comparison of the two expressions (to first order in ✏) for the

transformed superfield S is the key to get its commutation relations with Q↵:

i
h
S , ✏Q + ✏̄Q̄

i
= i

�
✏Q + ✏̄Q̄

�
S = �S

Knowing the Q, Q̄ and S, we get explicit terms for the change in the di↵erent parts of S:

�' = ✏ + ✏̄�̄

� = 2 ✏M + �µ ✏̄ (i@µ' + Vµ)

��̄ = 2 ✏̄N � ✏ �µ (i@µ' � Vµ)

�M = ✏̄�̄ � i

2
@µ �

µ ✏̄

�N = ✏⇢ +
i

2
✏ �µ @µ�̄

�Vµ = ✏ �µ �̄ + ⇢ �µ ✏̄ +
i

2
(@⌫ �µ �̄⌫ ✏ � ✏̄ �̄⌫ �µ @

⌫ �̄)

��̄ = 2 ✏̄D +
i

2
(�̄⌫ �µ ✏̄) @µV⌫ + i�̄µ ✏ @µM

�⇢ = 2 ✏D � i

2
(�⌫ �̄µ ✏) @µV⌫ + i�µ ✏̄ @µN

�D =
i

2
@µ (✏ �

µ �̄ � ⇢ �µ ✏̄)

Note that �D is a total derivative.

Exercise 3.1: Derive these transformation rules. It might be useful to note that @✓↵

@✓� = +�↵� implies
@✓↵
@✓�

= ���↵ and similarly @✓̄↵̇

@✓̄�̇
= +�↵̇

�̇
) @✓̄↵̇

@✓̄�̇
= ���̇↵̇.

3.1.4 Remarks on superfields

• If S1 and S2 are superfields then so is the product S1S2:

�(S1 S2) = i
h
S1 S2 , ✏Q + ✏̄Q̄

i
= iS1

h
S2 , ✏Q + ✏̄Q̄

i
+ i

h
S1 , ✏Q + ✏̄Q̄

i
S2

= S1

�
i (✏Q + ✏̄Q̄)S2

�
+

�
i (✏Q + ✏̄Q̄)S1

�
S2

= i (✏Q + ✏̄Q̄) (S1 S2)

In the last step, we used the Leibnitz property of the Q and Q̄ as di↵erential operators.
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Grassmann Numbers 101
Taylor series truncates:

3.1. BASICS ABOUT SUPERSPACE 37

• Minkowski = Poincaré / Lorentz = {!µ⌫ , aµ}/{!µ⌫} simplifies to the translations {aµ = xµ} which can

be identified with Minkowski space.

We define N = 1 superspace to be the coset

Super Poincaré / Lorentz =
n
!µ⌫ , aµ, ✓↵, ✓̄↵̇

o
/
n
!µ⌫

o
.

Recall that the general element g of super Poincaré group is given by

g = exp
�
i (!µ⌫ Mµ⌫ + aµ Pµ + ✓↵ Q↵ + ✓̄↵̇ Q̄↵̇)

�
,

where Grassmann parameters ✓↵, ✓̄�̇ reduce anticommutation relations for Q↵, Q̄�̇ to commutators:

n
Q↵ , Q̄↵̇

o
= 2 (�µ)↵↵̇ Pµ =)

h
✓↵ Q↵ , ✓̄�̇ Q̄�̇

i
= 2 ✓↵ (�µ)↵�̇ ✓̄

�̇ Pµ

3.1.2 Properties of Grassmann variables

Superspace was first introduced in 1974 by Salam and Strathdee [6, 7]. Recommendable books about this

subject are [8] and [9].

Let us first consider one single variable ✓. When trying to expand a generic (analytic) function in ✓ as a

power series, the fact that ✓ squares to zero, ✓2 = 0, cancels all the terms except for two,

f(✓) =
1X

k=0

fk ✓
k = f0 + f1 ✓ + f2 ✓2|{z}

0

+ ...|{z}
0

= f0 + f1 ✓ .

So the most general function f(✓) is linear. Of course, its derivative is given by df
d✓ = f1. For integrals, define

Z
d✓

df

d✓
:= 0 =)

Z
d✓ = 0 ,

as if there were no boundary terms. Integrals over ✓ are left to talk about: To get a non-trivial result, define
Z

d✓ ✓ := 1 =) �(✓) = ✓ .

The integral over a function f(✓) is equal to its derivative,
Z

d✓ f(✓) =

Z
d✓ (f0 + f1 ✓) = f1 =

df

d✓
.

Next, let ✓↵, ✓̄↵̇ be spinors of Grassmann numbers. Their squares are defined by

✓✓ := ✓↵ ✓↵ , ✓̄✓̄ := ✓̄↵̇ ✓̄↵̇

=) ✓↵ ✓� = �1

2
✏↵� ✓✓ , ✓̄↵̇ ✓̄�̇ =

1

2
✏↵̇�̇ ✓̄✓̄ .

Derivatives work in analogy to Minkowski coordinates:

@✓�

@✓↵
= �↵

� =) @✓̄�̇

@✓̄↵̇
= �↵̇

�̇

As to multi integrals, Z
d✓1

Z
d✓2 ✓2 ✓1 =

1

2

Z
d✓1

Z
d✓2 ✓✓ = 1 ,
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1

2
✏↵̇�̇ ✓̄✓̄ .

Derivatives work in analogy to Minkowski coordinates:

@✓�

@✓↵
= �↵

� =) @✓̄�̇

@✓̄↵̇
= �↵̇

�̇

As to multi integrals, Z
d✓1

Z
d✓2 ✓2 ✓1 =

1

2

Z
d✓1

Z
d✓2 ✓✓ = 1 ,
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• Minkowski = Poincaré / Lorentz = {!µ⌫ , aµ}/{!µ⌫} simplifies to the translations {aµ = xµ} which can

be identified with Minkowski space.

We define N = 1 superspace to be the coset

Super Poincaré / Lorentz =
n
!µ⌫ , aµ, ✓↵, ✓̄↵̇

o
/
n
!µ⌫

o
.

Recall that the general element g of super Poincaré group is given by

g = exp
�
i (!µ⌫ Mµ⌫ + aµ Pµ + ✓↵ Q↵ + ✓̄↵̇ Q̄↵̇)

�
,

where Grassmann parameters ✓↵, ✓̄�̇ reduce anticommutation relations for Q↵, Q̄�̇ to commutators:

n
Q↵ , Q̄↵̇

o
= 2 (�µ)↵↵̇ Pµ =)

h
✓↵ Q↵ , ✓̄�̇ Q̄�̇

i
= 2 ✓↵ (�µ)↵�̇ ✓̄

�̇ Pµ

3.1.2 Properties of Grassmann variables

Superspace was first introduced in 1974 by Salam and Strathdee [6, 7]. Recommendable books about this

subject are [8] and [9].

Let us first consider one single variable ✓. When trying to expand a generic (analytic) function in ✓ as a

power series, the fact that ✓ squares to zero, ✓2 = 0, cancels all the terms except for two,

f(✓) =
1X

k=0

fk ✓
k = f0 + f1 ✓ + f2 ✓2|{z}

0

+ ...|{z}
0

= f0 + f1 ✓ .

So the most general function f(✓) is linear. Of course, its derivative is given by df
d✓ = f1. For integrals, define

Z
d✓

df

d✓
:= 0 =)

Z
d✓ = 0 ,

as if there were no boundary terms. Integrals over ✓ are left to talk about: To get a non-trivial result, define
Z

d✓ ✓ := 1 =) �(✓) = ✓ .

The integral over a function f(✓) is equal to its derivative,
Z

d✓ f(✓) =

Z
d✓ (f0 + f1 ✓) = f1 =

df

d✓
.

Next, let ✓↵, ✓̄↵̇ be spinors of Grassmann numbers. Their squares are defined by

✓✓ := ✓↵ ✓↵ , ✓̄✓̄ := ✓̄↵̇ ✓̄↵̇

=) ✓↵ ✓� = �1

2
✏↵� ✓✓ , ✓̄↵̇ ✓̄�̇ =

1

2
✏↵̇�̇ ✓̄✓̄ .

Derivatives work in analogy to Minkowski coordinates:

@✓�

@✓↵
= �↵

� =) @✓̄�̇

@✓̄↵̇
= �↵̇

�̇

As to multi integrals, Z
d✓1

Z
d✓2 ✓2 ✓1 =

1

2

Z
d✓1

Z
d✓2 ✓✓ = 1 ,

{✓, ✓} = 0
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Now provide spin indices:

3.1. BASICS ABOUT SUPERSPACE 37

• Minkowski = Poincaré / Lorentz = {!µ⌫ , aµ}/{!µ⌫} simplifies to the translations {aµ = xµ} which can

be identified with Minkowski space.

We define N = 1 superspace to be the coset

Super Poincaré / Lorentz =
n
!µ⌫ , aµ, ✓↵, ✓̄↵̇

o
/
n
!µ⌫

o
.

Recall that the general element g of super Poincaré group is given by

g = exp
�
i (!µ⌫ Mµ⌫ + aµ Pµ + ✓↵ Q↵ + ✓̄↵̇ Q̄↵̇)

�
,

where Grassmann parameters ✓↵, ✓̄�̇ reduce anticommutation relations for Q↵, Q̄�̇ to commutators:

n
Q↵ , Q̄↵̇

o
= 2 (�µ)↵↵̇ Pµ =)

h
✓↵ Q↵ , ✓̄�̇ Q̄�̇

i
= 2 ✓↵ (�µ)↵�̇ ✓̄

�̇ Pµ

3.1.2 Properties of Grassmann variables

Superspace was first introduced in 1974 by Salam and Strathdee [6, 7]. Recommendable books about this

subject are [8] and [9].

Let us first consider one single variable ✓. When trying to expand a generic (analytic) function in ✓ as a

power series, the fact that ✓ squares to zero, ✓2 = 0, cancels all the terms except for two,

f(✓) =
1X

k=0

fk ✓
k = f0 + f1 ✓ + f2 ✓2|{z}

0

+ ...|{z}
0

= f0 + f1 ✓ .

So the most general function f(✓) is linear. Of course, its derivative is given by df
d✓ = f1. For integrals, define

Z
d✓

df

d✓
:= 0 =)

Z
d✓ = 0 ,

as if there were no boundary terms. Integrals over ✓ are left to talk about: To get a non-trivial result, define
Z

d✓ ✓ := 1 =) �(✓) = ✓ .

The integral over a function f(✓) is equal to its derivative,
Z

d✓ f(✓) =

Z
d✓ (f0 + f1 ✓) = f1 =

df

d✓
.

Next, let ✓↵, ✓̄↵̇ be spinors of Grassmann numbers. Their squares are defined by

✓✓ := ✓↵ ✓↵ , ✓̄✓̄ := ✓̄↵̇ ✓̄↵̇

=) ✓↵ ✓� = �1

2
✏↵� ✓✓ , ✓̄↵̇ ✓̄�̇ =

1

2
✏↵̇�̇ ✓̄✓̄ .

Derivatives work in analogy to Minkowski coordinates:

@✓�

@✓↵
= �↵

� =) @✓̄�̇

@✓̄↵̇
= �↵̇

�̇

As to multi integrals, Z
d✓1

Z
d✓2 ✓2 ✓1 =

1

2

Z
d✓1

Z
d✓2 ✓✓ = 1 ,
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Super Poincaré / Lorentz =
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Recall that the general element g of super Poincaré group is given by

g = exp
�
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where Grassmann parameters ✓↵, ✓̄�̇ reduce anticommutation relations for Q↵, Q̄�̇ to commutators:
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= 2 ✓↵ (�µ)↵�̇ ✓̄
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3.1.2 Properties of Grassmann variables

Superspace was first introduced in 1974 by Salam and Strathdee [6, 7]. Recommendable books about this

subject are [8] and [9].

Let us first consider one single variable ✓. When trying to expand a generic (analytic) function in ✓ as a

power series, the fact that ✓ squares to zero, ✓2 = 0, cancels all the terms except for two,

f(✓) =
1X

k=0

fk ✓
k = f0 + f1 ✓ + f2 ✓2|{z}

0

+ ...|{z}
0

= f0 + f1 ✓ .

So the most general function f(✓) is linear. Of course, its derivative is given by df
d✓ = f1. For integrals, define

Z
d✓

df

d✓
:= 0 =)

Z
d✓ = 0 ,

as if there were no boundary terms. Integrals over ✓ are left to talk about: To get a non-trivial result, define
Z

d✓ ✓ := 1 =) �(✓) = ✓ .

The integral over a function f(✓) is equal to its derivative,
Z

d✓ f(✓) =

Z
d✓ (f0 + f1 ✓) = f1 =

df

d✓
.

Next, let ✓↵, ✓̄↵̇ be spinors of Grassmann numbers. Their squares are defined by

✓✓ := ✓↵ ✓↵ , ✓̄✓̄ := ✓̄↵̇ ✓̄↵̇

=) ✓↵ ✓� = �1

2
✏↵� ✓✓ , ✓̄↵̇ ✓̄�̇ =

1

2
✏↵̇�̇ ✓̄✓̄ .

Derivatives work in analogy to Minkowski coordinates:
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@✓↵
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@✓̄↵̇
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As to multi integrals, Z
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which justifies the definition

1

2

Z
d✓1

Z
d✓2 =:

Z
d2✓ ,

Z
d2✓ ✓✓ = 1 ,

Z
d2✓

Z
d2✓̄ (✓✓) (✓̄✓̄) = 1 .

Written in terms of ✏:

d2✓ = �1

4
d✓↵ d✓� ✏↵� , d2✓̄ =

1

4
d✓̄↵̇ d✓̄�̇ ✏↵̇�̇ .

One can again identify integration and di↵erentiation:
Z

d2✓ =
1

4
✏↵�

@

@✓↵
@

@✓�
,

Z
d2✓̄ = �1

4
✏↵̇�̇

@

@✓̄↵̇
@

@✓̄�̇
.

3.1.3 Definition and transformation of the general scalar superfield

To define a superfield, recall properties of scalar fields '(xµ):

• function of spacetime coordinates xµ

• transformation under Poincaré, e.g. under translations:

Treating ' as an operator, a translation with parameter aµ will change it to

' 7! exp(�iaµ P
µ)' exp(iaµ P

µ) .

But '(xµ) is also a Hilbert vector in some function space F , so

'(xµ) 7! exp(�iaµ Pµ)'(xµ) =: '(xµ � aµ) =) Pµ = �i@µ .

P is a representation of the abstract operator Pµ acting on F . Comparing the two transformation rules

to first order in aµ, get the following relationship:

�
1 � iaµ P

µ
�
'
�
1 + iaµ P

µ
�

=
�
1 � iaµ Pµ

�
' =) i

h
' , aµ P

µ
i

= �iaµ Pµ ' = �aµ @µ '

For a general scalar superfield S(xµ, ✓↵, ✓̄↵̇), one can do an expansion in powers of ✓↵, ✓̄↵̇ with a finite number

of nonzero terms:

S(xµ, ✓↵, ✓̄↵̇) = '(x) + ✓ (x) + ✓̄�̄(x) + ✓✓M(x) + ✓̄✓̄N(x) + (✓ �µ ✓̄)Vµ(x)

+ (✓✓) ✓̄�̄(x) + (✓̄✓̄) ✓⇢(x) + (✓✓) (✓̄✓̄)D(x)

Transformation of S(xµ, ✓↵, ✓̄↵̇) under super Poincaré, firstly as a field operator

S(xµ, ✓↵, ✓̄↵̇) 7! exp
�
�i (✏Q + ✏̄Q̄)

�
S exp

�
i (✏Q + ✏̄Q̄)

�
,

secondly as a Hilbert vector

S(xµ, ✓↵, ✓̄↵̇) 7! exp
�
i (✏Q + ✏̄Q̄)

�
S(xµ, ✓↵, ✓̄↵̇) = S

�
xµ � ic(✏�µ✓̄) + ic⇤(✓�µ✏̄), ✓ + ✏, ✓̄ + ✏̄

�
.

Here, ✏ denotes a parameter, Q a representation of the spinorial generators Q↵ acting on functions of ✓, ✓̄,

and c is a constant to be fixed later, which is involved in the translation

xµ 7! xµ � ic (✏ �µ ✓̄) + ic⇤ (✓ �µ ✏̄) .
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3.1.3 Definition and transformation of the general scalar superfield

To define a superfield, recall properties of scalar fields '(xµ):

• function of spacetime coordinates xµ

• transformation under Poincaré, e.g. under translations:

Treating ' as an operator, a translation with parameter aµ will change it to

' 7! exp(�iaµ P
µ)' exp(iaµ P

µ) .

But '(xµ) is also a Hilbert vector in some function space F , so

'(xµ) 7! exp(�iaµ Pµ)'(xµ) =: '(xµ � aµ) =) Pµ = �i@µ .

P is a representation of the abstract operator Pµ acting on F . Comparing the two transformation rules

to first order in aµ, get the following relationship:

�
1 � iaµ P

µ
�
'
�
1 + iaµ P

µ
�

=
�
1 � iaµ Pµ

�
' =) i

h
' , aµ P

µ
i

= �iaµ Pµ ' = �aµ @µ '

For a general scalar superfield S(xµ, ✓↵, ✓̄↵̇), one can do an expansion in powers of ✓↵, ✓̄↵̇ with a finite number

of nonzero terms:

S(xµ, ✓↵, ✓̄↵̇) = '(x) + ✓ (x) + ✓̄�̄(x) + ✓✓M(x) + ✓̄✓̄N(x) + (✓ �µ ✓̄)Vµ(x)

+ (✓✓) ✓̄�̄(x) + (✓̄✓̄) ✓⇢(x) + (✓✓) (✓̄✓̄)D(x)

Transformation of S(xµ, ✓↵, ✓̄↵̇) under super Poincaré, firstly as a field operator

S(xµ, ✓↵, ✓̄↵̇) 7! exp
�
�i (✏Q + ✏̄Q̄)

�
S exp

�
i (✏Q + ✏̄Q̄)

�
,

secondly as a Hilbert vector

S(xµ, ✓↵, ✓̄↵̇) 7! exp
�
i (✏Q + ✏̄Q̄)

�
S(xµ, ✓↵, ✓̄↵̇) = S

�
xµ � ic(✏�µ✓̄) + ic⇤(✓�µ✏̄), ✓ + ✏, ✓̄ + ✏̄

�
.

Here, ✏ denotes a parameter, Q a representation of the spinorial generators Q↵ acting on functions of ✓, ✓̄,

and c is a constant to be fixed later, which is involved in the translation

xµ 7! xµ � ic (✏ �µ ✓̄) + ic⇤ (✓ �µ ✏̄) .

Z
d2✓ [· · ·+ F (x)✓2 + · · · ] = F (x)
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integrals are 
projections

where we suppressed spinor indices. To cancel this variation, additional Lagrangian terms
are required. A reasonable guess is an interaction term Fϕ2 + h.c.:

δ(Fϕ2) = −iϵ∗σ̄µ∂µηϕ
2 + 2Fϕηϵ . (2.5)

It is easy to see that the sum of the two variations is a total derivative and the theory is su-
persymmetric. We can now write down the simplest interacting SUSY theory, an interacting
Wess-Zumino model

L = |∂µϕ|2 + iη†∂µσ̄
µη + |F |2 + (λFϕ2 − λϕηη + h.c.) , (2.6)

where λ is a coupling constant.

