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The Vcb matrix element: Tensions

 Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb


Matrix must be unitary
(preserve the norm)

Determination |Vcb| (·10−3)
Exclusive 39.2± 0.7
Inclusive 42.2± 0.8

PDG 2016

Based on CLN, motivated
this work
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The Vcb matrix element: Measurement from exclusive
processes

dΓ

dw

(
B̄ → D∗`ν̄`

)
︸ ︷︷ ︸

Experiment

=
G2
Fm

5
B

48π2
(w2 − 1)

1
2P (w) |ηew|2︸ ︷︷ ︸

Known factors

|F(w)|2︸ ︷︷ ︸
Theory

|Vcb|2

The amplitude F must be calculated in the theory

Extremely difficult task, QCD is non-perturbative

Can use effective theories (HQET) to say something about F
Separate light (non-perturbative) and heavy degrees of freedom as mQ →∞
limmQ→∞ F(w) = ξ(w), which is the Isgur-Wise function
We don’t know what ξ(w) looks like, but we know ξ(1) = 1

At large (but finite) mass F(w) receives corrections O
(
αs,

ΛQCD
mQ

)

Reduction in the phase space (w2 − 1)
1
2 limits experimental results at w ≈ 1

Need to extrapolate |Vcb|2 |ηewF(w)|2 to w = 1
This extrapolation is done using well established parametrizations
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The Vcb matrix element: The parametrization issue

All the parametrizations perform an expansion in the z parameter

z =

√
w + 1−

√
2

√
w + 1 +

√
2

Boyd-Grinstein-Lebed (BGL) Phys. Rev. Lett. 74 (1995) 4603-4606

Phys.Rev. D56 (1997) 6895-6911

Nucl.Phys. B461 (1996) 493-511fX(w) =
1

BfX (z)φfX (z)

∞∑
n=0

anz
n

BfX Blaschke factors, includes contributions from the poles
φfX is called outer function and must be computed for each form factor
Unitarity constrains

∑
n |an|

2 ≤ 1

Caprini-Lellouch-Neubert (CLN) Nucl. Phys. B530 (1998) 153-181

F(w) ∝ 1− ρ2z + cz2 − dz3, with c = fc(ρ), d = fd(ρ)

Relies strongly on HQET, spin symmetry and (old) inputs
Tightly constrains F(w): four independent parameters, one relevant at w = 1
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The Vcb matrix element: The parametrization issue

From Phys. Lett. B769 (2017) 441-445 using Belle data from

arXiv:1702.01521 and the Fermilab/MILC’14 value at zero recoil

CLN seems to underestimate the
slope at low recoil

The BGL value of |Vcb| is
compatible with the inclusive
one

|Vcb| = 41.7± 2.0(×10−3)

Latest Belle dataset and Babar analysis seem to contradict this picture
From Babar’s paper arXiv:1903.10002 BGL is compatible with CLN and far from
the inclusive value

Belle’s paper arXiv:1809.03290v3 finds similar results in its last revision

The discrepancy inclusive-exclusive is not well understood

Data at w & 1 is urgently needed to settle the issue

Experimental measurements perform badly at low recoil

We would benefit enormously from a high precision lattice calculation at w & 1
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The Vcb matrix element: Tensions in lepton universality

R
(
D(∗)

)
=
B
(
B → D(∗)τντ

)
B
(
B → D(∗)`ν`

)
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Belle, PRL118,211801(2017)
LHCb, PRL120,171802(2018)
Average

Average of SM predictions

 = 1.0 contours2χ∆

 0.003±R(D) = 0.299 
 0.005±R(D*) = 0.258 

HFLAV

Summer 2018

) = 74%2χP(

σ4

σ2

HFLAV
Summer 2018

Current ≈ 4σ tension with the SM
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Introduction to Lattice QCD

LQCD =
∑
f

ψ̄f (γµDµ +mf )ψf +
1

4
trFµνF

µν

Discretize space-time in a computer

Perform simulations approaching the
physical limit

Finite lattice spacing a→ 0
Finite volume L→∞
mπ → mPhys

π , mQ → mPhys
Q

Extrapolate to physical conditions

Perform a systematic error analysis
using EFTs

Use the path integral formulation and montecarlo simulations

Z =

∫
DψDψ̄DAe−S , S =

∫
d4xLQCD(ψ̄, ψ,A)
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Calculating Vcb on the lattice: Formalism

Form factors

〈D∗(pD∗ , εν)| Vµ
∣∣B̄(pB)