2.2 Superfield formalism

It is possible to extend the procedure discussed in the previous section to more complicated
theories but it becomes increasingly complicated, moreover some interactions can not appear
in a supersymmetric Lagrangian. Therefore it is useful to introduce a new formalism which
will allow us to treat all superpartners as a single field (or superfield). Scalars and fermions
related by supersymmetry should simply correspond to different components of a single
superfield very much like spin up and spin down states are different components of a single
fermion. To arrive at the desired superfield formalism it is convenient to introduce the notion
of the superspace by extending 4 commuting spacetime coordinates {xµ} to 4 commuting and
4 anti-commuting coordinates {xµ, θα, θ̄α̇}, where θ̄α̇ = (θα)∗. The new coordinates satisfy
anti-commutation relations

{θα, θ̄β̇} = {θα, θβ} = {θ̄α̇, θ̄β̇} = 0 . (2.7)

We can also define integrals over the superspace
∫

dθ =

∫
dθ̄ =

∫
dθθ̄ =

∫
dθ̄θ = 0 ,

∫
dθαθβ = δα

β ,

∫
dθ̄α̇θ̄

β̇ = δβ̇
α̇ ,

∫
d2θθ2 =

∫
d2θ̄θ̄2 ,

∫
d4θθ2θ̄2 = 1 ,

(2.8)

where

d2θ ≡ −
1

4
ϵαβdθαdθβ ,

d2θ̄ ≡ −
1

4
ϵα̇β̇dθα̇dθβ̇ ,

d4θ ≡ d2θ̄d2θ .

(2.9)

8
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Putting this all together

Functions of superspace coordinates are quite simple — the expansion in power series
terminates at order θ2θ̄2. Furthermore, integration and differentiation over superspace coor-
dinates lead to the same results.

We can now express any supermultiplet as a single superfield which depends on superspace
coordinates. Expanding in the Taylor series we have for the most general scalar superfield
(i.e. superfield whose lowest component is a scalar field)

Φ(xµ, θ, θ̄) =ϕ(xµ) + θη(xµ) + θ̄χ†(xµ) + θ̄σ̄µθVµ(xµ)

+ θ2F (xµ) + θ̄2F̄ (xµ) + . . . + θ2θ̄2D(xµ) .
(2.10)

While Φ depends on a finite number of component fields, it has many more components
than is necessary to reproduce the simplest free supersymmetric theory described in section
2. It turns out that the most general superfield (2.10) gives a reducible representation of
supersymmetry. To describe the Wess-Zumino model (2.6), we will construct an irreducible
representation of SUSY by imposing additional conditions on Φ. To that end we will consider
chiral and antichiral superfields Φ and Φ† respectively satisfying conditions

D̄α̇Φ = 0 , DαΦ† = 0 , (2.11)

where

Dα =
∂

∂θα
− iσµ

αα̇θ̄
α̇ ∂

∂µ
, D̄α̇ = −

∂

∂θ̄α̇
+ iθασµ

αα̇

∂

∂µ
. (2.12)

It is convenient to introduce new variables, yµ = xµ + iθ̄σ̄µθ and yµ† = xµ − iθ̄σ̄µθ. Note
that D̄α̇yµ = Dαy†µ = 0. Therefore, a superfield defined by

Φ(yµ) = ϕ(yµ) +
√

2θη(yµ) + θ2F (yµ) (2.13)

is chiral, D̄α̇Φ(yµ) = 0, while its hermitian conjugate is antichiral. Expanding Φ(yµ) in
powers of superspace coordinates, we find

Φ =ϕ(x) − iθσµθ̄∂µϕ(x) −
1

4
θ2θ̄2∂2ϕ(x)

+
√

2θη +
i√
2
θ2∂µησ

µθ̄ +
√

2θ2F (x) .
(2.14)

As we can see, chiral superfield only depends on three component fields and is a good
candidate to describe our supersymmetric theory. To write supersymmetric Lagrangians
using chiral superfields recall that F transforms into a total derivative and therefore all the
F -terms in the Lagrangian are invariant under SUSY transformations. The supersymmetric
Lagrangian term (2.3) can be written simply as

∆L =

∫
d2θµ2Φ + h.c. = µ2F (x) + µ†2F †(x) . (2.15)

9
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transforms into itself under a SUSY rotation
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Transformation of components

Check degrees of freedom 
complex scalar, Weyl fermion, auxiliary

3.3. VECTOR SUPERFIELDS 41

so there is no ✓̄↵̇ - dependence and � depends only on y and ✓. In components, one finds

�(yµ, ✓↵) = '(yµ) +
p
2 ✓ (yµ) + ✓✓ F (yµ) ,

where the left handed supercovariant derivative acts as D↵ = @↵ + 2i(�µ✓̄)↵
@

@yµ on �(yµ, ✓↵).

The physical components of a chiral superfield are: ' represents a scalar part (squarks, sleptons, Higgs),  

some s = 1

2
particles (quarks, leptons, Higgsino) and F is an auxiliary field in a way to be defined later. O↵

shell, there are 4 bosonic (complex ', F ) and 4 fermionic (complex  ↵) components. Reexpress � in terms

of xµ:

�(xµ, ✓↵, ✓̄↵̇) = '(x) +
p
2 ✓ (x) + ✓✓ F (x) + i✓ �µ ✓̄ @µ'(x)

� ip
2
(✓✓) @µ (x)�

µ ✓̄ � 1

4
(✓✓) (✓̄✓̄) @µ@

µ'(x)

Exercise 3.2: Verify by explicit computation that this component expression for � satisfies D̄↵̇� = 0.

Under supersymmetry transformation

�� = i
�
✏Q + ✏̄Q̄

�
� ,

find for the change in components

�' =
p
2 ✏ 

� = i
p
2�µ ✏̄ @µ' +

p
2 ✏F

�F = i
p
2 ✏̄ �̄µ @µ .

So �F is another total derivative term, just like �D in a general superfield. Note that:

• The product of chiral superfields is a chiral superfield. In general, any holomorphic function f(�) of

chiral � is chiral.

• If � is chiral, then �̄ = �† is antichiral.

• �†� and �† + � are real superfields but neither chiral nor antichiral.

3.3 Vector superfields

3.3.1 Definition and transformation of the vector superfield

The most general vector superfield V (x, ✓, ✓̄) = V †(x, ✓, ✓̄) has the form

V (x, ✓, ✓̄) = C(x) + i✓�(x) � i✓̄�̄(x) +
i

2
✓✓

�
M(x) + iN(x)

�
� i

2
✓̄✓̄

�
M(x) � iN(x)

�

+ ✓ �µ ✓̄ Vµ(x) + i✓✓ ✓̄

✓
�i�̄(x) +

i

2
�̄µ@µ�(x)

◆

� i✓̄✓̄ ✓

✓
i�(x) � i

2
�µ@µ�̄(x)

◆
+

1

2
(✓✓) (✓̄✓̄)

✓
D � 1

2
@µ@

µC

◆
.
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Towards a SUSY’ic Lagrangian

Transforms as a total derivative. Invariant in S.

Fact: products of XSF are XSF. 

3.3. VECTOR SUPERFIELDS 41

so there is no ✓̄↵̇ - dependence and � depends only on y and ✓. In components, one finds

�(yµ, ✓↵) = '(yµ) +
p
2 ✓ (yµ) + ✓✓ F (yµ) ,

where the left handed supercovariant derivative acts as D↵ = @↵ + 2i(�µ✓̄)↵
@

@yµ on �(yµ, ✓↵).

The physical components of a chiral superfield are: ' represents a scalar part (squarks, sleptons, Higgs),  

some s = 1

2
particles (quarks, leptons, Higgsino) and F is an auxiliary field in a way to be defined later. O↵

shell, there are 4 bosonic (complex ', F ) and 4 fermionic (complex  ↵) components. Reexpress � in terms

of xµ:

�(xµ, ✓↵, ✓̄↵̇) = '(x) +
p
2 ✓ (x) + ✓✓ F (x) + i✓ �µ ✓̄ @µ'(x)

� ip
2
(✓✓) @µ (x)�

µ ✓̄ � 1

4
(✓✓) (✓̄✓̄) @µ@

µ'(x)

Exercise 3.2: Verify by explicit computation that this component expression for � satisfies D̄↵̇� = 0.

Under supersymmetry transformation

�� = i
�
✏Q + ✏̄Q̄

�
� ,

find for the change in components

�' =
p
2 ✏ 

� = i
p
2�µ ✏̄ @µ' +

p
2 ✏F

�F = i
p
2 ✏̄ �̄µ @µ .

So �F is another total derivative term, just like �D in a general superfield. Note that:

• The product of chiral superfields is a chiral superfield. In general, any holomorphic function f(�) of

chiral � is chiral.

• If � is chiral, then �̄ = �† is antichiral.

• �†� and �† + � are real superfields but neither chiral nor antichiral.

3.3 Vector superfields

3.3.1 Definition and transformation of the vector superfield

The most general vector superfield V (x, ✓, ✓̄) = V †(x, ✓, ✓̄) has the form

V (x, ✓, ✓̄) = C(x) + i✓�(x) � i✓̄�̄(x) +
i

2
✓✓

�
M(x) + iN(x)

�
� i

2
✓̄✓̄

�
M(x) � iN(x)

�

+ ✓ �µ ✓̄ Vµ(x) + i✓✓ ✓̄

✓
�i�̄(x) +

i

2
�̄µ@µ�(x)

◆

� i✓̄✓̄ ✓

✓
i�(x) � i

2
�µ@µ�̄(x)

◆
+

1

2
(✓✓) (✓̄✓̄)

✓
D � 1

2
@µ@

µC

◆
.

Rule: write gauge-invariant product of chiral 
superfields. Call that W. The auxiliary field 
component are good potential terms. (+h.c.)
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The Wess-Zumino Model  
The φ4 theory of SUSY

crayon: an example of what SUSY calcs are like
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The Wess-Zumino lagangian

complex scalar, Weyl fermion, auxiliary field

from 0907.0039

As an explicit example of the superfield formalism let us write down Lagrangian of
interacting Wess-Zumino model [5]. We will assume canonical Kähler potential (2.17) and
the superpotential

W =
m

2
Φ2 +

λ

3
Φ3 . (2.21)

Lagrangian in terms of component fields takes the form

L = |∂µϕ|2 + iη†∂µσ̄
µη + |F |2 +

(
mFϕ+ λFϕ2 −

m

2
ηη − λϕηη + h.c.

)
. (2.22)

We now briefly discuss generalization to local supersymmetry or supergravity (SUGRA).
In SUGRA the scalar potential becomes (neglecting D-terms that will appear in gauge
theories):

V = exp

(
K

MPl

)(
(gij(DiW )(DjW )∗ −

3|W |2

M2
Pl

)
, (2.23)

where Di is a covariant supergravity derivative

DiW = ∂iW + KiW/MPl . (2.24)

The F -type order parameters for SUSY breaking now involve covariant derivatives Fi =
DiW . In supersymmetric vacua DiW = 0 but as advertized earlier cosmological constant
may be either zero or negative depending on the vev of W . In phenomenological applications,
one is interested in vacua with zero cosmological constant and broken supersymmetry — this
can always be achieved by shifting the superpotential by a constant, W (Φi) → W (Φi) + W0

and adjusting W0 to cancel D- and F -term cotributions to vacuum energy.
Another important consequence of promoting supersymmetry to a local symmetry is the

requirement that there exists a spin-3/2 superpartner of the graviton, gravitino. We will not
write down the full gravitino Lagrangian carefully but will note one important term

Lgravitino ⊃ e exp

(
K

2M2
Pl

)(
W

M2
Pl

ψµσ
µνψν +

W

M2
Pl

ψ†
µσ̄

µνψ†
ν

)
, (2.25)

where e is a vierbein. We see that the gravitino is massive whenever the superpotential
has non-vanishing vev. In particular, it is massive in supersymmetric vacua with negative
cosmological constant — but this is actually required by SUSY in anti-de Sitter spacetime.
Supersymmetric vacua in Minkowski spacetime imply vanishing ⟨W ⟩ and a massless grav-
itino. Once supersymmetry is broken and the vev of the superpotential is tuned to obtain the
flat background, gravitino mass is determined by SUSY breaking parameters. In particular,
when SUSY is broken by an F -term vev the gravitino mass becomes

m2
3/2 = eK/M2

Pl
F ∗

i gijFj

3M2
Pl

. (2.26)
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Functions of superspace coordinates are quite simple — the expansion in power series
terminates at order θ2θ̄2. Furthermore, integration and differentiation over superspace coor-
dinates lead to the same results.

We can now express any supermultiplet as a single superfield which depends on superspace
coordinates. Expanding in the Taylor series we have for the most general scalar superfield
(i.e. superfield whose lowest component is a scalar field)

Φ(xµ, θ, θ̄) =ϕ(xµ) + θη(xµ) + θ̄χ†(xµ) + θ̄σ̄µθVµ(xµ)

+ θ2F (xµ) + θ̄2F̄ (xµ) + . . . + θ2θ̄2D(xµ) .
(2.10)

While Φ depends on a finite number of component fields, it has many more components
than is necessary to reproduce the simplest free supersymmetric theory described in section
2. It turns out that the most general superfield (2.10) gives a reducible representation of
supersymmetry. To describe the Wess-Zumino model (2.6), we will construct an irreducible
representation of SUSY by imposing additional conditions on Φ. To that end we will consider
chiral and antichiral superfields Φ and Φ† respectively satisfying conditions

D̄α̇Φ = 0 , DαΦ† = 0 , (2.11)

where

Dα =
∂

∂θα
− iσµ

αα̇θ̄
α̇ ∂

∂µ
, D̄α̇ = −

∂

∂θ̄α̇
+ iθασµ

αα̇

∂

∂µ
. (2.12)

It is convenient to introduce new variables, yµ = xµ + iθ̄σ̄µθ and yµ† = xµ − iθ̄σ̄µθ. Note
that D̄α̇yµ = Dαy†µ = 0. Therefore, a superfield defined by

Φ(yµ) = ϕ(yµ) +
√

2θη(yµ) + θ2F (yµ) (2.13)

is chiral, D̄α̇Φ(yµ) = 0, while its hermitian conjugate is antichiral. Expanding Φ(yµ) in
powers of superspace coordinates, we find

Φ =ϕ(x) − iθσµθ̄∂µϕ(x) −
1

4
θ2θ̄2∂2ϕ(x)

+
√

2θη +
i√
2
θ2∂µησ

µθ̄ +
√

2θ2F (x) .
(2.14)

As we can see, chiral superfield only depends on three component fields and is a good
candidate to describe our supersymmetric theory. To write supersymmetric Lagrangians
using chiral superfields recall that F transforms into a total derivative and therefore all the
F -terms in the Lagrangian are invariant under SUSY transformations. The supersymmetric
Lagrangian term (2.3) can be written simply as

∆L =

∫
d2θµ2Φ + h.c. = µ2F (x) + µ†2F †(x) . (2.15)

9
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Superpotential to ordinary potential

It is easy to check that any analytic function of a chiral superfield, W (Φ), is also a chiral
superfield and its θ2 component of transforms into a total derivative. W (Φ), referred to as
a superpotential, together with its hermitian conjugate W (Φ†) gives rise to supersymmetric
interactions. After trivial generalization to a theory with several chiral superfields we can
write:

LW =

∫
d2θW (Φi) + h.c. . (2.16)

Superpotential allows us to introduce a broad set of supersymmetric interactions. How-
ever, W |θ2 does not contain spacetime derivatives, and therefore, does not lead to kinetic
terms. It turns out that a θ2θ̄2 component of a real function of chiral superfields, a Kähler
potential, is also invariant under the supersymmetry transformations. In fact the simplest
Kähler potential gives rise to canonical kinetic terms:

K =
∑

i

Φ†
iΦi ,

LK =

∫
d4θK =

∑

i

(
|∂µϕi|2 + iη∗i ∂µσ̄

µηi + |Fi|2
)

.
(2.17)

A general Kähler potential leads to more complicated terms in the action

L =

∫
d4θK ⊃ gij(∂µϕ

∗
i ∂

µϕj + iη∗i σ̄
µ∂µηj + F ∗

i Fj) , (2.18)

where gij = ∂2K/(∂Φ†
i∂Φj)|Φ=ϕ is a Kähler metric which implicitly depends both on the fields

and parameters of the theory. The Kähler metric determines the normalization of the kinetic
terms and at a quantum level it contains information about wave-function renormalization.

We are now ready to write down a general form of the Lagrangian in an interacting theory
of chiral superfields

L =

∫
d4θK(Φi) +

∫
d2θW (Φi) +

∫
d2θ̄W (Φ†

i )

= gij (∂ϕ∗
i ∂ϕj + iη∗i ∂µσ̄

µηj + F ∗
i Fj) −

(
1

2

∂2W

∂Φi∂Φj
ηiηj −

∂W

∂Φi
Fi + h.c.

)
+ . . . ,

(2.19)

where dots represent possible higher order terms. By solving F -term equation of motion we
arrive at the scalar potential of the theory

V =
∂W

∂Φ†
i

gij
∂W

∂Φj
, (2.20)

where gij = (gij)−1. We will generally assume that the Kähler potential is non-singular and
therefore extrema of the superpotential correspond to supersymmetric ground states of the
theory. However, even in the supersymmetric vacuum information about the spectrum of
the theory requires knowledge of the Kähler potential.
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theory. However, even in the supersymmetric vacuum information about the spectrum of
the theory requires knowledge of the Kähler potential.
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It is easy to check that any analytic function of a chiral superfield, W (Φ), is also a chiral
superfield and its θ2 component of transforms into a total derivative. W (Φ), referred to as
a superpotential, together with its hermitian conjugate W (Φ†) gives rise to supersymmetric
interactions. After trivial generalization to a theory with several chiral superfields we can
write:

LW =

∫
d2θW (Φi) + h.c. . (2.16)

Superpotential allows us to introduce a broad set of supersymmetric interactions. How-
ever, W |θ2 does not contain spacetime derivatives, and therefore, does not lead to kinetic
terms. It turns out that a θ2θ̄2 component of a real function of chiral superfields, a Kähler
potential, is also invariant under the supersymmetry transformations. In fact the simplest
Kähler potential gives rise to canonical kinetic terms:
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µ∂µηj + F ∗
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where gij = ∂2K/(∂Φ†
i∂Φj)|Φ=ϕ is a Kähler metric which implicitly depends both on the fields

and parameters of the theory. The Kähler metric determines the normalization of the kinetic
terms and at a quantum level it contains information about wave-function renormalization.

We are now ready to write down a general form of the Lagrangian in an interacting theory
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where dots represent possible higher order terms. By solving F -term equation of motion we
arrive at the scalar potential of the theory
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∂Φ†
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gij
∂W

∂Φj
, (2.20)

where gij = (gij)−1. We will generally assume that the Kähler potential is non-singular and
therefore extrema of the superpotential correspond to supersymmetric ground states of the
theory. However, even in the supersymmetric vacuum information about the spectrum of
the theory requires knowledge of the Kähler potential.
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More generally
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where dots represent possible higher order terms. By solving F -term equation of motion we
arrive at the scalar potential of the theory
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theory. However, even in the supersymmetric vacuum information about the spectrum of
the theory requires knowledge of the Kähler potential.
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where dots represent possible higher order terms. By solving F -term equation of motion we
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where dots represent possible higher order terms. By solving F -term equation of motion we
arrive at the scalar potential of the theory
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where gij = (gij)−1. We will generally assume that the Kähler potential is non-singular and
therefore extrema of the superpotential correspond to supersymmetric ground states of the
theory. However, even in the supersymmetric vacuum information about the spectrum of
the theory requires knowledge of the Kähler potential.
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Superpotential to ordinary potential

L � �1

2

@2W

@�@�
⌘⌘ +

1

2

����
@W

@�

����
2

+ h.c.
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Building a SUSY model  
ingredients for the MSSM
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Vector superfields & gauge invariance
3.3. VECTOR SUPERFIELDS 43

Under supersymmetry, these concepts generalize to chiral superfields � and vector superfields V . To construct

a gauge invariant quatitiy out of � and V , we impose the following transformation properties:

� 7! exp(iq⇤)�

V 7! V � i
2

�
⇤ � ⇤†�

9
=

; ) �† exp(2qV )� gauge invariant

Here, ⇤ is the chiral superfield defining the generalized gauge transformations. Note that exp(iq⇤)� is also

chiral if � is.

Before supersymmetry, we defined

Fµ⌫ = @µV⌫ � @⌫Vµ

as an abelian field - strength. The supersymmetric analogy is

W↵ := �1

4
(D̄D̄)D↵V

which is both chiral and invariant under generalized gauge transformations.

Exercise 3.3: Demonstrate these properties.

To obtain W↵ in components, it is most convenient to rewrite V in the shifted yµ = xµ + i✓�µ✓̄ variable

(where ✓�µ✓̄Vµ(x) = ✓�µ✓̄Vµ(y) � i
2
✓2✓̄2@µV µ(y)), then the supercovariant derivatives simplify to D↵ =

@↵ + 2i(�µ✓̄)↵@µ and D̄↵̇ = �@↵̇:

W↵(y, ✓) = �↵(y) + ✓↵ D(y) + (�µ⌫ ✓)↵ Fµ⌫(y) � i(✓✓) (�µ)↵�̇ @µ�̄
�̇(y)

Exercise 3.4: Verify this component expansion.

3.3.4 Non - abelian field strength

In this section supersymmetric U(1) gauge theories are generalized to nonabelian gauge groups. The gauge

degrees of freedom then take values in the associated Lie algebra spanned by hermitian generators T a:

⇤ = ⇤a T
a , V = Va T

a ,
h
T a , T b

i
= ifabc Tc

Just like in the abelian case, we want to keep �†e2qV � invariant under the gauge transformation � 7! eiq⇤�,

but the non-commutative nature of ⇤ and V enforces a nonlinear transformation law V 7! V 0:

exp(2qV 0) = exp(iq⇤†) exp(2qV ) exp(�iq⇤)

) V 0 = V � i

2
(⇤ � ⇤†) � iq

2

h
V , ⇤ + ⇤†

i
+ ...

The commutator terms are due to the Baker Campbell Hausdor↵ formula for matrix exponentials

exp(X) exp(Y ) = exp

✓
X + Y +

1

2

h
X , Y

i
+ ...

◆
.
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gauge invariant term 
(Kähler potential)

Vector superfield: force superfield  
spin-1, Majorana fermion, auxiliary field

This expression is general, but renormalizability restricts the mass dimensions to be [K]  2 and
[W ]  3. For theories with more supersymmetry, e.g. N = 2, one must impose additional relations
between K and W . Assuming a renormalizable supersymmetric theory of chiral superfields �i, we
may plug in K = �†

i
�i and integrate out the auxiliary fields from (2.32). The result is

L = @µ'
⇤

i
@
µ
'i + i ̄i�̄

µ
@µ i �

@
2
W

@'i@'j

 i j �

X

i

����
@W

@'i

����
2

. (2.33)

Here the superpotential is assumed to be evaluated at its lowest component so that W [�i(y, ✓)] !
W ['i(x)]. Observe that dimension-2 terms in the superpotential link the mass terms of the Weyl
fermion and the complex scalar. Further, dimension-3 terms in the superpotential connect Yukawa
interactions to quartic scalar couplings.

2.6 Supersymmetric Lagrangians for vector superfields

Until now, however, we have only described supersymmetric theories of complex scalars and
fermions packaged as chiral superfields. In order to include the interactions of gauge fields we
must write down susy Lagrangians that include vector superfields.

Suppose a set of chiral superfields � carry a U(1) charge such that �(x) ! exp(�i⇤)�(x). For
an ordinary global symmetry this is an overall phase on each component of the chiral superfield.
For a gauge symmetry, the transformation parameter is spacetime dependent, ⇤ = ⇤(x). Note,
however, that this is now problematic because our definition of a chiral superfield, D↵� = 0,
contains a spacetime derivative. It would appear that the näıve gauge transformation is not
consistent with the irreducible susy representations we’ve written because it does not preserve the
chiral superfield condition.

This inconsistency is a relic of keeping ⇤(x) a function of spacetime rather than a function of the
full superspace. We noted above that a function of yµ = x

µ+i✓�
µ
✓̄ is a chiral superfield and, further,

that a product of chiral superfields is also a chiral superfield. Thus a consistent way to include
gauge transformations is to promote ⇤(x) to a chiral superfield ⇤(y) so that exp(�i⇤(y))�(y) is
indeed chiral. In this way we see that supersymmetry has ‘complexified’ the gauge group.

Under this complexified gauge transformation, the canonical Kähler potential term that con-
tains the kinetic terms transforms to

�†� ! �†
e
�i(⇤�⇤

†
)�. (2.34)

For gauge theories one must modify the Kähler potential to accommodate this factor. This is
unsurprising since gauging an ordinary quantum field theory requires one to modify the kinetic
terms by promoting derivatives to covariant derivatives which include the gauge field. To correctly
gauge a symmetry, we introduce a vector (real) superfield (vsf) V which transforms according to

V ! V + i(⇤� ⇤†) (2.35)

and promote the Kähler potential to

K(�,�†) = �†
e
V�. (2.36)

A generic vsf has many components, but many can be eliminated by partially gauge fixing to
the Wess-Zumino gauge where

V =� ✓�
µ
✓̄Vµ(x) + i✓

2
✓̄�̄(x)� i✓̄

2
✓�(x) +

1

2
✓
2
✓̄
2
D(x). (2.37)
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The traces of the squared mass matrices are, respectively,

Tr m(j=1/2)
�
m

(j=1/2)
�†

=FijF̄
ij + 4|Dai|

2 (2.66)

Tr
�
m

(j=0)
�2

=2F ij
F̄ij + 2Di

a
Dai + 2DaD

i

ai
(2.67)

Tr
�
m

(j=1)
�2

=2DaiD
i

a
. (2.68)

For convenience, we may define the supertrace, a sum of the squared mass matrices weighted by
the number of states,

STr
�
m

(j)
�2

⌘

X

j

Tr (2j + 1)(�)2jm2 (2.69)

=� 2FF̄ � u|Dai|
2 + 2FF̄ + 2Di

a
Dai + 2DaD

i

ai
+ 3 · 2DaiD

i

a
(2.70)

=2Da(Da)
i

i
(2.71)

=2Dea
X

i

q
(ea)
i

(2.72)

Note that hDai 6= 0 only for U(1) factors, so (Da)ii =
P

qi, the sum of all U(1) charges. We have
written ea to index only the U(1) factors of the gauge group. Note, however, that usually

X

i

q
(ea)
i

= 0 (2.73)

due to anomaly cancellation. This leads to the very stringent constraint that

STr m2 = 0. (2.74)

Note that this is a tree-level result that assumes renormalizable interactions4.

2.11 Soft breaking and the MSSM

The sum rule (2.74) is a road block to susy model building. To see why, consider the scalar mass
matrix (2.63) applied to squarks. In order to preserve SU(3)c, the squarks should not obtain a
vev. This implies that the D-terms vanish, Di

a
= Dcolor = 0, for squarks. Thus further means

that quarks only get their masses from the superpotential.
Similarly preserving U(1)EM implies that the D-terms corresponding to the electrically charged

SU(2)L directions should also vanish: D± = D1,2 = 0. This means that the only D-terms which
are allowed to be non-trivial are D3 and DY , corresponding to the third generator of SU(2)L and
hypercharge. The scalar mass matrix for the up-type quarks is then

m
2

2/3
=

 
m2/3m

†

2/3
+
�
1

2
gD3 +

1

6
g
0
DY

�
�

�†
m2/3m

†

2/3
�

2

3
g
0
DY

!
(2.75)

m
2

1/3
=

 
m1/3m

†

1/3
+
�
�

1

2
gD3 +

1

6
g
0
DY

�
�0

�0†
m1/3m

†

1/3
+ 1

3
g
0
DY

!
, (2.76)

4Non-renormalizable terms in the Kähler potential, for example, modify how the superpotential terms contribute
to the scalar potential since one has to rescale fields for them to be canonically normalized.
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SUSY breaking

Typical assumption:  
SUSY is broken in a 
different sector. 
 
Mediated to SM by 
additional fields.

2.15 Gauge mediated SUSY breaking

One straightforward realization of soft-breaking universality is to have the messenger sector be
flavor universal. A natural way to do this is gauge mediation since the sm gauge fields are blind
to flavor [25–28]. See [29] for a review.

⇠⇠⇠susy messenger mssm

hFXi 6= 0 �i, �̄i

sm gauge

The main idea is that the susy breaking sector has some superfield (or collection of superfields)
X which pick up F -term vevs, hFXi 6= 0. This generates mass splittings in the messenger sector
superfields, �i and �̄i. These messengers obey the tree-level susy sum rules discussed above but
are not problematic since all of the components can be made heavy. One then assumes that the
messengers are charged under the sm gauge group so that the mssm superfields will feel the e↵ects
of susy breaking through loops that include the messenger fields. Note that anomaly cancellation
of the sm gauge group typically requires the messenger superfields to appear in vector-like pairs,
� and �̄ with opposite sm quantum numbers.

The messenger fields generate non-renormalizable operators that connect the mssm and the
susy breaking sector without introducing any flavor dependence for the soft masses. Further,
because the messenger scale is adjustable, one can always stay in regime where it is parametrically
smaller than the flavor scale M ⌧ ⇤F . Recall the estimates in Section 2.11 for the size of the
mssm soft terms. For gauge mediation, M is the mass of the messenger sector fields �i and �̄i

and F is the susy breaking vev, FX . Below M we integrate out the messengers to generate the
mssm soft parameters.

The simplest realization of this is minimal gauge mediation. Here one assumes only one
susy breaking field X and Nm mediators, �i and �̄i, in the fundamental representation of an
SU(5) gut. The superpotential coupling between these sectors is

W = �̄X�. (2.112)

The contribution to the potential is
����
@W

@�

����
2

= |hXi|
2
|'|

2 + |hXi|
2
|'̄|

2 + ''̄hFXi (2.113)

The messenger masses are

m = X (2.114)

m
2

'
= X

2
± FX , (2.115)

using the notation where the angle brackets h· · · i are dropped when it is clear that we are referring
to the vev of a field. Observe that the messenger scale is set by the lowest component vev of
the susy breaking parameter, M = X. In what follows we make the typical assumption that
F/M

2
⌧ 1. Note that these masses satisfy the susy sum rule.

Now let’s consider the spectrum arising from this simple set up. The gauginos of the sm gauge
group pick up a mass contribution from diagrams of the form
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hFXi

hXi

 �̄ �

'̄'

� �

The hXi insertion on the  � line is required to flip the gaugino helicity (recall that arrows on
fermion indicate helicity). The F insertion on the ' line is required to connect to susy breaking
so that this is indeed a mass contribution that is not accessible to the gauge boson. The F vev

is also required to flip from a ' to a '̄ so that the scalar of the chiral superfield picks up a sense
of chirality as well. Using powerful methods based on holomporphy [30, 31], the gaugino mass for
the i

th gauge factor is

M�i =
FM

M2

g
2

i

16⇡2
Nm =

↵i

4⇡
Nm

F

M
. (2.116)

This expression—which one could have guessed from a back-of-the-envelope estimate—turns out
to be exact to leading order in F/M

2. This is a reflection of the powerful renormalization theorems
in supersymmetry, see e.g. [32]. One of the concrete predictions of minimal gauge mediation is the
relation

M�1 : M�2 : M�3 = ↵1 : ↵2 : ↵3. (2.117)

The heaviest superpartners are those which couple to the largest rank gauge group.
The scalar partners of the sm matter particles do not directly couple to the messengers. Thus

the masses for the squarks and sleptons must be generated at two loop level. There are many
diagrams that include loops of both the messenger scalar and fermion:

'  ' '

'  ' '

The loops either include a gauge boson or otherwise use the scalar quartic D-term interaction
between messengers and sfermions. The result is that the soft scalar masses go like

m
2

soft
⇠

✓
g
2

16⇡2

◆2

Nm

F
2

M2
Ci, (2.118)

where Ci is the relevant quadratic casimir. Observe that m2

soft
⇠ m

2

�
so that the sfermions which

couple to the higher rank gauge factors pick up more mass. Including the various gauge charges

28

for e.g.
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Soft SUSY breaking effective terms

All terms that break SUSY but do not re-introduce 
a hierarchy between Higgs and Planck scale. 
Specific SUSY breaking prescription predicts patterns in these terms.

It is common to simply parameterize the soft breaking terms of the mssm in the Lagrangian:

Lsoft =�
1

2

⇣
M3egeg +M2

fWfW +M1
eB eB

⌘
+ h.c. (2.84)

�

⇣
au

eQHu
ēu+ ad

eQHd
ē
d+ ae

eLHd
ēe
⌘
+ h.c. (2.85)

� eQ†
m

2

Q
eQ� eL†

m
2

L
eL� eu†

m
2

u
ēu� ed†m2

d

ē
d� ee†m2

e
ēe�m

2

Hu
H

⇤

u
Hu �m

2

Hd
H

⇤

d
Hd (2.86)

� (bHuHd + h.c.)) . (2.87)

This is simply a reparameterization of the types of soft terms described in (2.79 – 2.83), from
which one can read o↵ the scaling of each coe�cient with respect to F/M .

Note that the trilinear soft terms, au,d,e, and the soft masses m
2

Q,L,u,d,e
are 3 ⇥ 3 matrices in

flavor space. The trilinear terms are in a one-to-one correspondence with the Yukawa matrices
except that they represent a coupling between three scalars. In general, the soft masses cause the
squarks and sleptons to have di↵erent mass eigenstates than the sm fermions.

Phenomenologically, we assume that

M1,2,3, au,d,e ⇠ msusy (2.88)

m
2

Q,u,d,L,e,Hu,Hd
, b ⇠ m

2

susy
, (2.89)

where msusy is between a few hundreds of gev to a tev. This is the range in which generic
mssm-like models provide a solution to the Hierarchy problem.

R-symmetry, gauginos, supersymmetry breaking. Recall that when an R-symmetry exists, the di↵erent
components of a superfield carry di↵erent R charges. Because the O(✓) component of W↵, Fµ⌫ , is real, it
cannot carry an R charge. This means that the lowest component, the gaugino �, must have non-zero R-
charge. Further, the gaugino mass term (2.83) breaks this symmetry. One will find that R-symmetry plays an
important role in many non-perturbative results in susy. Two important results related to susy breaking and
gaugino masses are [20, 21].

2.12 Electroweak symmetry breaking in the MSSM

The most important feature of the Standard Model is electroweak symmetry breaking. Recall that
this is due to a tachyonic Higgs mass at the origin being balanced by a positive quartic coupling
leading to a non-zero vacuum expectation value. In the mssm we have two Higgs doublets,

Hu =

✓
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+

u

H
0

u

◆
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0

d

H
�

d

◆
. (2.90)

We have already seen that supersymmetry relates the scalar quartic coupling to the other couplings
of the theory. This then constrains the expected Higgs boson mass.

To preserve SU(3)c and U(1)EM we assume that no squarks or sleptons pick up vevs. Then
the quartic terms in the Higgs potential come from D-terms, (2.56):
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, (2.91)
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Little Hierarchy

The larger one sets met, the larger the shift in m
2

Hu
. Recall, however, the strange cancellation

we noted in (2.102). This equation seems to want m
2

Hu
⇠ M

2

Z
/2. The loop corrections above

contribute a shift of the form

�m
2

Hu
=

3y2
t

4⇡2
m

2

et ln

✓
⇤UV

met

◆
. (2.107)

For met = 1.2 tev and ⇤UV = 1016 this balancing act between m
2

Hu
and M

2

Z
/2 requires a fine tuning

of
M

2

Z
/2

�m
2

Hu

⇠ 0.1%.

Physically what’s happening is that the stop plays a key role in naturalness by canceling the
sensitivity to the uv scale. By pushing the stop to be heavier to increase the Higgs quartic, one
reintroduces quadratic sensitivity up to the scale of the stop mass. This is known as the little
hierarchy problem of the mssm.

2.14 SUSY breaking versus flavor

The soft breaking Lagrangian introduces many new masses, phases, and mixing angles on top of
those found in the Standard Model for a total of 124 parameters [24]. Most of this huge parameter
space, however, is already excluded from flavor and cp violating processes. Recall that in the
sm, there are no tree-level flavor-changing neutral currents (fcnc) and loop-level contributions
are suppressed by the gim mechanism. Lepton number violation is similarly strongly suppressed.
In the limit where the Yukawa couplings vanish, y ! 0, the Standard Model has a U(3)5 flavor
symmetry where each of the five types of matter particles are equivalent. This flavor symmetry
is presumably broken at some scale ⇤F in such a way that the only imprint of this uv physics at
scales well below ⇤F are the Yukawa matrices. This flavor scale can be very large so that e↵ects
of this flavor breaking go like 1/⇤F and are plausibly very small.

In the mssm, one must further check that the flavor breaking dynamics has already ‘frozen
out’ at the susy breaking scale so that the only non-trivial flavor structure in the susy breaking
parameters are the Yukawa matrices themselves. This means we would like the mediator scale M

to be below the flavor scale, M ⌧ ⇤F . In gravity mediation, however, ⇤med = MPl, and we can no
longer guarantee that the susy breaking mediators are insulated from flavor violating dynamics.
This leads to strong constraints on the flavor structure of the mssm soft parameters.

For example, consider one of the most carefully studied fcnc processes, kaon anti-kaon (K-K̄)
mixing. The quark content of the mesons are K = ds̄ and K̄ = d̄s. In the sm this process is
mediated by diagrams such as

d s

s d

W W

ui

uj

Each vertex picks up a factor of the ckm matrix. The gim observation is the fact that the unitarity
of the ckm matrix imposes an additional suppression. In the mssm, on the other hand, the squark
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1 The Hierarchy Problem

At loop level, the Higgs mass receives corrections from self interactions, gauge loops, and fermion
loops (especially the top quark). Diagrammatically,

= + +

These loops are quadratically divergent and go like
R
d
4
k (k2

�m
2)�1

⇠ ⇤2 for some cuto↵ scale
⇤. Explicitly,

�m
2

H
=

⇤2

32⇡2


6�+

1

4

�
9g2 + 3g02

�
� y

2

t

�
(1.1)

If ⇤ � 10 tev (for example, ⇤ ⇠ MPl), then the quantum correction to the Higgs mass is much
larger than the mass itself, �m2

H
� m

2

H
. This is the Hierarchy problem: the Higgs mass is

quadratically sensitive to any mass scale of new physics. This problem is specific to elementary
scalars.