〉
2
√
mBmD∗

=
1

2
εν∗εµνρσv

ρ
Bv

σ
D∗hV (w)

〈D∗(pD∗ , εν)| Aµ
∣∣B̄(pB)

〉
2
√
mBmD∗

=

i

2
εν∗ [gµν (1 + w)hA1

(w)− vνB (vµBhA2
(w) + vµD∗hA3

(w))]

V and A are the vector/axial currents in the continuum

The hX enter in the definition of F
We can calculate hA1,2,3,V directly from the lattice
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Calculating Vcb on the lattice: Formalism

Helicity amplitudes

H± =
√
mBmD∗(w + 1)

(
hA1(w)∓

√
w − 1

w + 1
hV (w)

)

H0 =
√
mBmD∗(w+1)mB [(w − r)hA1

(w)− (w − 1) (r hA2
(w) + hA3

(w))] /
√
q2

HS =

√
w2 − 1

r(1 + r2 − 2wr)
[(1 + w)hA1

(w) + (wr − 1)hA2
(w) + (r − w)hA3

(w)]

Form factor in terms of the helicity amplitudes

χ(w) |F|2 =
1− 2wr + r2

12mBmD∗ (1− r)2
(
H2

0 (w) +H2
+(w) +H2

−(w)
)
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Calculating Vcb on the lattice: Available calculations

Zero recoil

HPQCD’17
|F(1)| = 0.895± 0.010± 0.024
PRD97, 054502 (2018)

Fermilab/MILC’14
|F(1)| = 0.906± 0.004± 0.012
PRD89, 114504 (2014)

LANL/SWME In progress

Zero-recoil Form Factor hA1(1) Preliminary

RA1 =
hB|A1|D⇤ihD⇤|A1|Bi
hB|V4|BihD⇤|V4|D⇤i !

����
hA1(1)

⇢A1

����
2

0.85

0.90

0.000 0.005 0.010 0.015

h
A
1
(1
)

a2 [fm2]

ρA1 is blined.

λ0
λ0 + λ1
λ0 + λ1 + λ2
HPQCD ’18
FNAL/MILC ’14

The matching factor ⇢A1 is expected to be close to 1.

Current improvement is crucial.

Improved action and current operator are expected to give a mild dependence on a
and M⇡. However, the shown dependence in a and M⇡ needs to be understood.

Y.-C. Jang (BNL) B ! D(⇤)`⌫ using OK Heavy Quarks Feb 16, 2019 19 / 21

Preliminary results taken from Y. Jang

slides during the KEK-FF 2019 meeting

Non-zero recoil

JLQCD In progress

Uses domain wall fermions
∼ 8 different ensembles, lowest pion
mass ∼ 230 MeV
Unphysical b quark masses, extrapolation
errors

Fermilab/MILC In progress

Uses Staggered asqtad light + Fermilab
heavy
15 different ensembles, lowest pion mass
∼ 180 MeV
Physical b quark mass, discretization and
matching errors

Two different approaches with
very different systematics
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Results: JLQCD
B→D*ℓν form factors
1Ah w vs Vh w vs 

z mild a, mQ, Mπ dependences / consistent w/ previous studies 

z typical accuracy:   ΔhA1 ~ 1 - 3%,  ΔhV ~ 3 %

( ) ( ) ( ), VD p V B p h w∗
µ′ ′ε ⇒ ( ) ( ) ( ) ( )

1
, AD p A B p h w∗

µ′ ′ ′ ′ε ⇒ ⊥p ε

B→D*ℓν form factors
3Ah w vs 2Ah w vs 

z h+, hA1, hA3, hV (→ξ) ~ O(1),   h-, hA2 (→0) ~ 0

z typical accuracy:   ΔhA2 ≥ 40 %,  ΔhA3 ~ 20 - 30 %

( ) ( ) ( ) ( ) ( ){ }1 2 3
, , ,A A AD p A B p h w h w h w∗

µ′ ′ε ⇒

Preliminary results taken from T. Kaneko’s talk during the KEK-FF 2019
conference.
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Results: Fermilab/MILC
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Preliminary blinded results, joint fit p− value = 0.36
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Results: Chiral-continuum fits
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Analysis: Preliminary error budget

Source hV (%) hA1 (%) hA2 (%) hA3 (%)
Statistics 1.1 0.4 4.9 1.9
Isospin effects 0.0 0.0 0.6 0.3
χPT/cont. extrapolation 1.9 0.7 6.3 2.9
Matching 1.5 0.4 0.1 1.5
Heavy quark discretization 1.4∗ 0.4∗ 5.8∗ 1.3∗