Unlike scalars, the quantum corrections to fermion and gauge boson masses are proportional to
the particle masses themselves. In this way, small fermion and gauge boson masses are technically
natural: the loop corrections are suppressed by the smallness of the tree-level parameter. For
fermions this is because of the appearance of a new chiral symmetry in the massless limit. For
gauge bosons this is because gauge symmetry is restored in the massless limit. By dimensional
analysis, the corrections to these mass parameters cannot be quadratically sensitive to the cuto↵,
⇤,

�me ⇠ me ln

✓
⇤

me

◆
(1.2)

�M
2

W
⇠ M

2

W
ln

✓
⇤

MW

◆
. (1.3)

The Hierarchy problem is independent of the renormalization scheme. It is sometimes argued
that in dimensional regularization there are no quadratic divergences since the 1/✏ poles correspond
to logarithmic divergences. This is fallacious. The Hierarchy problem isn’t about the cancellation of
divergences, it is about the separation of the electroweak and uv scales. Any new physics coupled
to the Higgs will reintroduce the quadratic dependence on the scale at which the new physics
appears. For example, suppose new physics enters at the scale mS by a four-point interaction
between the Higgs and an additional complex scalar, �L � �S|H|

2
|S|

2. The contribution to the
Higgs mass from a loop of the S particle is

�m
2

H
=

�S

16⇡2


⇤2

UV
� 2m2

S
ln

✓
⇤UV

mS

◆
+ (finite)

�
. (1.4)

Suppose one chose to ignore the term quadratic in the loop regulator, ⇤2

UV
—note that there’s no

justification to do this—the logarithmically divergent piece (corresponding to the 1/✏) and the
finite pieces are proportional to the squared mass scale of the new physics, m2

S
. The regulator

⇤UV is not a physical scale, but m2

S
is the scale of new physics. The Higgs mass is quadratically

sensitive to this scale, no matter how one chooses to regulate the loop.
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common to all BSM
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Flavor

Indirect constraints on sparticles… 
often suggestive of flavor patterns (MFV)

soft masses introduce an additional source of flavor violation so that the quark and squark mass
matrices are misaligned. This manifests itself as flavor-changing mass insertions, �m

2

ds
, on squark

propagators when written in terms of the Standard Model mass eigenstate combinations:

d s

s d

eg eg

ed

es

es

ed

Note that rather than W bosons, this diagram is mediated by gluinos which carry much stronger
coupling constants ↵3 � ↵2. Further, Since there are no factors of VCKM, there is no gim suppres-
sion. The loop integral goes like d

4
k/k

10
⇠ 1/m6

susy
. Thus we can estimate this contribution to

kaon mixing to be

M
mssm

KK̄
⇠ ↵

3

3

✓
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2

ds

m2
susy

◆2 1

m2
susy

. (2.108)

Comparing this to the experimental bound,

�m
2

ds

m2
susy

. 4 · 10�3

⇣
msusy

500 GeV

⌘
. (2.109)

There are similar constraints on cp violating and lepton number violating processes (e.g. dipole
moments and µ ! e�). This is the SUSY flavor problem: a generic flavor structure for the
mssm soft parameters is phenomenologically ruled out. We are led to conclude that the o↵-diagonal
flavor terms must be strongly suppressed to avoid experimental bounds.

One way to do this is to suppose an organizing principle in the susy breaking parameters,
soft-breaking universality,

1. Soft breaking masses are all universal for all particles at some high scale. This means that
m

2

Q
/ in flavor space, and similarly for each mssm matter multiplet.

2. If a-terms are not flavor-universal, then the Higgs vev induces similar problematic mixings,

La = a
u

ij
QiŪjHu + a

d

ij
QiD̄jHd + a

e

ij
LiĒjHd. (2.110)

To avoid this, assume that aI
ij
is proportional to the Yukawa matrix,

a
I

ij
= A

I
y
I

ij
. (2.111)

This way, the rotation that diagonalizes the sm fermions also diagonalizes their scalar part-
ners.

3. To avoid cp violation, assume that all non-trivial phases beyond those in the Standard Model
ckm matrix vanish.

These are phenomenological principles. Ultimately, one would like to explain why these properties
should be true (or at least approximately so).
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3. To avoid cp violation, assume that all non-trivial phases beyond those in the Standard Model
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These are phenomenological principles. Ultimately, one would like to explain why these properties
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Why theorists [still] love SUSY

Non-renormalization theorems 
(Not true for Kahler potential)

Powerful non-perturbative results in gauge theory 
e.g. electromagnetic duality

The “spherical cow” of field theory

see lectures by Strassler on SUSY
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Extra Dimensions  
& the Hierarchy Problem
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SUSY vs extra dimensions

where we suppressed spinor indices. To cancel this variation, additional Lagrangian terms
are required. A reasonable guess is an interaction term Fϕ2 + h.c.:

δ(Fϕ2) = −iϵ∗σ̄µ∂µηϕ
2 + 2Fϕηϵ . (2.5)

It is easy to see that the sum of the two variations is a total derivative and the theory is su-
persymmetric. We can now write down the simplest interacting SUSY theory, an interacting
Wess-Zumino model

L = |∂µϕ|2 + iη†∂µσ̄
µη + |F |2 + (λFϕ2 − λϕηη + h.c.) , (2.6)

where λ is a coupling constant.

2.2 Superfield formalism

It is possible to extend the procedure discussed in the previous section to more complicated
theories but it becomes increasingly complicated, moreover some interactions can not appear
in a supersymmetric Lagrangian. Therefore it is useful to introduce a new formalism which
will allow us to treat all superpartners as a single field (or superfield). Scalars and fermions
related by supersymmetry should simply correspond to different components of a single
superfield very much like spin up and spin down states are different components of a single
fermion. To arrive at the desired superfield formalism it is convenient to introduce the notion
of the superspace by extending 4 commuting spacetime coordinates {xµ} to 4 commuting and
4 anti-commuting coordinates {xµ, θα, θ̄α̇}, where θ̄α̇ = (θα)∗. The new coordinates satisfy
anti-commutation relations

{θα, θ̄β̇} = {θα, θβ} = {θ̄α̇, θ̄β̇} = 0 . (2.7)

We can also define integrals over the superspace
∫

dθ =

∫
dθ̄ =

∫
dθθ̄ =

∫
dθ̄θ = 0 ,

∫
dθαθβ = δα

β ,

∫
dθ̄α̇θ̄

β̇ = δβ̇
α̇ ,

∫
d2θθ2 =

∫
d2θ̄θ̄2 ,

∫
d4θθ2θ̄2 = 1 ,

(2.8)

where

d2θ ≡ −
1

4
ϵαβdθαdθβ ,

d2θ̄ ≡ −
1

4
ϵα̇β̇dθα̇dθβ̇ ,

d4θ ≡ d2θ̄d2θ .

(2.9)

8

{xµ, z}
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gravitybrane
graviton

Figure 4: Cartoon pictures of a (3+1) dimensional brane in a compact 5D space. (left) The brane
(red line) as a subspace. Gravity propagates in the entire space ‘diluting’ its field lines relative to
forces localized on the brane. (right) sm processes localized on the brane, now with an additional
dimension drawn, emitting a graviton into the bulk.

Pushing the fundamental scale to M⇤ ⇠ tev requires

R = 1032/n tev�1 = 2 · 10�17 1032/n cm, (3.25)

using GeV�1 = 2 · 10�14 cm. We make the important caveat that this is specifically for the ADD

model. Considering di↵erent numbers of extra dimensions,

• n = 1. For a single extra dimension we have R = 1015 cm, which is roughly the size of the
solar system and is quickly ruled out.

• n = 2. Two extra dimensions brings us down to R ⇡ 0.1 cm, which is barely ruled out by
gravitational Cavendish experiments.

• n = 3. Three extra dimensions pushes us down to R < 10�6 cm.

How much do we know about gravity at short distances? Surprisingly little, actually. Cavendish
experiments (e.g. Eöt-Wash5) test the r

�2 law down to 10�4 m. These set a direct bound on the
n = 2 case that R < 37 µm and M⇤ > 1.4 TeV. For larger n one is allowed to have M⇤ = TeV.

One might have objected that one cannot say that M⇤ is the fundamental scale while allowing
R, itself a dimensionful quantity, float to take on any value. Indeed, in a completely natural theory,
one expects R ⇠ 1/M⇤ so that R ⇠ tev�1. This is quite di↵erent from what we wrote in (3.24).
Indeed, what we have done here is swapped the hierarchy in mass scales to a Hierarchy between
R and M

�1

⇤
. In other words, we have reformulated the Hierarchy problem to a problem of radius

stabilization. This is indeed very di�cult to solve in add.
Nevertheless, we may explore the phenomenological consequences of an add type model at

colliders and through astrophysical observations.

• The first thing to consider is the production of kk gravitons.

5The name is a play on the Eötvös experiment by University of Washington researchers.
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<latexit sha1_base64="3a2OgHvSxyxMuya+ukegkRp2Kdo=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6YLGF20psMmZ1dZmaDIeQvvHhQxKt/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGtzO/OUKleSwfzDhBP6J9yUPOqLHSY2dEVTLg5afzbrHkVtw5yCrxMlKCDLVu8avTi1kaoTRMUK3bnpsYf0KV4UzgtNBJNSaUDWkf25ZKGqH2J/OLp+TMKj0SxsqWNGSu/p6Y0EjrcRTYzoiagV72ZuJ/Xjs14bU/4TJJDUq2WBSmgpiYzN4nPa6QGTG2hDLF7a2EDaiizNiQCjYEb/nlVdK4qHhuxbu/LFVvsjjycAKnUAYPrqAKd1CDOjCQ8Ayv8OZo58V5dz4WrTknmzmGP3A+fwAkXJCN</latexit><latexit sha1_base64="3a2OgHvSxyxMuya+ukegkRp2Kdo=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6YLGF20psMmZ1dZmaDIeQvvHhQxKt/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGtzO/OUKleSwfzDhBP6J9yUPOqLHSY2dEVTLg5afzbrHkVtw5yCrxMlKCDLVu8avTi1kaoTRMUK3bnpsYf0KV4UzgtNBJNSaUDWkf25ZKGqH2J/OLp+TMKj0SxsqWNGSu/p6Y0EjrcRTYzoiagV72ZuJ/Xjs14bU/4TJJDUq2WBSmgpiYzN4nPa6QGTG2hDLF7a2EDaiizNiQCjYEb/nlVdK4qHhuxbu/LFVvsjjycAKnUAYPrqAKd1CDOjCQ8Ayv8OZo58V5dz4WrTknmzmGP3A+fwAkXJCN</latexit><latexit sha1_base64="3a2OgHvSxyxMuya+ukegkRp2Kdo=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6YLGF20psMmZ1dZmaDIeQvvHhQxKt/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGtzO/OUKleSwfzDhBP6J9yUPOqLHSY2dEVTLg5afzbrHkVtw5yCrxMlKCDLVu8avTi1kaoTRMUK3bnpsYf0KV4UzgtNBJNSaUDWkf25ZKGqH2J/OLp+TMKj0SxsqWNGSu/p6Y0EjrcRTYzoiagV72ZuJ/Xjs14bU/4TJJDUq2WBSmgpiYzN4nPa6QGTG2hDLF7a2EDaiizNiQCjYEb/nlVdK4qHhuxbu/LFVvsjjycAKnUAYPrqAKd1CDOjCQ8Ayv8OZo58V5dz4WrTknmzmGP3A+fwAkXJCN</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="zneJe2+pwXua2yQBT5gxlgKwoqM=">AAAB5nicbZBLSwMxFIXv1FetVatbN8Ei1E2ZcaNLwY3LCvaB7VDupJk2NMkMSaZYhv4LNy4U8Se589+YPhbaeiDwcU5C7j1RKrixvv/tFba2d3b3ivulg/Lh0XHlpNwySaYpa9JEJLoToWGCK9a03ArWSTVDGQnWjsZ387w9YdrwRD3aacpCiUPFY07ROuupN0Gdjnjt+bJfqfp1fyGyCcEKqrBSo1/56g0SmkmmLBVoTDfwUxvmqC2ngs1KvcywFOkYh6zrUKFkJswXE8/IhXMGJE60O8qShfv7RY7SmKmM3E2JdmTWs7n5X9bNbHwT5lylmWWKLj+KM0FsQubrkwHXjFoxdYBUczcroSPUSK0rqeRKCNZX3oTWVT3w68GDD0U4g3OoQQDXcAv30IAmUFDwAm/w7hnv1ftY1lXwVr2dwh95nz/qCo8x</latexit><latexit sha1_base64="zneJe2+pwXua2yQBT5gxlgKwoqM=">AAAB5nicbZBLSwMxFIXv1FetVatbN8Ei1E2ZcaNLwY3LCvaB7VDupJk2NMkMSaZYhv4LNy4U8Se589+YPhbaeiDwcU5C7j1RKrixvv/tFba2d3b3ivulg/Lh0XHlpNwySaYpa9JEJLoToWGCK9a03ArWSTVDGQnWjsZ387w9YdrwRD3aacpCiUPFY07ROuupN0Gdjnjt+bJfqfp1fyGyCcEKqrBSo1/56g0SmkmmLBVoTDfwUxvmqC2ngs1KvcywFOkYh6zrUKFkJswXE8/IhXMGJE60O8qShfv7RY7SmKmM3E2JdmTWs7n5X9bNbHwT5lylmWWKLj+KM0FsQubrkwHXjFoxdYBUczcroSPUSK0rqeRKCNZX3oTWVT3w68GDD0U4g3OoQQDXcAv30IAmUFDwAm/w7hnv1ftY1lXwVr2dwh95nz/qCo8x</latexit><latexit sha1_base64="aO5afTstuvb2PGzl1ffMPaaqT0k=">AAAB8XicbVA9SwNBEJ3zM8avqKXNYhBiE+5stAzaWEYwH5gcYW6zlyzZ2zt294LhyL+wsVDE1n9j579xk1yhiQ8GHu/NMDMvSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbmd+a8yU5rF8MJOE+REOJA85RWOlx+4YVTLklaeLXqnsVt05yCrxclKGHPVe6avbj2kaMWmoQK07npsYP0NlOBVsWuymmiVIRzhgHUslRkz72fziKTm3Sp+EsbIlDZmrvycyjLSeRIHtjNAM9bI3E//zOqkJr/2MyyQ1TNLFojAVxMRk9j7pc8WoERNLkCpubyV0iAqpsSEVbQje8surpHlZ9dyqd++Wazd5HAU4hTOogAdXUIM7qEMDKEh4hld4c7Tz4rw7H4vWNSefOYE/cD5/ACMckIk=</latexit><latexit sha1_base64="3a2OgHvSxyxMuya+ukegkRp2Kdo=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6YLGF20psMmZ1dZmaDIeQvvHhQxKt/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGtzO/OUKleSwfzDhBP6J9yUPOqLHSY2dEVTLg5afzbrHkVtw5yCrxMlKCDLVu8avTi1kaoTRMUK3bnpsYf0KV4UzgtNBJNSaUDWkf25ZKGqH2J/OLp+TMKj0SxsqWNGSu/p6Y0EjrcRTYzoiagV72ZuJ/Xjs14bU/4TJJDUq2WBSmgpiYzN4nPa6QGTG2hDLF7a2EDaiizNiQCjYEb/nlVdK4qHhuxbu/LFVvsjjycAKnUAYPrqAKd1CDOjCQ8Ayv8OZo58V5dz4WrTknmzmGP3A+fwAkXJCN</latexit><latexit sha1_base64="3a2OgHvSxyxMuya+ukegkRp2Kdo=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6YLGF20psMmZ1dZmaDIeQvvHhQxKt/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGtzO/OUKleSwfzDhBP6J9yUPOqLHSY2dEVTLg5afzbrHkVtw5yCrxMlKCDLVu8avTi1kaoTRMUK3bnpsYf0KV4UzgtNBJNSaUDWkf25ZKGqH2J/OLp+TMKj0SxsqWNGSu/p6Y0EjrcRTYzoiagV72ZuJ/Xjs14bU/4TJJDUq2WBSmgpiYzN4nPa6QGTG2hDLF7a2EDaiizNiQCjYEb/nlVdK4qHhuxbu/LFVvsjjycAKnUAYPrqAKd1CDOjCQ8Ayv8OZo58V5dz4WrTknmzmGP3A+fwAkXJCN</latexit><latexit sha1_base64="3a2OgHvSxyxMuya+ukegkRp2Kdo=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6YLGF20psMmZ1dZmaDIeQvvHhQxKt/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGtzO/OUKleSwfzDhBP6J9yUPOqLHSY2dEVTLg5afzbrHkVtw5yCrxMlKCDLVu8avTi1kaoTRMUK3bnpsYf0KV4UzgtNBJNSaUDWkf25ZKGqH2J/OLp+TMKj0SxsqWNGSu/p6Y0EjrcRTYzoiagV72ZuJ/Xjs14bU/4TJJDUq2WBSmgpiYzN4nPa6QGTG2hDLF7a2EDaiizNiQCjYEb/nlVdK4qHhuxbu/LFVvsjjycAKnUAYPrqAKd1CDOjCQ8Ayv8OZo58V5dz4WrTknmzmGP3A+fwAkXJCN</latexit><latexit sha1_base64="3a2OgHvSxyxMuya+ukegkRp2Kdo=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6YLGF20psMmZ1dZmaDIeQvvHhQxKt/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGtzO/OUKleSwfzDhBP6J9yUPOqLHSY2dEVTLg5afzbrHkVtw5yCrxMlKCDLVu8avTi1kaoTRMUK3bnpsYf0KV4UzgtNBJNSaUDWkf25ZKGqH2J/OLp+TMKj0SxsqWNGSu/p6Y0EjrcRTYzoiagV72ZuJ/Xjs14bU/4TJJDUq2WBSmgpiYzN4nPa6QGTG2hDLF7a2EDaiizNiQCjYEb/nlVdK4qHhuxbu/LFVvsjjycAKnUAYPrqAKd1CDOjCQ8Ayv8OZo58V5dz4WrTknmzmGP3A+fwAkXJCN</latexit><latexit sha1_base64="3a2OgHvSxyxMuya+ukegkRp2Kdo=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6YLGF20psMmZ1dZmaDIeQvvHhQxKt/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGtzO/OUKleSwfzDhBP6J9yUPOqLHSY2dEVTLg5afzbrHkVtw5yCrxMlKCDLVu8avTi1kaoTRMUK3bnpsYf0KV4UzgtNBJNSaUDWkf25ZKGqH2J/OLp+TMKj0SxsqWNGSu/p6Y0EjrcRTYzoiagV72ZuJ/Xjs14bU/4TJJDUq2WBSmgpiYzN4nPa6QGTG2hDLF7a2EDaiizNiQCjYEb/nlVdK4qHhuxbu/LFVvsjjycAKnUAYPrqAKd1CDOjCQ8Ayv8OZo58V5dz4WrTknmzmGP3A+fwAkXJCN</latexit><latexit sha1_base64="3a2OgHvSxyxMuya+ukegkRp2Kdo=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6YLGF20psMmZ1dZmaDIeQvvHhQxKt/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGtzO/OUKleSwfzDhBP6J9yUPOqLHSY2dEVTLg5afzbrHkVtw5yCrxMlKCDLVu8avTi1kaoTRMUK3bnpsYf0KV4UzgtNBJNSaUDWkf25ZKGqH2J/OLp+TMKj0SxsqWNGSu/p6Y0EjrcRTYzoiagV72ZuJ/Xjs14bU/4TJJDUq2WBSmgpiYzN4nPa6QGTG2hDLF7a2EDaiizNiQCjYEb/nlVdK4qHhuxbu/LFVvsjjycAKnUAYPrqAKd1CDOjCQ8Ayv8OZo58V5dz4WrTknmzmGP3A+fwAkXJCN</latexit>

 (x)
<latexit sha1_base64="LA/hEBxnAZMfoGyoFDNH45BEhik=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXBD0WvXisYD+gXUo2zbah2WxIsmJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8UAlurOd9o8La+sbmVnG7tLO7t39QPjxqmSTVlDVpIhLdCYlhgkvWtNwK1lGakTgUrB2Ob2d++5FpwxP5YCeKBTEZSh5xSqyT2j1lePXpvF+ueDVvDrxK/JxUIEejX/7qDRKaxkxaKogxXd9TNsiItpwKNi31UsMUoWMyZF1HJYmZCbL5uVN85pQBjhLtSlo8V39PZCQ2ZhKHrjMmdmSWvZn4n9dNbXQdZFyq1DJJF4uiVGCb4NnveMA1o1ZMHCFUc3crpiOiCbUuoZILwV9+eZW0Lmq+V/PvLyv1mzyOIpzAKVTBhyuowx00oAkUxvAMr/CGFHpB7+hj0VpA+cwx/AH6/AHJdo8x</latexit><latexit sha1_base64="LA/hEBxnAZMfoGyoFDNH45BEhik=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXBD0WvXisYD+gXUo2zbah2WxIsmJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8UAlurOd9o8La+sbmVnG7tLO7t39QPjxqmSTVlDVpIhLdCYlhgkvWtNwK1lGakTgUrB2Ob2d++5FpwxP5YCeKBTEZSh5xSqyT2j1lePXpvF+ueDVvDrxK/JxUIEejX/7qDRKaxkxaKogxXd9TNsiItpwKNi31UsMUoWMyZF1HJYmZCbL5uVN85pQBjhLtSlo8V39PZCQ2ZhKHrjMmdmSWvZn4n9dNbXQdZFyq1DJJF4uiVGCb4NnveMA1o1ZMHCFUc3crpiOiCbUuoZILwV9+eZW0Lmq+V/PvLyv1mzyOIpzAKVTBhyuowx00oAkUxvAMr/CGFHpB7+hj0VpA+cwx/AH6/AHJdo8x</latexit><latexit sha1_base64="LA/hEBxnAZMfoGyoFDNH45BEhik=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXBD0WvXisYD+gXUo2zbah2WxIsmJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8UAlurOd9o8La+sbmVnG7tLO7t39QPjxqmSTVlDVpIhLdCYlhgkvWtNwK1lGakTgUrB2Ob2d++5FpwxP5YCeKBTEZSh5xSqyT2j1lePXpvF+ueDVvDrxK/JxUIEejX/7qDRKaxkxaKogxXd9TNsiItpwKNi31UsMUoWMyZF1HJYmZCbL5uVN85pQBjhLtSlo8V39PZCQ2ZhKHrjMmdmSWvZn4n9dNbXQdZFyq1DJJF4uiVGCb4NnveMA1o1ZMHCFUc3crpiOiCbUuoZILwV9+eZW0Lmq+V/PvLyv1mzyOIpzAKVTBhyuowx00oAkUxvAMr/CGFHpB7+hj0VpA+cwx/AH6/AHJdo8x</latexit><latexit sha1_base64="LA/hEBxnAZMfoGyoFDNH45BEhik=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXBD0WvXisYD+gXUo2zbah2WxIsmJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8UAlurOd9o8La+sbmVnG7tLO7t39QPjxqmSTVlDVpIhLdCYlhgkvWtNwK1lGakTgUrB2Ob2d++5FpwxP5YCeKBTEZSh5xSqyT2j1lePXpvF+ueDVvDrxK/JxUIEejX/7qDRKaxkxaKogxXd9TNsiItpwKNi31UsMUoWMyZF1HJYmZCbL5uVN85pQBjhLtSlo8V39PZCQ2ZhKHrjMmdmSWvZn4n9dNbXQdZFyq1DJJF4uiVGCb4NnveMA1o1ZMHCFUc3crpiOiCbUuoZILwV9+eZW0Lmq+V/PvLyv1mzyOIpzAKVTBhyuowx00oAkUxvAMr/CGFHpB7+hj0VpA+cwx/AH6/AHJdo8x</latexit>
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More particles, no cancellations

Why isn’t Higgs mass = Planck mass?
H I E R A R C H Y  P R O B L E M

largeness of MPl is 
the weakness of gravity

GN =
1

8⇡M2
Pl<latexit sha1_base64="8zjUNLj/NHjfVP4CeOoLaich0nM=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4JgFXaDYBohaKGNEsE8IBuX2clsMmT2wcxdMSzb2/grNhaK2PoDdv6Nk0ehiQcuHM65l3vv8WLBFVjWt5FbWl5ZXcuvFzY2t7Z3zN29pooSSVmDRiKSbY8oJnjIGsBBsHYsGQk8wVre8Hzst+6ZVDwKb2EUs25A+iH3OSWgJdcsXrjX+BQ7viQ0tbO06sQcX7kOsAdI6yK7q2SuWbLK1gR4kdgzUkIz1F3zy+lFNAlYCFQQpTq2FUM3JRI4FSwrOIliMaFD0mcdTUMSMNVNJ79k+FArPexHUlcIeKL+nkhJoNQo8HRnQGCg5r2x+J/XScCvdlMexgmwkE4X+YnAEOFxMLjHJaMgRpoQKrm+FdMB0bGAjq+gQ7DnX14kzUrZtsr2zXGpdjaLI48OUBEdIRudoBq6RHXUQBQ9omf0it6MJ+PFeDc+pq05Yzazj/7A+PwBmgCaJw==</latexit><latexit sha1_base64="8zjUNLj/NHjfVP4CeOoLaich0nM=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4JgFXaDYBohaKGNEsE8IBuX2clsMmT2wcxdMSzb2/grNhaK2PoDdv6Nk0ehiQcuHM65l3vv8WLBFVjWt5FbWl5ZXcuvFzY2t7Z3zN29pooSSVmDRiKSbY8oJnjIGsBBsHYsGQk8wVre8Hzst+6ZVDwKb2EUs25A+iH3OSWgJdcsXrjX+BQ7viQ0tbO06sQcX7kOsAdI6yK7q2SuWbLK1gR4kdgzUkIz1F3zy+lFNAlYCFQQpTq2FUM3JRI4FSwrOIliMaFD0mcdTUMSMNVNJ79k+FArPexHUlcIeKL+nkhJoNQo8HRnQGCg5r2x+J/XScCvdlMexgmwkE4X+YnAEOFxMLjHJaMgRpoQKrm+FdMB0bGAjq+gQ7DnX14kzUrZtsr2zXGpdjaLI48OUBEdIRudoBq6RHXUQBQ9omf0it6MJ+PFeDc+pq05Yzazj/7A+PwBmgCaJw==</latexit><latexit sha1_base64="8zjUNLj/NHjfVP4CeOoLaich0nM=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4JgFXaDYBohaKGNEsE8IBuX2clsMmT2wcxdMSzb2/grNhaK2PoDdv6Nk0ehiQcuHM65l3vv8WLBFVjWt5FbWl5ZXcuvFzY2t7Z3zN29pooSSVmDRiKSbY8oJnjIGsBBsHYsGQk8wVre8Hzst+6ZVDwKb2EUs25A+iH3OSWgJdcsXrjX+BQ7viQ0tbO06sQcX7kOsAdI6yK7q2SuWbLK1gR4kdgzUkIz1F3zy+lFNAlYCFQQpTq2FUM3JRI4FSwrOIliMaFD0mcdTUMSMNVNJ79k+FArPexHUlcIeKL+nkhJoNQo8HRnQGCg5r2x+J/XScCvdlMexgmwkE4X+YnAEOFxMLjHJaMgRpoQKrm+FdMB0bGAjq+gQ7DnX14kzUrZtsr2zXGpdjaLI48OUBEdIRudoBq6RHXUQBQ9omf0it6MJ+PFeDc+pq05Yzazj/7A+PwBmgCaJw==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="F3BUg+dIKaSr321KJ2ZiuENjzrE=">AAACAHicbZA7SwNBFIXv+owx6mprMyQIVmE3jTaCYKGNEsE8IBuX2clsMmT2wcxdMSzb2/hXbCwU8VfY+W+cPApfBwYO58xw535BKoVGx/m0lpZXVtfWSxvlzcrW9o69W2nrJFOMt1giE9UNqOZSxLyFAiXvporTKJC8E4zPpn3njistkvgGJynvR3QYi1Awiiby7eq5f0VOiBcqynK3yI+9VJBL30N+j3lTFreNwrdrTt2Zifw17sLUYKGmb394g4RlEY+RSap1z3VS7OdUoWCSF2Uv0zylbEyHvGdsTCOu+/lsl4IcmGRAwkSZEyOZpd9f5DTSehIF5mZEcaR/d9Pwv66XYXjcz0WcZshjNh8UZpJgQqZgyEAozlBOjKFMCfNXwkbUYEGDr2wguL9X/mvajbrr1N1rB0qwD1U4BBeO4BQuoAktYPAAT/ACr9aj9Wy9zXEtWQtue/BD1vsX+ryYsQ==</latexit><latexit sha1_base64="F3BUg+dIKaSr321KJ2ZiuENjzrE=">AAACAHicbZA7SwNBFIXv+owx6mprMyQIVmE3jTaCYKGNEsE8IBuX2clsMmT2wcxdMSzb2/hXbCwU8VfY+W+cPApfBwYO58xw535BKoVGx/m0lpZXVtfWSxvlzcrW9o69W2nrJFOMt1giE9UNqOZSxLyFAiXvporTKJC8E4zPpn3njistkvgGJynvR3QYi1Awiiby7eq5f0VOiBcqynK3yI+9VJBL30N+j3lTFreNwrdrTt2Zifw17sLUYKGmb394g4RlEY+RSap1z3VS7OdUoWCSF2Uv0zylbEyHvGdsTCOu+/lsl4IcmGRAwkSZEyOZpd9f5DTSehIF5mZEcaR/d9Pwv66XYXjcz0WcZshjNh8UZpJgQqZgyEAozlBOjKFMCfNXwkbUYEGDr2wguL9X/mvajbrr1N1rB0qwD1U4BBeO4BQuoAktYPAAT/ACr9aj9Wy9zXEtWQtue/BD1vsX+ryYsQ==</latexit><latexit sha1_base64="G0UfUCWNLJnjXNWgh9npHZqipDI=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBCswm4a0whBC22UCOYB2XWZncwmQ2YfzNwVw7K9jb9iY6GIrT9g5984eRSaeODC4Zx7ufcePxFcgWV9G0vLK6tr64WN4ubW9s6uubffUnEqKWvSWMSy4xPFBI9YEzgI1kkkI6EvWNsfno/99j2TisfRLYwS5oakH/GAUwJa8szShXeNT7ETSEIzO89qTsLxlecAe4CsIfK7au6ZZatiTYAXiT0jZTRDwzO/nF5M05BFQAVRqmtbCbgZkcCpYHnRSRVLCB2SPutqGpGQKTeb/JLjI630cBBLXRHgifp7IiOhUqPQ150hgYGa98bif143haDmZjxKUmARnS4KUoEhxuNgcI9LRkGMNCFUcn0rpgOiYwEdX1GHYM+/vEha1YptVewbq1w/m8VRQIeohI6RjU5QHV2iBmoiih7RM3pFb8aT8WK8Gx/T1iVjNnOA/sD4/AGYwJoj</latexit><latexit sha1_base64="8zjUNLj/NHjfVP4CeOoLaich0nM=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4JgFXaDYBohaKGNEsE8IBuX2clsMmT2wcxdMSzb2/grNhaK2PoDdv6Nk0ehiQcuHM65l3vv8WLBFVjWt5FbWl5ZXcuvFzY2t7Z3zN29pooSSVmDRiKSbY8oJnjIGsBBsHYsGQk8wVre8Hzst+6ZVDwKb2EUs25A+iH3OSWgJdcsXrjX+BQ7viQ0tbO06sQcX7kOsAdI6yK7q2SuWbLK1gR4kdgzUkIz1F3zy+lFNAlYCFQQpTq2FUM3JRI4FSwrOIliMaFD0mcdTUMSMNVNJ79k+FArPexHUlcIeKL+nkhJoNQo8HRnQGCg5r2x+J/XScCvdlMexgmwkE4X+YnAEOFxMLjHJaMgRpoQKrm+FdMB0bGAjq+gQ7DnX14kzUrZtsr2zXGpdjaLI48OUBEdIRudoBq6RHXUQBQ9omf0it6MJ+PFeDc+pq05Yzazj/7A+PwBmgCaJw==</latexit><latexit sha1_base64="8zjUNLj/NHjfVP4CeOoLaich0nM=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4JgFXaDYBohaKGNEsE8IBuX2clsMmT2wcxdMSzb2/grNhaK2PoDdv6Nk0ehiQcuHM65l3vv8WLBFVjWt5FbWl5ZXcuvFzY2t7Z3zN29pooSSVmDRiKSbY8oJnjIGsBBsHYsGQk8wVre8Hzst+6ZVDwKb2EUs25A+iH3OSWgJdcsXrjX+BQ7viQ0tbO06sQcX7kOsAdI6yK7q2SuWbLK1gR4kdgzUkIz1F3zy+lFNAlYCFQQpTq2FUM3JRI4FSwrOIliMaFD0mcdTUMSMNVNJ79k+FArPexHUlcIeKL+nkhJoNQo8HRnQGCg5r2x+J/XScCvdlMexgmwkE4X+YnAEOFxMLjHJaMgRpoQKrm+FdMB0bGAjq+gQ7DnX14kzUrZtsr2zXGpdjaLI48OUBEdIRudoBq6RHXUQBQ9omf0it6MJ+PFeDc+pq05Yzazj/7A+PwBmgCaJw==</latexit><latexit sha1_base64="8zjUNLj/NHjfVP4CeOoLaich0nM=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4JgFXaDYBohaKGNEsE8IBuX2clsMmT2wcxdMSzb2/grNhaK2PoDdv6Nk0ehiQcuHM65l3vv8WLBFVjWt5FbWl5ZXcuvFzY2t7Z3zN29pooSSVmDRiKSbY8oJnjIGsBBsHYsGQk8wVre8Hzst+6ZVDwKb2EUs25A+iH3OSWgJdcsXrjX+BQ7viQ0tbO06sQcX7kOsAdI6yK7q2SuWbLK1gR4kdgzUkIz1F3zy+lFNAlYCFQQpTq2FUM3JRI4FSwrOIliMaFD0mcdTUMSMNVNJ79k+FArPexHUlcIeKL+nkhJoNQo8HRnQGCg5r2x+J/XScCvdlMexgmwkE4X+YnAEOFxMLjHJaMgRpoQKrm+FdMB0bGAjq+gQ7DnX14kzUrZtsr2zXGpdjaLI48OUBEdIRudoBq6RHXUQBQ9omf0it6MJ+PFeDc+pq05Yzazj/7A+PwBmgCaJw==</latexit><latexit sha1_base64="8zjUNLj/NHjfVP4CeOoLaich0nM=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4JgFXaDYBohaKGNEsE8IBuX2clsMmT2wcxdMSzb2/grNhaK2PoDdv6Nk0ehiQcuHM65l3vv8WLBFVjWt5FbWl5ZXcuvFzY2t7Z3zN29pooSSVmDRiKSbY8oJnjIGsBBsHYsGQk8wVre8Hzst+6ZVDwKb2EUs25A+iH3OSWgJdcsXrjX+BQ7viQ0tbO06sQcX7kOsAdI6yK7q2SuWbLK1gR4kdgzUkIz1F3zy+lFNAlYCFQQpTq2FUM3JRI4FSwrOIliMaFD0mcdTUMSMNVNJ79k+FArPexHUlcIeKL+nkhJoNQo8HRnQGCg5r2x+J/XScCvdlMexgmwkE4X+YnAEOFxMLjHJaMgRpoQKrm+FdMB0bGAjq+gQ7DnX14kzUrZtsr2zXGpdjaLI48OUBEdIRudoBq6RHXUQBQ9omf0it6MJ+PFeDc+pq05Yzazj/7A+PwBmgCaJw==</latexit><latexit sha1_base64="8zjUNLj/NHjfVP4CeOoLaich0nM=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4JgFXaDYBohaKGNEsE8IBuX2clsMmT2wcxdMSzb2/grNhaK2PoDdv6Nk0ehiQcuHM65l3vv8WLBFVjWt5FbWl5ZXcuvFzY2t7Z3zN29pooSSVmDRiKSbY8oJnjIGsBBsHYsGQk8wVre8Hzst+6ZVDwKb2EUs25A+iH3OSWgJdcsXrjX+BQ7viQ0tbO06sQcX7kOsAdI6yK7q2SuWbLK1gR4kdgzUkIz1F3zy+lFNAlYCFQQpTq2FUM3JRI4FSwrOIliMaFD0mcdTUMSMNVNJ79k+FArPexHUlcIeKL+nkhJoNQo8HRnQGCg5r2x+J/XScCvdlMexgmwkE4X+YnAEOFxMLjHJaMgRpoQKrm+FdMB0bGAjq+gQ7DnX14kzUrZtsr2zXGpdjaLI48OUBEdIRudoBq6RHXUQBQ9omf0it6MJ+PFeDc+pq05Yzazj/7A+PwBmgCaJw==</latexit><latexit sha1_base64="8zjUNLj/NHjfVP4CeOoLaich0nM=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4JgFXaDYBohaKGNEsE8IBuX2clsMmT2wcxdMSzb2/grNhaK2PoDdv6Nk0ehiQcuHM65l3vv8WLBFVjWt5FbWl5ZXcuvFzY2t7Z3zN29pooSSVmDRiKSbY8oJnjIGsBBsHYsGQk8wVre8Hzst+6ZVDwKb2EUs25A+iH3OSWgJdcsXrjX+BQ7viQ0tbO06sQcX7kOsAdI6yK7q2SuWbLK1gR4kdgzUkIz1F3zy+lFNAlYCFQQpTq2FUM3JRI4FSwrOIliMaFD0mcdTUMSMNVNJ79k+FArPexHUlcIeKL+nkhJoNQo8HRnQGCg5r2x+J/XScCvdlMexgmwkE4X+YnAEOFxMLjHJaMgRpoQKrm+FdMB0bGAjq+gQ7DnX14kzUrZtsr2zXGpdjaLI48OUBEdIRudoBq6RHXUQBQ9omf0it6MJ+PFeDc+pq05Yzazj/7A+PwBmgCaJw==</latexit>

Maybe Planck mass isn’t actually that big.
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Field theory in 5D

Assume y is compact; Fourier:

elements depending on the generations i,j, and k. This gives a natural explanation for why the
rpv couplings of the first two generation squarks are much smaller than the stop.