∗Estimate, currently subject of intensive study

Bold marks errors to be reduced/removed when using HISQ for light quarks

Italic marks errors to be reduced/removed when using HISQ for heavy quarks

Heavy HISQ would introduce new extrapolation errors

We are adding a preliminary 2% error coming from HQ discretization to our
form factors in our fits
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Analysis: z-Expansion

The BGL expansion is performed on different (more convenient) form factors
Phys.Lett. B769, 441 (2017), Phys.Lett. B771, 359 (2017)

g =
hV (w)
√
mBmD∗

=
1

φg(z)Bg(z)

∑
j

ajz
j

f =
√
mBmD∗(1 + w)hA1

(w) =
1

φf (z)Bf (z)

∑
j

bjz
j

F1 =
√
q2H0 =

1

φF1
(z)BF1

(z)

∑
j

cjz
j

F2 =

√
q2

mD∗
√
w2 − 1

HS =
1

φF2
(z)BF2

(z)

∑
j

djz
j

Constraint F1(z = 0) = (mB −mD∗)f(z = 0)

Constraint (1 + w)m2
B(1− r)F1(z = zMax) = (1 + r)F2(z = zMax)

BGL (weak) unitarity constraints (all HISQ will use strong constraints)∑
j

a2j ≤ 1,
∑
j

b2j + c2j ≤ 1,
∑
j

d2j ≤ 1
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Results: Pure-lattice prediction and joint fit

1.0 1.1 1.2 1.3 1.4 1.5
w

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

|
(w

)|2

Lattice
Belle
Babar
Lattice + Belle

1.0 1.1 1.2 1.3 1.4 1.5
w

0.0004

0.0006

0.0008

0.0010

0.0012

0.0014

0.0016

|
ew

|2 |V
cb

|2 |
(w

)|2

Lattice + Belle
Babar
Belle'18
Lattice×Vcb

Belle'18 data
Belle'16 data

Preliminary
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Lattice + Belle’18 BGL p− value ∼ O(10−5)

Lattice only BGL p− value = 0.56, Belle’18 BGL p− value = 0.09

We are carefully reviewing the latest developments
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Results: Angular bins
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Results: R(D∗)

Pure lattice QCD prediction of R(D∗)

Includes constraint F1(wMax) = 1+r
(1+w)m2

B(1−r)F2(wMax)
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Results: Tensions in the BGL coefficients
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The bj represent the small recoil behavior ∼ hA1

The cj represent the large recoil behavior ∼ H0
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Conclusions

What to expect

Errors might not be improved compared to previous lattice estimations

The main new information of this analysis won’t come from the zero-recoil
value, but from the slope
Main sources of errors of our form factors are

χPT-continuum extrapolation
HQ discretization
Matching

We need to understand better the current lattice and Belle data

At this stage, no ETA for this paper (a few crosscheck remain)

The future

Well established roadmap to reduce errors in our calculation with newer
lattice ensembles

Our next analysis will be joint B → D and B → D∗ to benefit from strong
unitarity constraints

This roadmap is to be followed in other processes involving other CKM
matrix elements
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Analysis: What happens if I use CLN?

CLN is much more constraining than BGL, using only 4 fit parameters

hA1(w) = hA1(1)
[
1− 8ρ2z +

(
53ρ2 − 15

)
z2 −

(
231ρ2 − 91

)
z3
]

R1(w) = R1(1)− 0.12 (w − 1) + 0.05 (w − 1)
2

R2(w) = R2(1) + 0.11 (w − 1)− 0.06 (w − 1)
2

with

R1(w) =
hA1

(w)

hV (w)

R2(w) =

mD∗
mB

hA2
(w) + hA3

(w)

hA1
(w)
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Analysis: What happens if I use CLN?

1.0 1.1 1.2 1.3 1.4 1.5
w

0.0006

0.0008

0.0010

0.0012

0.0014

|
ew

|2 |V
cb

|2 |
(w

)|2

Lat + Belle (CLN)
Lat + Belle (BGL)
Lattice ×VCLN

cb

Lattice ×VBGL
cb

Belle'18
Belle'16

Preliminary

Blinded

1.0 1.1 1.2 1.3 1.4 1.5
w

0.5

0.6

0.7

0.8

0.9

h A
1

CLN + Lattice
BGL + Lattice
Lattice

Preliminary

Blinded

Lattice + Belle’18 CLN p− value =∼ O(10−13)

Prediction for hA1 very constrained in the CLN parametrization
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