3 Extra Dimensions

The original proposal for extra dimensions by Kaluza [64], Klein [65], and later Einstein [66] were
attempts to unify electromagnetism with gravitation. Several decades later the development of
string theory—originally as a dual theory to explain the Regge trajectories of hadronic physics—
led physicists to revisit the idea of compact extra dimensions [67–69]. In early models, the non-
observation of an additional spatial direction was explained by requiring the compactification
radius to be too small for macroscopic objects.

Further reading: Two of the authors’ favorite reviews on this subject are [70] and [71]. This lecture is meant
to be largely complementary. Additional references include [72–77], which focus on di↵erent aspects.

3.1 Kaluza-Klein decomposition

The simplest example to begin with is a real scalar field in 5D where the fifth dimension is com-
pactified to a circle of radius R. The details of the compactification do not change the qualitative
behavior of the theory at low energies. The Lagrangian is
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From the 4D point of view, a single 5D scalar becomes a ‘Kaluza-Klein (kk) tower’ of 4D particles,
each with mass n/R. If there were more than one extra dimension, for example if one compactified
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KK Masses

elements depending on the generations i,j, and k. This gives a natural explanation for why the
rpv couplings of the first two generation squarks are much smaller than the stop.
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observation of an additional spatial direction was explained by requiring the compactification
radius to be too small for macroscopic objects.
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string theory—originally as a dual theory to explain the Regge trajectories of hadronic physics—
led physicists to revisit the idea of compact extra dimensions [67–69]. In early models, the non-
observation of an additional spatial direction was explained by requiring the compactification
radius to be too small for macroscopic objects.

Further reading: Two of the authors’ favorite reviews on this subject are [70] and [71]. This lecture is meant
to be largely complementary. Additional references include [72–77], which focus on di↵erent aspects.

3.1 Kaluza-Klein decomposition

The simplest example to begin with is a real scalar field in 5D where the fifth dimension is com-
pactified to a circle of radius R. The details of the compactification do not change the qualitative
behavior of the theory at low energies. The Lagrangian is

S =
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, (3.1)

where M = 0, · · · , 5 and x5 = y. Since y is compact, we may identify energy eigenstates by doing
a Fourier decomposition in the extra dimension,
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. (3.2)

Since � is real,
�
�
(n)

�†
= �

(�n). Plugging this expansion into the action allows us to use the
orthogonality of the Fourier terms to perform the dy integral. This leaves us with an expression
for the action that is an integral over only the non-compact dimensions, but written in terms of
the kk modes �(n)(x),
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From the 4D point of view, a single 5D scalar becomes a ‘Kaluza-Klein (kk) tower’ of 4D particles,
each with mass n/R. If there were more than one extra dimension, for example if one compactified
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Gauge fields

on an k-dimensional torus with radii R5, R6, . . ., then the kk tower would have k indices and
masses

m
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+

n
2

5

R
2

5

+
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2

6

R
2

6
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, (3.6)

where m
2

0
is the higher dimensional mass of the field.

3.2 Gauge fields

A more complicated example is a gauge field. We know that gauge fields are associated with
vector particles, but in 5D the vector now carries five components, AM . We perform the same kk
decomposition for each component M ,

AM(x, y) =
1

p
2⇡R

X

n

A
(n)

M
(x) ei

n
Ry
. (3.7)

Note that this decomposes into a kk tower of 4D vectors, A(n)

µ , and a kk tower of 4D scalars,
A

(n)

5
. Similarly, the field strengths are antisymmetric with respect to indices M and N so that the

action is decomposed according to
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This looks complicated because there is an odd mixing between the 4D vector, A(n)

µ , and the 4D
scalar A(n)

5
. Fortunately, this mixing term can be removed by fixing to 5D axial gauge,
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for n 6= 0. Note that for n = 0 there’s no scalar–vector mixing anyway. The resulting action takes
a much nicer form,
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The spectrum includes a tower of massive vector particles as well as a massless (zero mode) gauge
boson and scalar.

Recall the usual expression for the number of degrees of freedom in a massless 4D gauge boson:

(4 components in Aµ)� (longitudinal mode)� (gauge redundancy). (3.13)

When the gauge boson becomes massive, it picks up a longitudinal mode from eating a scalar by
the Goldstone mechanism. This is precisely what has happened to our kk gauge bosons, A(n)

µ :
they pick up a mass by eating the scalar kk modes, A(n)

5
.
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In a theory with (4 + n) dimensions, the (4 + n)-component vector AM decomposes into a
massless gauge boson, n massless scalars, a tower of massive kk vectors Aµ, and a tower of (n� 1)
massive kk scalars.

One may similarly generalize to spin-2 particles such as the graviton. In (4 + n) dimensions
these are represented by an antisymmetric (4 + n)⇥ (4 + n) tensor,

gMN =

0

@ gµ⌫ Aµ

'

1

A . (3.14)

The massless 4D zero modes include the usual 4D graviton, a vector, and a scalar. At the massive
level, there is a kk tower of gravitons with (n� 1) gauge fields and [1

2
n(n+ 1)� n] scalars. Here

we observe the graviton and vector eating the required degrees of freedom to become massive.

3.3 Matching of couplings

It is important to notice that the mass dimension of couplings and fields depend on the number
of spacetime dimensions. The action is dimensionless, [S] = 0, since it is exponentiated in the
partition function. Then, in (4 + n) dimensions, the kinetic term for a boson gives

⇥
d
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x (@�)2
⇤
= �(4 + n) + 2 + 2[�] = 0 ) [�] = 1 +

n

2
. (3.15)

Note that this is consistent with the dimensions in the kk expansion (3.2). The 5D scalar contains
the 4D scalars with a prefactor ⇠ R

�1/2 that has mass dimension 1/2. Similarly, for fermions,
[ ] = 3

2
+ n

2
. With this information, dimensions of the Lagrangian couplings can be read o↵

straightforwardly. For example, the 5D gauge field lives in the covariant derivative,

Dµ = @µ � ig5Aµ = @µ � i
g5

p
2⇡R

A
(0)

µ
+ · · · . (3.16)

We see that [g5] = �1/2 since [@] = 1 and [AM ] = 3/2. Further, we find an explicit relation
between the 5D parameter g5 and the observed 4D gauge coupling,

g4 =
g5

p
2⇡R

. (3.17)

More generally, in (4+n) dimensions the 4D coupling is related to the higher dimensional coupling
by the volume of the extra dimensional space,

g
2

4
=

g
2

(4+n)

Voln
. (3.18)

One can read o↵ the matching of the gravitational coupling by looking at the prefactor of the Ricci
term in the action,

S(4+n) = �M
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d
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x
p
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p
g(4) R(4) + · · · , (3.19)

where we’ve written g for the determinant of the metric. From this we identify 4D Planck mass
MPl from the fundamental higher dimensional Planck mass, M(4+n),

M
2

Pl
= M

2+n

(4+n)
Vn. (3.20)
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is the higher dimensional mass of the field.

3.2 Gauge fields

A more complicated example is a gauge field. We know that gauge fields are associated with
vector particles, but in 5D the vector now carries five components, AM . We perform the same kk
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for n 6= 0. Note that for n = 0 there’s no scalar–vector mixing anyway. The resulting action takes
a much nicer form,
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The spectrum includes a tower of massive vector particles as well as a massless (zero mode) gauge
boson and scalar.

Recall the usual expression for the number of degrees of freedom in a massless 4D gauge boson:

(4 components in Aµ)� (longitudinal mode)� (gauge redundancy). (3.13)

When the gauge boson becomes massive, it picks up a longitudinal mode from eating a scalar by
the Goldstone mechanism. This is precisely what has happened to our kk gauge bosons, A(n)

µ :
they pick up a mass by eating the scalar kk modes, A(n)

5
.
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Braneworld

Fundamental scale is 
actually smaller than our 
perceived MPl

gravitybrane
graviton

Figure 4: Cartoon pictures of a (3+1) dimensional brane in a compact 5D space. (left) The brane
(red line) as a subspace. Gravity propagates in the entire space ‘diluting’ its field lines relative to
forces localized on the brane. (right) sm processes localized on the brane, now with an additional
dimension drawn, emitting a graviton into the bulk.

Pushing the fundamental scale to M⇤ ⇠ tev requires

R = 1032/n tev�1 = 2 · 10�17 1032/n cm, (3.25)

using GeV�1 = 2 · 10�14 cm. We make the important caveat that this is specifically for the ADD

model. Considering di↵erent numbers of extra dimensions,

• n = 1. For a single extra dimension we have R = 1015 cm, which is roughly the size of the
solar system and is quickly ruled out.

• n = 2. Two extra dimensions brings us down to R ⇡ 0.1 cm, which is barely ruled out by
gravitational Cavendish experiments.

• n = 3. Three extra dimensions pushes us down to R < 10�6 cm.

How much do we know about gravity at short distances? Surprisingly little, actually. Cavendish
experiments (e.g. Eöt-Wash5) test the r

�2 law down to 10�4 m. These set a direct bound on the
n = 2 case that R < 37 µm and M⇤ > 1.4 TeV. For larger n one is allowed to have M⇤ = TeV.

One might have objected that one cannot say that M⇤ is the fundamental scale while allowing
R, itself a dimensionful quantity, float to take on any value. Indeed, in a completely natural theory,
one expects R ⇠ 1/M⇤ so that R ⇠ tev�1. This is quite di↵erent from what we wrote in (3.24).
Indeed, what we have done here is swapped the hierarchy in mass scales to a Hierarchy between
R and M

�1

⇤
. In other words, we have reformulated the Hierarchy problem to a problem of radius

stabilization. This is indeed very di�cult to solve in add.
Nevertheless, we may explore the phenomenological consequences of an add type model at

colliders and through astrophysical observations.

• The first thing to consider is the production of kk gravitons.

5The name is a play on the Eötvös experiment by University of Washington researchers.
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In a theory with (4 + n) dimensions, the (4 + n)-component vector AM decomposes into a
massless gauge boson, n massless scalars, a tower of massive kk vectors Aµ, and a tower of (n� 1)
massive kk scalars.

One may similarly generalize to spin-2 particles such as the graviton. In (4 + n) dimensions
these are represented by an antisymmetric (4 + n)⇥ (4 + n) tensor,

gMN =

0

@ gµ⌫ Aµ

'

1

A . (3.14)

The massless 4D zero modes include the usual 4D graviton, a vector, and a scalar. At the massive
level, there is a kk tower of gravitons with (n� 1) gauge fields and [1

2
n(n+ 1)� n] scalars. Here

we observe the graviton and vector eating the required degrees of freedom to become massive.

3.3 Matching of couplings

It is important to notice that the mass dimension of couplings and fields depend on the number
of spacetime dimensions. The action is dimensionless, [S] = 0, since it is exponentiated in the
partition function. Then, in (4 + n) dimensions, the kinetic term for a boson gives

⇥
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. (3.15)

Note that this is consistent with the dimensions in the kk expansion (3.2). The 5D scalar contains
the 4D scalars with a prefactor ⇠ R

�1/2 that has mass dimension 1/2. Similarly, for fermions,
[ ] = 3

2
+ n

2
. With this information, dimensions of the Lagrangian couplings can be read o↵

straightforwardly. For example, the 5D gauge field lives in the covariant derivative,

Dµ = @µ � ig5Aµ = @µ � i
g5

p
2⇡R
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(0)

µ
+ · · · . (3.16)

We see that [g5] = �1/2 since [@] = 1 and [AM ] = 3/2. Further, we find an explicit relation
between the 5D parameter g5 and the observed 4D gauge coupling,

g4 =
g5

p
2⇡R

. (3.17)

More generally, in (4+n) dimensions the 4D coupling is related to the higher dimensional coupling
by the volume of the extra dimensional space,

g
2

4
=

g
2

(4+n)

Voln
. (3.18)

One can read o↵ the matching of the gravitational coupling by looking at the prefactor of the Ricci
term in the action,
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where we’ve written g for the determinant of the metric. From this we identify 4D Planck mass
MPl from the fundamental higher dimensional Planck mass, M(4+n),

M
2

Pl
= M

2+n

(4+n)
Vn. (3.20)
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where we’ve written g for the determinant of the metric. From this we identify 4D Planck mass
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(4+n)
Vn. (3.20)
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Phenomenology

graviton

Figure 4: Cartoon pictures of a (3+1) dimensional brane in a compact 5D space. (left) The brane
(red line) as a subspace. Gravity propagates in the entire space ‘diluting’ its field lines relative to
forces localized on the brane. (right) sm processes localized on the brane, now with an additional
dimension drawn, emitting a graviton into the bulk.

Pushing the fundamental scale to M⇤ ⇠ tev requires

R = 1032/n tev�1 = 2 · 10�17 1032/n cm, (3.25)

using GeV�1 = 2 · 10�14 cm. We make the important caveat that this is specifically for the ADD

model. Considering di↵erent numbers of extra dimensions,

• n = 1. For a single extra dimension we have R = 1015 cm, which is roughly the size of the
solar system and is quickly ruled out.

• n = 2. Two extra dimensions brings us down to R ⇡ 0.1 cm, which is barely ruled out by
gravitational Cavendish experiments.

• n = 3. Three extra dimensions pushes us down to R < 10�6 cm.

How much do we know about gravity at short distances? Surprisingly little, actually. Cavendish
experiments (e.g. Eöt-Wash5) test the r

�2 law down to 10�4 m. These set a direct bound on the
n = 2 case that R < 37 µm and M⇤ > 1.4 TeV. For larger n one is allowed to have M⇤ = TeV.

One might have objected that one cannot say that M⇤ is the fundamental scale while allowing
R, itself a dimensionful quantity, float to take on any value. Indeed, in a completely natural theory,
one expects R ⇠ 1/M⇤ so that R ⇠ tev�1. This is quite di↵erent from what we wrote in (3.24).
Indeed, what we have done here is swapped the hierarchy in mass scales to a Hierarchy between
R and M

�1

⇤
. In other words, we have reformulated the Hierarchy problem to a problem of radius

stabilization. This is indeed very di�cult to solve in add.
Nevertheless, we may explore the phenomenological consequences of an add type model at

colliders and through astrophysical observations.

• The first thing to consider is the production of kk gravitons.

5The name is a play on the Eötvös experiment by University of Washington researchers.
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The kk graviton couples too weakly to interact with the detector so it appears as missing
energy. By itself, however, missing energy is di�cult to disentangle from, say, neutrino
production. Thus it’s useful to have a handle for the hardness of the event (more energetic
than Z ! ⌫⌫̄) so one can look for processes that emit a hard photon or gluon. Thus a
reasonable search is a jet or photon with missing energy. It is worth noting that this is the
same search used for searching for dark matter, which is also typically a massive particle
which appears as missing energy.

• Alternately, one may search for s-channel virtual graviton exchange in processes like e+e� !

ff̄ . One expects a resonance at the kk graviton mass.

• Supernovae can cool due to the emission of gravitons. This is similar to the supernovae
cooling bounds on axions. The strongest bounds on n = 2 theories push M⇤ & 100 TeV.

• An additional byproduct of lowering the fundamental gravitational scale is that one may form
microscopic black holes at energies kinematically accessible to the lhc and cosmic rays. For
ECM > M⇤ black holes are formed with a radius

RS ⇠
1

M⇤

✓
MBH

M⇤

◆ 1
n+1

. (3.26)

the cross section is roughly the geometric value, �BH ⇠ ⇡R
2

S
and can be as large as 400 pb.

These microscopic black holes decay via Hawking radiation,

TH ⇠
1

RS

(3.27)

with this energy distributed equally to all degrees of freedom, for example 10% going to
leptons, 2% going to photons, and 75% going to many jets.

3.5 Warped extra dimensions

We’ve seen that the framework of large extra dimensions leads to interesting phenomenology, but
the add realization leaves the size of the radius unexplained and is therefore not a complete solution
to the Hierarchy problem. The Randall-Sundrum (rs) proposal for a warped extra dimension o↵ers
a more interesting possibility [80]. The set up di↵ers from add in that the space between the two
branes has a non-factorizable metric that depends on the extra space coordinate, z,

ds
2 =

✓
R

z

◆2 �
⌘µ⌫dx

µ
dx

⌫
� dz

2
�
. (3.28)

This is the metric of anti-de Sitter space (ads) with curvature k = 1/R. There are two branes
located at z = R (the uv brane) and z = R

0
> R (the ir brane) that truncate the extra dimension;
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4D physics is the same, fields in the bulk have 
Kaluza-Klein resonances.  
What if Standard Model fields were also in the bulk?
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Compositeness 
& the Hierarchy Problem

… really just an interlude about pions
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Maybe the Higgs is like a pion. 
There’s no pion hierarchy problem.
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Why there’s no π hierarchy problem

1. The pion is composite.  
At small scales/high energies, it stops behaving like a 
scalar and starts behaving like two fermions. 

2. The pion is a goldstone boson. 
It is protected by a shift symmetry. (c.f. axion) 

Exercise: what symmetry is broken spontaneously? 
Exercise: what is breaking that symmetry?
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Figure 8: Cartoon of the Goldstone excitation for a ‘Mexican hat’ potential. Image from [148].

space associated with the chiral condensate, U0 ⇠ hq̄qi. This transforms as a bifundamental with
respect to SU(3)L⇥SU(3)R,

U(x) ! ULU(x)U †

R
, (4.9)

where UL and UR are the transformation matrices under the SU(3)L and SU(3)R respectively. The
observation that SU(3)A is broken corresponds to U0 = . Note that this indeed preserves the
SU(3)V transformations UL = UR.

We now consider the fluctuations U(x) about U0—these are what we identify with the Goldstone
bosons. Recall the picture of spontaneous symmetry breaking through the ‘Mexican hat’ potential
in Fig. 8. The action of an unbroken symmetry does not a↵ect the vev (represented by the ball),
while broken symmetries shift the vev along the vacuum manifold. This gives an intuitive picture
of how to identify the Goldstone modes:

1. Identify a convenient vev, U0

2. Act on that vev with the broken group elements

3. Promote the transformation parameter to a field, identify these with the Goldstones.

For the chiral Lagrangian, our broken symmetries are those for which UL = U
†

R
. Writing UL =

exp(i✏aT a), we act on U0 = ,

e
i✏

a
T

a

0

@
1

1
1

1

A e
i✏

a
T

a
= e

2i✏
a
T

a
. (4.10)

We now promote the transformation parameter ✏
a to Goldstone fields, ✏a ⇠ ⇡

a(x). Since ✏
a is

dimensionless, in order for ⇡a to have canonical scaling dimension we should rescale by the decay
constant16 f . We may understand the physical meaning of f if we recall Fig. 8, since we want ✏ to

16The name comes from identifying the appearance of this factor in the matrix element for pion decays, e.g.
h0|ū�µ�5d|⇡�

i ⌘ ifpµ.
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Exercises

1. Why do pions have mass?

2. Why do some pions have charge?

3. Why are charged pions slightly heavier?

4. What about kaons?

5. Why don’t we have top mesons?

Figure 9: ‘Cat diagram’ adapted from [151]. Despite the silly appearance, the key point is that
the photon couples to the electric current Jµ = e ̄�µ (‘ears’) formed from interactions with
fundamental quarks in the strongly coupled sector. The ‘whiskers’ are the pseudo-Goldstone
external states when expanding the U(x) field in (4.28). The contribution to the charged meson
masses come from the ‘two whisker’ diagram.

4.3.5 Electromagnetic mass splitting

In addition to the spontaneous chiral symmetry breaking by strong dynamics, the SU(3)L⇥SU(3)R
group is also broken explicitly from the gauging of U(1)EM ⇢ SU(3)V. The neutral Goldstones
(pions, kaons, and the ⌘) are una↵ected by this. The charged Goldstones, on the other hand, pick
up masses from photon loop diagrams of the form in Fig. 9. These diagrams contribute to an
operator that gives a shift in the [pseudo-]Goldstone mass,

�L ⇠ e
2Tr

⇥
QU(x)†QU(x)

⇤
, (4.28)

where Q = 1

3
diag(2,�1,�1) is the matrix of quark electric charges. Since the electromagnetic

force does not distinguish between the down and strange quarks, this diagram gives an equal shift
to both the charged pions (e.g. ud̄) and kaons (e.g. us̄). Since the up and anti-down/strange quark
have the same charge, the bound state is more energetic than the neutral mesons and we expect the
shift in the mass-squared to be positive [151,152]. Note that the contribution to the charged pion
mass is quadratically sensitive to the chiral symmetry breaking scale, though it is also suppressed
by the smallness of ↵EM.

4.3.6 Explicit breaking from quark spectrum

One can add quark masses that constitute a small (mq ⌧ ⇤qcd) explicit breaking of the global
symmetry and generate small masses to the pseudo-Goldstone bosons. One can write this as a
spurion M = diag(mu,md,ms) which has the same quantum numbers as U(x). One can add these
terms to the e↵ective Lagrangian by forming the appropriate global symmetry group invariant. In
particular, we add to the Lagrangian

�L ⇠ Tr [MU(x)] ⇠ Tr

"
M

✓
⇡
a(x)

f
T

a

◆2
#
+ · · · (4.29)

In the limit where mu = md and ignoring the electromagnetic splitting above, one may identify the
masses for the pions, kaons, and ⌘ (di↵erent components of ⇡a) to derive the Gell-Mann–Okubo
relation,

m
2

⌘
+m

2

⇡
= 4m2

K
. (4.30)
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SU(2)L ⇥ U(1)Y ! U(1)EM
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<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit>

Z
<latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit>

⇡±,0
<latexit sha1_base64="jRzrGhXFl3c7bm07wGnETzsuJes=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJ4kLIrgh6LXjxWsB/QXUs2zbahySYkWaEs/RlePCji1V/jzX9j2u5BWx8MPN6bYWZerDgz1ve/vZXVtfWNzdJWeXtnd2+/cnDYMjLThDaJ5FJ3YmwoZyltWmY57ShNsYg5bcej26nffqLaMJk+2LGikcCDlCWMYOukbqjYYx4qce5PepWqX/NnQMskKEgVCjR6la+wL0kmaGoJx8Z0A1/ZKMfaMsLppBxmhipMRnhAu46mWFAT5bOTJ+jUKX2USO0qtWim/p7IsTBmLGLXKbAdmkVvKv7ndTObXEc5S1VmaUrmi5KMIyvR9H/UZ5oSy8eOYKKZuxWRIdaYWJdS2YUQLL68TFoXtcCvBfeX1fpNEUcJjuEEziCAK6jDHTSgCQQkPMMrvHnWe/HevY9564pXzBzBH3ifP/gjkQg=</latexit><latexit sha1_base64="jRzrGhXFl3c7bm07wGnETzsuJes=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJ4kLIrgh6LXjxWsB/QXUs2zbahySYkWaEs/RlePCji1V/jzX9j2u5BWx8MPN6bYWZerDgz1ve/vZXVtfWNzdJWeXtnd2+/cnDYMjLThDaJ5FJ3YmwoZyltWmY57ShNsYg5bcej26nffqLaMJk+2LGikcCDlCWMYOukbqjYYx4qce5PepWqX/NnQMskKEgVCjR6la+wL0kmaGoJx8Z0A1/ZKMfaMsLppBxmhipMRnhAu46mWFAT5bOTJ+jUKX2USO0qtWim/p7IsTBmLGLXKbAdmkVvKv7ndTObXEc5S1VmaUrmi5KMIyvR9H/UZ5oSy8eOYKKZuxWRIdaYWJdS2YUQLL68TFoXtcCvBfeX1fpNEUcJjuEEziCAK6jDHTSgCQQkPMMrvHnWe/HevY9564pXzBzBH3ifP/gjkQg=</latexit><latexit sha1_base64="jRzrGhXFl3c7bm07wGnETzsuJes=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJ4kLIrgh6LXjxWsB/QXUs2zbahySYkWaEs/RlePCji1V/jzX9j2u5BWx8MPN6bYWZerDgz1ve/vZXVtfWNzdJWeXtnd2+/cnDYMjLThDaJ5FJ3YmwoZyltWmY57ShNsYg5bcej26nffqLaMJk+2LGikcCDlCWMYOukbqjYYx4qce5PepWqX/NnQMskKEgVCjR6la+wL0kmaGoJx8Z0A1/ZKMfaMsLppBxmhipMRnhAu46mWFAT5bOTJ+jUKX2USO0qtWim/p7IsTBmLGLXKbAdmkVvKv7ndTObXEc5S1VmaUrmi5KMIyvR9H/UZ5oSy8eOYKKZuxWRIdaYWJdS2YUQLL68TFoXtcCvBfeX1fpNEUcJjuEEziCAK6jDHTSgCQQkPMMrvHnWe/HevY9564pXzBzBH3ifP/gjkQg=</latexit><latexit sha1_base64="jRzrGhXFl3c7bm07wGnETzsuJes=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJ4kLIrgh6LXjxWsB/QXUs2zbahySYkWaEs/RlePCji1V/jzX9j2u5BWx8MPN6bYWZerDgz1ve/vZXVtfWNzdJWeXtnd2+/cnDYMjLThDaJ5FJ3YmwoZyltWmY57ShNsYg5bcej26nffqLaMJk+2LGikcCDlCWMYOukbqjYYx4qce5PepWqX/NnQMskKEgVCjR6la+wL0kmaGoJx8Z0A1/ZKMfaMsLppBxmhipMRnhAu46mWFAT5bOTJ+jUKX2USO0qtWim/p7IsTBmLGLXKbAdmkVvKv7ndTObXEc5S1VmaUrmi5KMIyvR9H/UZ5oSy8eOYKKZuxWRIdaYWJdS2YUQLL68TFoXtcCvBfeX1fpNEUcJjuEEziCAK6jDHTSgCQQkPMMrvHnWe/HevY9564pXzBzBH3ifP/gjkQg=</latexit>

h
<latexit sha1_base64="SsYKOOt1jTfiNkyHK7x6GFFEbxM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipOR6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzfmM7A==</latexit><latexit sha1_base64="SsYKOOt1jTfiNkyHK7x6GFFEbxM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipOR6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzfmM7A==</latexit><latexit sha1_base64="SsYKOOt1jTfiNkyHK7x6GFFEbxM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipOR6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzfmM7A==</latexit><latexit sha1_base64="SsYKOOt1jTfiNkyHK7x6GFFEbxM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipOR6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzfmM7A==</latexit>

'±
<latexit sha1_base64="I2YMBNt5FmeP8e3LYI5xlpC5eCE=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9o15JNs21oko1JtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWj25nfGlNtWCIf7ETRUOCBZDEj2Dop7I6xVkP2mHWVmPbKFb/qz4FWSZCTCuSo98pf3X5CUkGlJRwb0wl8ZcMMa8sIp9NSNzVUYTLCA9pxVGJBTZjNj56iM6f0UZxoV9Kiufp7IsPCmImIXKfAdmiWvZn4n9dJbXwdZkyq1FJJFovilCOboFkCqM80JZZPHMFEM3crIkOsMbEup5ILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMIPMEzvMKbN/ZevHfvY9Fa8PKZY/gD7/MHUZaScQ==</latexit><latexit sha1_base64="I2YMBNt5FmeP8e3LYI5xlpC5eCE=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9o15JNs21oko1JtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWj25nfGlNtWCIf7ETRUOCBZDEj2Dop7I6xVkP2mHWVmPbKFb/qz4FWSZCTCuSo98pf3X5CUkGlJRwb0wl8ZcMMa8sIp9NSNzVUYTLCA9pxVGJBTZjNj56iM6f0UZxoV9Kiufp7IsPCmImIXKfAdmiWvZn4n9dJbXwdZkyq1FJJFovilCOboFkCqM80JZZPHMFEM3crIkOsMbEup5ILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMIPMEzvMKbN/ZevHfvY9Fa8PKZY/gD7/MHUZaScQ==</latexit><latexit sha1_base64="I2YMBNt5FmeP8e3LYI5xlpC5eCE=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9o15JNs21oko1JtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWj25nfGlNtWCIf7ETRUOCBZDEj2Dop7I6xVkP2mHWVmPbKFb/qz4FWSZCTCuSo98pf3X5CUkGlJRwb0wl8ZcMMa8sIp9NSNzVUYTLCA9pxVGJBTZjNj56iM6f0UZxoV9Kiufp7IsPCmImIXKfAdmiWvZn4n9dJbXwdZkyq1FJJFovilCOboFkCqM80JZZPHMFEM3crIkOsMbEup5ILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMIPMEzvMKbN/ZevHfvY9Fa8PKZY/gD7/MHUZaScQ==</latexit><latexit sha1_base64="I2YMBNt5FmeP8e3LYI5xlpC5eCE=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9o15JNs21oko1JtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWj25nfGlNtWCIf7ETRUOCBZDEj2Dop7I6xVkP2mHWVmPbKFb/qz4FWSZCTCuSo98pf3X5CUkGlJRwb0wl8ZcMMa8sIp9NSNzVUYTLCA9pxVGJBTZjNj56iM6f0UZxoV9Kiufp7IsPCmImIXKfAdmiWvZn4n9dJbXwdZkyq1FJJFovilCOboFkCqM80JZZPHMFEM3crIkOsMbEup5ILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMIPMEzvMKbN/ZevHfvY9Fa8PKZY/gD7/MHUZaScQ==</latexit>

'0
<latexit sha1_base64="//has8me4jGRalTAju8bsghe9Fs=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAay2a7aZdusmF3UiihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo5bRmWa8SZTUulOSA2XIuFNFCh5J9WcxqHk7XB0N/PbY66NUMkjTlIexHSQiEgwilbyu2Oq06F4yt1pr1J1a+4cZJV4BalCgUav8tXtK5bFPEEmqTG+56YY5FSjYJJPy93M8JSyER1w39KExtwE+fzkKTm3Sp9ESttKkMzV3xM5jY2ZxKHtjCkOzbI3E//z/AyjmyAXSZohT9hiUZRJgorM/id9oTlDObGEMi3srYQNqaYMbUplG4K3/PIqaV3WPLfmPVxV67dFHCU4hTO4AA+uoQ730IAmMFDwDK/w5qDz4rw7H4vWNaeYOYE/cD5/AGwzkVQ=</latexit><latexit sha1_base64="//has8me4jGRalTAju8bsghe9Fs=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAay2a7aZdusmF3UiihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo5bRmWa8SZTUulOSA2XIuFNFCh5J9WcxqHk7XB0N/PbY66NUMkjTlIexHSQiEgwilbyu2Oq06F4yt1pr1J1a+4cZJV4BalCgUav8tXtK5bFPEEmqTG+56YY5FSjYJJPy93M8JSyER1w39KExtwE+fzkKTm3Sp9ESttKkMzV3xM5jY2ZxKHtjCkOzbI3E//z/AyjmyAXSZohT9hiUZRJgorM/id9oTlDObGEMi3srYQNqaYMbUplG4K3/PIqaV3WPLfmPVxV67dFHCU4hTO4AA+uoQ730IAmMFDwDK/w5qDz4rw7H4vWNaeYOYE/cD5/AGwzkVQ=</latexit><latexit sha1_base64="//has8me4jGRalTAju8bsghe9Fs=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAay2a7aZdusmF3UiihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo5bRmWa8SZTUulOSA2XIuFNFCh5J9WcxqHk7XB0N/PbY66NUMkjTlIexHSQiEgwilbyu2Oq06F4yt1pr1J1a+4cZJV4BalCgUav8tXtK5bFPEEmqTG+56YY5FSjYJJPy93M8JSyER1w39KExtwE+fzkKTm3Sp9ESttKkMzV3xM5jY2ZxKHtjCkOzbI3E//z/AyjmyAXSZohT9hiUZRJgorM/id9oTlDObGEMi3srYQNqaYMbUplG4K3/PIqaV3WPLfmPVxV67dFHCU4hTO4AA+uoQ730IAmMFDwDK/w5qDz4rw7H4vWNaeYOYE/cD5/AGwzkVQ=</latexit><latexit sha1_base64="//has8me4jGRalTAju8bsghe9Fs=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAay2a7aZdusmF3UiihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo5bRmWa8SZTUulOSA2XIuFNFCh5J9WcxqHk7XB0N/PbY66NUMkjTlIexHSQiEgwilbyu2Oq06F4yt1pr1J1a+4cZJV4BalCgUav8tXtK5bFPEEmqTG+56YY5FSjYJJPy93M8JSyER1w39KExtwE+fzkKTm3Sp9ESttKkMzV3xM5jY2ZxKHtjCkOzbI3E//z/AyjmyAXSZohT9hiUZRJgorM/id9oTlDObGEMi3srYQNqaYMbUplG4K3/PIqaV3WPLfmPVxV67dFHCU4hTO4AA+uoQ730IAmMFDwDK/w5qDz4rw7H4vWNaeYOYE/cD5/AGwzkVQ=</latexit>
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Pions in the Standard Model
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Pions as effective theory

Figure 8: Cartoon of the Goldstone excitation for a ‘Mexican hat’ potential. Image from [148].

space associated with the chiral condensate, U0 ⇠ hq̄qi. This transforms as a bifundamental with
respect to SU(3)L⇥SU(3)R,

U(x) ! ULU(x)U †

R
, (4.9)

where UL and UR are the transformation matrices under the SU(3)L and SU(3)R respectively. The
observation that SU(3)A is broken corresponds to U0 = . Note that this indeed preserves the
SU(3)V transformations UL = UR.

We now consider the fluctuations U(x) about U0—these are what we identify with the Goldstone
bosons. Recall the picture of spontaneous symmetry breaking through the ‘Mexican hat’ potential
in Fig. 8. The action of an unbroken symmetry does not a↵ect the vev (represented by the ball),
while broken symmetries shift the vev along the vacuum manifold. This gives an intuitive picture
of how to identify the Goldstone modes:

1. Identify a convenient vev, U0

2. Act on that vev with the broken group elements

3. Promote the transformation parameter to a field, identify these with the Goldstones.

For the chiral Lagrangian, our broken symmetries are those for which UL = U
†

R
. Writing UL =

exp(i✏aT a), we act on U0 = ,

e
i✏

a
T

a

0

@
1

1
1

1

A e
i✏

a
T

a
= e

2i✏
a
T

a
. (4.10)

We now promote the transformation parameter ✏
a to Goldstone fields, ✏a ⇠ ⇡

a(x). Since ✏
a is

dimensionless, in order for ⇡a to have canonical scaling dimension we should rescale by the decay
constant16 f . We may understand the physical meaning of f if we recall Fig. 8, since we want ✏ to

16The name comes from identifying the appearance of this factor in the matrix element for pion decays, e.g.
h0|ū�µ�5d|⇡�

i ⌘ ifpµ.
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Why XD ~ compositeness 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A hypothetical conversation
.

Motivation: AdS/CFT, why XD isn’t so far-fetched

.
Theorist..

.

I have a new LBSM!

A tower of resonances coming from

Kaluza-Klein excitations of fields living in

an extra dimension. These include

same-spin partners of the Standard Model

fields which are identified with the

zero-mode excitations. This solves the

hierarchy problem by introducing a

non-factorizable metric...

.
Experimentalist
..

.

Neat! What’s the signal?

Oh, we already found that.
It’s QCD.

Flip Tanedo pt267@cornell.edu Flip’s Beamer Theme 3/22...

3/22
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The Randall-Sundrum Model
UV Brane IR Brane (has SM)

warp factor

graviton

z=R z=R’

Figure 5: Cartoon of the rs scenario with a brane-localized sm. The warp factor, (R/z)2, causes
energy scales to be scaled down towards the ir brane.

where the quantities with subscripts are the determinant of the 5D metric and the 5D Ricci scalar,
respectively. By performing the dz integral one finds the e↵ective 4D gravitational action,

Sg = M
3

⇤

Z
R

0

R

dz

✓
R

z

◆3 Z
d
4
x
p
g(4)R(4) = M

3

⇤

1

2

"
1�

✓
R

R0

◆2
#Z

d
4
x
p
g(4)R(4). (3.34)

We can thus identify the e↵ective 4D Planck mass by reading o↵ the coe�cient,

M
2

Pl
=

M
3

⇤
R

2

"
1�

✓
R

R0

◆2
#
⇠ M

2

⇤
, (3.35)

so that for a large extra dimension, R0
� R, the 4D Planck mass is insensitive to R

0 and is fixed
by the 5D Planck mass, M⇤ ⇠ 1/R. This is precisely what we have set out to construct: assuming
there is a dynamical reason for R

0
� R, we are able to warp down masses to the tev scale by

forcing particles to localize on the ir brane while simultaneously maintaining that 4D observers
will measure a Planck mass that is much heavier.

An alternate way of saying this is that the Hierarchy problem is solved because the sm Higgs
is peaked towards the ir brane while gravity is peaked towards the uv brane. What we mean by
the latter part of this statement is that the graviton zero mode has a bulk profile that is peaked
towards the uv brane. Recall that in flat space, zero modes have flat profiles since they carry no
momentum in the extra dimension. In rs, the warping of the space also warps the shape of the
graviton zero mode towards the uv brane; the weakness of gravity is explained by the smallness of
the graviton zero mode profile where the Standard Model particles live. This should be compared
to the case of a flat interval where the zero mode wave function decouples as the size of the extra
dimension increases. In this case the coupling with the ir brane indeed becomes weaker, but the
graviton kk modes become accessible and can spoil the appearance of 4D gravity. In rs the zero
mode doesn’t decouple and one doesn’t need to appeal to a dilution of the gravitational flux into
the extra dimensions as in the add model. See [70] for more explicit calculations in this picture.
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The kk graviton couples too weakly to interact with the detector so it appears as missing
energy. By itself, however, missing energy is di�cult to disentangle from, say, neutrino
production. Thus it’s useful to have a handle for the hardness of the event (more energetic
than Z ! ⌫⌫̄) so one can look for processes that emit a hard photon or gluon. Thus a
reasonable search is a jet or photon with missing energy. It is worth noting that this is the
same search used for searching for dark matter, which is also typically a massive particle
which appears as missing energy.

• Alternately, one may search for s-channel virtual graviton exchange in processes like e+e� !

ff̄ . One expects a resonance at the kk graviton mass.

• Supernovae can cool due to the emission of gravitons. This is similar to the supernovae
cooling bounds on axions. The strongest bounds on n = 2 theories push M⇤ & 100 TeV.

• An additional byproduct of lowering the fundamental gravitational scale is that one may form
microscopic black holes at energies kinematically accessible to the lhc and cosmic rays. For
ECM > M⇤ black holes are formed with a radius

RS ⇠
1

M⇤

✓
MBH

M⇤

◆ 1
n+1

. (3.26)

the cross section is roughly the geometric value, �BH ⇠ ⇡R
2

S
and can be as large as 400 pb.

These microscopic black holes decay via Hawking radiation,

TH ⇠
1

RS

(3.27)

with this energy distributed equally to all degrees of freedom, for example 10% going to
leptons, 2% going to photons, and 75% going to many jets.

3.5 Warped extra dimensions

We’ve seen that the framework of large extra dimensions leads to interesting phenomenology, but
the add realization leaves the size of the radius unexplained and is therefore not a complete solution
to the Hierarchy problem. The Randall-Sundrum (rs) proposal for a warped extra dimension o↵ers
a more interesting possibility [80]. The set up di↵ers from add in that the space between the two
branes has a non-factorizable metric that depends on the extra space coordinate, z,

ds
2 =

✓
R

z

◆2 �
⌘µ⌫dx

µ
dx

⌫
� dz

2
�
. (3.28)

This is the metric of anti-de Sitter space (ads) with curvature k = 1/R. There are two branes
located at z = R (the uv brane) and z = R

0
> R (the ir brane) that truncate the extra dimension;
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holography: geometerize RG flow

see e.g. Sundrum TASI lectures
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Figure 6: Cartoon of the ads/cft correspondence. The isometries of the extra dimensional space
enforce the conformal symmetry of the 4D theory. Moving in the z direction corresponds to a
renormalization group transformation (rescaling) of the 4D theory.

3.9.1 Plausibility check from an experimentalist’s perspective

As a very rough check of why this would be plausible, consider the types of spectra one expects
from an extra dimensional theory versus a strongly coupled 4D theory. In other words, consider
the first thing that an experimentalists might want to check about either theory. The theory with
an extra dimension predicts a tower of Kaluza-Klein excitations for each particle. The strongly
coupled gauge theory predicts a similar tower of bound states such as the various meson resonances
in qcd. From the experimentalist’s point of view, these two theories are qualitatively very similar.

3.9.2 Sketch of a more formal description

We can better motivate the holographic interpretation by appealing to more formal arguments.
One of the most powerful developments in theoretical physics over the past two decades is the
ads/cft correspondence—more generally, the holographic principle or the gauge/gravity
correspondence [85, 97–99]. The conjecture states that type iib string theory on ads5 ⇥ S

5 is
equivalent to 4D N = 4 superconformal SU(N) theory on Minkowski space in the large N limit:

ads5 ⇥ S
5

() N = 4 super Yang-Mills. (3.51)

The essence of this duality is the observation that a stack of N so-called D3-branes in string theory
can be interpreted at low energies in two ways:

1. A solitonic configuration of closed strings which manifests itself as an extended black hole-like
object for which ads5 ⇥ S

5 is a solution.

2. Dirichlet boundary conditions for open strings which admit a non-Abelian U(N) gauge sym-
metry associated with the N coincident D3-branes.
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The kk graviton couples too weakly to interact with the detector so it appears as missing
energy. By itself, however, missing energy is di�cult to disentangle from, say, neutrino
production. Thus it’s useful to have a handle for the hardness of the event (more energetic
than Z ! ⌫⌫̄) so one can look for processes that emit a hard photon or gluon. Thus a
reasonable search is a jet or photon with missing energy. It is worth noting that this is the
same search used for searching for dark matter, which is also typically a massive particle
which appears as missing energy.

• Alternately, one may search for s-channel virtual graviton exchange in processes like e+e� !

ff̄ . One expects a resonance at the kk graviton mass.

• Supernovae can cool due to the emission of gravitons. This is similar to the supernovae
cooling bounds on axions. The strongest bounds on n = 2 theories push M⇤ & 100 TeV.

• An additional byproduct of lowering the fundamental gravitational scale is that one may form
microscopic black holes at energies kinematically accessible to the lhc and cosmic rays. For
ECM > M⇤ black holes are formed with a radius
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with this energy distributed equally to all degrees of freedom, for example 10% going to
leptons, 2% going to photons, and 75% going to many jets.

3.5 Warped extra dimensions

We’ve seen that the framework of large extra dimensions leads to interesting phenomenology, but
the add realization leaves the size of the radius unexplained and is therefore not a complete solution
to the Hierarchy problem. The Randall-Sundrum (rs) proposal for a warped extra dimension o↵ers
a more interesting possibility [80]. The set up di↵ers from add in that the space between the two
branes has a non-factorizable metric that depends on the extra space coordinate, z,
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This is the metric of anti-de Sitter space (ads) with curvature k = 1/R. There are two branes
located at z = R (the uv brane) and z = R

0
> R (the ir brane) that truncate the extra dimension;
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Figure 6: Cartoon of the ads/cft correspondence. The isometries of the extra dimensional space
enforce the conformal symmetry of the 4D theory. Moving in the z direction corresponds to a
renormalization group transformation (rescaling) of the 4D theory.

3.9.1 Plausibility check from an experimentalist’s perspective

As a very rough check of why this would be plausible, consider the types of spectra one expects
from an extra dimensional theory versus a strongly coupled 4D theory. In other words, consider
the first thing that an experimentalists might want to check about either theory. The theory with
an extra dimension predicts a tower of Kaluza-Klein excitations for each particle. The strongly
coupled gauge theory predicts a similar tower of bound states such as the various meson resonances
in qcd. From the experimentalist’s point of view, these two theories are qualitatively very similar.

3.9.2 Sketch of a more formal description

We can better motivate the holographic interpretation by appealing to more formal arguments.
One of the most powerful developments in theoretical physics over the past two decades is the
ads/cft correspondence—more generally, the holographic principle or the gauge/gravity
correspondence [85, 97–99]. The conjecture states that type iib string theory on ads5 ⇥ S

5 is
equivalent to 4D N = 4 superconformal SU(N) theory on Minkowski space in the large N limit:

ads5 ⇥ S
5

() N = 4 super Yang-Mills. (3.51)

The essence of this duality is the observation that a stack of N so-called D3-branes in string theory
can be interpreted at low energies in two ways:

1. A solitonic configuration of closed strings which manifests itself as an extended black hole-like
object for which ads5 ⇥ S

5 is a solution.

2. Dirichlet boundary conditions for open strings which admit a non-Abelian U(N) gauge sym-
metry associated with the N coincident D3-branes.
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These correspond to the left- and right-hand side of (3.51) and form the basis of the ads/cft
correspondence.

The key for us is that the ads5 ⇥ S
5 extra dimension ‘geometrizes’ the renormalization group

flow of the strongly coupled theory by relating the position in the extra dimension z with the rg

scale µ. An operator Oi in the 4D theory has a source ji(x, µ) that satisfies an rg equation

µ
@

@µ
ji(x, µ) = �i(jj(x, µ), µ). (3.52)

The gauge/gravity correspondence identifies this source as the value of a bulk field ji(x, µ) ,

�i(x, z) at the uv boundary of the ads5 extra dimension. The profile of �i in the extra dimension
is associated with the rg flow of ji(x, µ). Each Minkowski slice of ads5 represents a picture of the
4D theory probed at a di↵erent energy scale µ ⇠ 1/z.

More concretely, the duality gives a prescription by which the correlation functions of one
theory are identified with correlation functions of the other. The parameters of these two theories
are related by

R
4

`4
= 4⇡g2N, (3.53)

where R is the ads curvature, ` is the string length, and g is the Yang Mills coupling. Here we
see why ads/cft is such a powerful tool. In the limit of small string coupling ↵

0
⇠ `

2 where
string theory can be described by classical supergravity, the dual gauge theory is strongly coupled
and very ‘quantum’. The correlation functions of that theory are non-perturbative and di�cult to
calculate, whereas the dual description is weakly coupled. The duality gives a handle to calculate
observables in theories outside the regime where our usual tools are applicable.

3.9.3 What it means to geometrize the RG flow

For our purposes, it is only important that we understand the warped extra dimension as the
renormalization group flow of a strongly coupled 4D gauge theory. To see how this rg flow is
‘geometrized,’ we consider the internal symmetries of the two theories.

• The isometry of the S
5 space is SO(6) ⇠= SU(4). This is precisely the R-symmetry group of

the N = 4 gauge theory.

• The isometry of the AdS5 space is SO(4, 2), which exactly matches the spacetime symmetries
of a 4D conformal theory.

Since rs only has a slice of the ads space without the S
5, we expect it to be dual to a confor-

mal theory without supersymmetry. Steps towards formalizing the holographic interpretation of
Randall-Sundrum are reviewed in [96].

Armed with this background, we can develop a working understanding of how to interpret
rs models as a picture of a strong, four-dimensional dynamics. Observe that in the conformal
coordinates that we’ve chosen, the metric has a manifest scale symmetry

z ! ↵z x ! ↵x. (3.54)

Consider 4D cross sections perpendicular to the z direction. Moving this cross section to another
position z ! ↵z is equivalent to a rescaling of the 4D length scales. Increasing z thus corresponds
to a decrease in 4D energy scales. In this way, the ads space gives us a holographic handle on the
renormalization group behavior of the strongly coupled theory.
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These correspond to the left- and right-hand side of (3.51) and form the basis of the ads/cft
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Consider 4D cross sections perpendicular to the z direction. Moving this cross section to another
position z ! ↵z is equivalent to a rescaling of the 4D length scales. Increasing z thus corresponds
to a decrease in 4D energy scales. In this way, the ads space gives us a holographic handle on the
renormalization group behavior of the strongly coupled theory.
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These correspond to the left- and right-hand side of (3.51) and form the basis of the ads/cft
correspondence.

The key for us is that the ads5 ⇥ S
5 extra dimension ‘geometrizes’ the renormalization group

flow of the strongly coupled theory by relating the position in the extra dimension z with the rg

scale µ. An operator Oi in the 4D theory has a source ji(x, µ) that satisfies an rg equation

µ
@

@µ
ji(x, µ) = �i(jj(x, µ), µ). (3.52)

The gauge/gravity correspondence identifies this source as the value of a bulk field ji(x, µ) ,

�i(x, z) at the uv boundary of the ads5 extra dimension. The profile of �i in the extra dimension
is associated with the rg flow of ji(x, µ). Each Minkowski slice of ads5 represents a picture of the
4D theory probed at a di↵erent energy scale µ ⇠ 1/z.

More concretely, the duality gives a prescription by which the correlation functions of one
theory are identified with correlation functions of the other. The parameters of these two theories
are related by

R
4

`4
= 4⇡g2N, (3.53)

where R is the ads curvature, ` is the string length, and g is the Yang Mills coupling. Here we
see why ads/cft is such a powerful tool. In the limit of small string coupling ↵

0
⇠ `

2 where
string theory can be described by classical supergravity, the dual gauge theory is strongly coupled
and very ‘quantum’. The correlation functions of that theory are non-perturbative and di�cult to
calculate, whereas the dual description is weakly coupled. The duality gives a handle to calculate
observables in theories outside the regime where our usual tools are applicable.

3.9.3 What it means to geometrize the RG flow

For our purposes, it is only important that we understand the warped extra dimension as the
renormalization group flow of a strongly coupled 4D gauge theory. To see how this rg flow is
‘geometrized,’ we consider the internal symmetries of the two theories.

• The isometry of the S
5 space is SO(6) ⇠= SU(4). This is precisely the R-symmetry group of

the N = 4 gauge theory.

• The isometry of the AdS5 space is SO(4, 2), which exactly matches the spacetime symmetries
of a 4D conformal theory.

Since rs only has a slice of the ads space without the S
5, we expect it to be dual to a confor-

mal theory without supersymmetry. Steps towards formalizing the holographic interpretation of
Randall-Sundrum are reviewed in [96].

Armed with this background, we can develop a working understanding of how to interpret
rs models as a picture of a strong, four-dimensional dynamics. Observe that in the conformal
coordinates that we’ve chosen, the metric has a manifest scale symmetry

z ! ↵z x ! ↵x. (3.54)

Consider 4D cross sections perpendicular to the z direction. Moving this cross section to another
position z ! ↵z is equivalent to a rescaling of the 4D length scales. Increasing z thus corresponds
to a decrease in 4D energy scales. In this way, the ads space gives us a holographic handle on the
renormalization group behavior of the strongly coupled theory.

46



f l i p . t a n e d o @ u c r . e d u 24TRISEP SUMMER SCHOOL 2019
�58

explicit example: AdS/CFT

These correspond to the left- and right-hand side of (3.51) and form the basis of the ads/cft
correspondence.

The key for us is that the ads5 ⇥ S
5 extra dimension ‘geometrizes’ the renormalization group

flow of the strongly coupled theory by relating the position in the extra dimension z with the rg

scale µ. An operator Oi in the 4D theory has a source ji(x, µ) that satisfies an rg equation

µ
@

@µ
ji(x, µ) = �i(jj(x, µ), µ). (3.52)

The gauge/gravity correspondence identifies this source as the value of a bulk field ji(x, µ) ,

�i(x, z) at the uv boundary of the ads5 extra dimension. The profile of �i in the extra dimension
is associated with the rg flow of ji(x, µ). Each Minkowski slice of ads5 represents a picture of the
4D theory probed at a di↵erent energy scale µ ⇠ 1/z.

More concretely, the duality gives a prescription by which the correlation functions of one
theory are identified with correlation functions of the other. The parameters of these two theories
are related by

R
4

`4
= 4⇡g2N, (3.53)

where R is the ads curvature, ` is the string length, and g is the Yang Mills coupling. Here we
see why ads/cft is such a powerful tool. In the limit of small string coupling ↵

0
⇠ `

2 where
string theory can be described by classical supergravity, the dual gauge theory is strongly coupled
and very ‘quantum’. The correlation functions of that theory are non-perturbative and di�cult to
calculate, whereas the dual description is weakly coupled. The duality gives a handle to calculate
observables in theories outside the regime where our usual tools are applicable.

3.9.3 What it means to geometrize the RG flow

For our purposes, it is only important that we understand the warped extra dimension as the
renormalization group flow of a strongly coupled 4D gauge theory. To see how this rg flow is
‘geometrized,’ we consider the internal symmetries of the two theories.

• The isometry of the S
5 space is SO(6) ⇠= SU(4). This is precisely the R-symmetry group of

the N = 4 gauge theory.

• The isometry of the AdS5 space is SO(4, 2), which exactly matches the spacetime symmetries
of a 4D conformal theory.

Since rs only has a slice of the ads space without the S
5, we expect it to be dual to a confor-

mal theory without supersymmetry. Steps towards formalizing the holographic interpretation of
Randall-Sundrum are reviewed in [96].

Armed with this background, we can develop a working understanding of how to interpret
rs models as a picture of a strong, four-dimensional dynamics. Observe that in the conformal
coordinates that we’ve chosen, the metric has a manifest scale symmetry

z ! ↵z x ! ↵x. (3.54)

Consider 4D cross sections perpendicular to the z direction. Moving this cross section to another
position z ! ↵z is equivalent to a rescaling of the 4D length scales. Increasing z thus corresponds
to a decrease in 4D energy scales. In this way, the ads space gives us a holographic handle on the
renormalization group behavior of the strongly coupled theory.
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Figure 6: Cartoon of the ads/cft correspondence. The isometries of the extra dimensional space
enforce the conformal symmetry of the 4D theory. Moving in the z direction corresponds to a
renormalization group transformation (rescaling) of the 4D theory.

3.9.1 Plausibility check from an experimentalist’s perspective

As a very rough check of why this would be plausible, consider the types of spectra one expects
from an extra dimensional theory versus a strongly coupled 4D theory. In other words, consider
the first thing that an experimentalists might want to check about either theory. The theory with
an extra dimension predicts a tower of Kaluza-Klein excitations for each particle. The strongly
coupled gauge theory predicts a similar tower of bound states such as the various meson resonances
in qcd. From the experimentalist’s point of view, these two theories are qualitatively very similar.

3.9.2 Sketch of a more formal description

We can better motivate the holographic interpretation by appealing to more formal arguments.
One of the most powerful developments in theoretical physics over the past two decades is the
ads/cft correspondence—more generally, the holographic principle or the gauge/gravity
correspondence [85, 97–99]. The conjecture states that type iib string theory on ads5 ⇥ S

5 is
equivalent to 4D N = 4 superconformal SU(N) theory on Minkowski space in the large N limit:

ads5 ⇥ S
5

() N = 4 super Yang-Mills. (3.51)

The essence of this duality is the observation that a stack of N so-called D3-branes in string theory
can be interpreted at low energies in two ways:

1. A solitonic configuration of closed strings which manifests itself as an extended black hole-like
object for which ads5 ⇥ S

5 is a solution.

2. Dirichlet boundary conditions for open strings which admit a non-Abelian U(N) gauge sym-
metry associated with the N coincident D3-branes.
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These correspond to the left- and right-hand side of (3.51) and form the basis of the ads/cft
correspondence.

The key for us is that the ads5 ⇥ S
5 extra dimension ‘geometrizes’ the renormalization group

flow of the strongly coupled theory by relating the position in the extra dimension z with the rg

scale µ. An operator Oi in the 4D theory has a source ji(x, µ) that satisfies an rg equation

µ
@

@µ
ji(x, µ) = �i(jj(x, µ), µ). (3.52)

The gauge/gravity correspondence identifies this source as the value of a bulk field ji(x, µ) ,

�i(x, z) at the uv boundary of the ads5 extra dimension. The profile of �i in the extra dimension
is associated with the rg flow of ji(x, µ). Each Minkowski slice of ads5 represents a picture of the
4D theory probed at a di↵erent energy scale µ ⇠ 1/z.

More concretely, the duality gives a prescription by which the correlation functions of one
theory are identified with correlation functions of the other. The parameters of these two theories
are related by

R
4

`4
= 4⇡g2N, (3.53)

where R is the ads curvature, ` is the string length, and g is the Yang Mills coupling. Here we
see why ads/cft is such a powerful tool. In the limit of small string coupling ↵

0
⇠ `

2 where
string theory can be described by classical supergravity, the dual gauge theory is strongly coupled
and very ‘quantum’. The correlation functions of that theory are non-perturbative and di�cult to
calculate, whereas the dual description is weakly coupled. The duality gives a handle to calculate
observables in theories outside the regime where our usual tools are applicable.

3.9.3 What it means to geometrize the RG flow

For our purposes, it is only important that we understand the warped extra dimension as the
renormalization group flow of a strongly coupled 4D gauge theory. To see how this rg flow is
‘geometrized,’ we consider the internal symmetries of the two theories.

• The isometry of the S
5 space is SO(6) ⇠= SU(4). This is precisely the R-symmetry group of

the N = 4 gauge theory.

• The isometry of the AdS5 space is SO(4, 2), which exactly matches the spacetime symmetries
of a 4D conformal theory.

Since rs only has a slice of the ads space without the S
5, we expect it to be dual to a confor-

mal theory without supersymmetry. Steps towards formalizing the holographic interpretation of
Randall-Sundrum are reviewed in [96].

Armed with this background, we can develop a working understanding of how to interpret
rs models as a picture of a strong, four-dimensional dynamics. Observe that in the conformal
coordinates that we’ve chosen, the metric has a manifest scale symmetry

z ! ↵z x ! ↵x. (3.54)

Consider 4D cross sections perpendicular to the z direction. Moving this cross section to another
position z ! ↵z is equivalent to a rescaling of the 4D length scales. Increasing z thus corresponds
to a decrease in 4D energy scales. In this way, the ads space gives us a holographic handle on the
renormalization group behavior of the strongly coupled theory.
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