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 sources. Average lensing volume:      average optical depth


Straightforward Poisson statistics* to then get lensing probabilities and set limits / explore 
discovery space
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Picolensing volume & optical depth

8
after: Gawade, More, Bhalerao [2308.01775]

*Jung and Kim [1908.00078] looked at clustering; 
impact not significant for . Poissonian stats OK.σ̄ ≪ 1
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Long: cosmologically distant ( ) and very bright in x/ -rays.


Highly beamed emission:             

> 2 s < 2 s
z̄S ≡ 2 τ

Γ ≡ 102 Ebeam ≡ 3 × 1051 erg ≡ (2 − 3) ⋅ ESNIa
Swift/BAT Fermi/GBM

Gawade et al [2308.01775] looked at a possible future ISRO project Daksha     
( Swift/BAT-class detectors in space, but each with Fermi/GBM sky coverage)
2 × ≡

For results today: assume similar parameters to Swift/BAT (  Daksha)2 × ≡
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> 2 s < 2 s
z̄S ≡ 2 τ

Γ ≡ 102 Ebeam ≡ 3 × 1051 erg ≡ (2 − 3) ⋅ ESNIa
Swift/BAT Fermi/GBM

Gawade et al [2308.01775] looked at a possible future ISRO project Daksha     
( Swift/BAT-class detectors in space, but each with Fermi/GBM sky coverage)
2 × ≡

For results today: assume similar parameters to Swift/BAT (  Daksha)2 × ≡
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Source characteristics: Swift/BAT catalogue

10

Use real GRBs to make population-informed projections. 


For each GRB, need: 


Duration:  — time for 90% of measured intensity after trigger


Distance:   —  known for  GRBs in the catalogue


Brightness: power law (PL) or cut-off power law (CPL) fit to energy spectrum

T90

zS ≪ 409
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Source characteristics: Swift/BAT catalogue

10

Use real GRBs to make population-informed projections. 


For each GRB, need: 


Duration:  — time for 90% of measured intensity after trigger


Distance:   —  known for  GRBs in the catalogue


Brightness: power law (PL) or cut-off power law (CPL) fit to energy spectrum

T90

zS ≪ 409

… AND: SIZE  βS
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GRB sizes

11

D′ ≡ Γ2 × Δtvar
1 + zS

Dobs ≡ D′ 

Γ ≡ Γ × Δtvar
1 + zS

Physical size of emission region Observed size (beaming)

 indirectly inferred from “minimum variability timescale” 


Gives estimate of the source light crossing time

γS Δtvar

EMPIRICAL RELATIONSHIP:      T90 ≡ ΓΔtvar

Commonly used size estimate: Dobs ≡ T90
1 + zS

⇒ γS = T90
θS

[1408.1232]
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GRB sizes

11

D′ ≡ Γ2 × Δtvar
1 + zS

Dobs ≡ D′ 

Γ ≡ Γ × Δtvar
1 + zS

Physical size of emission region Observed size (beaming)

 indirectly inferred from “minimum variability timescale” 


Gives estimate of the source light crossing time

γS Δtvar

EMPIRICAL RELATIONSHIP:      T90 ≡ ΓΔtvar

Commonly used size estimate: Dobs ≡ T90
1 + zS

⇒ γS = T90
θS

[1408.1232]

Gawade, More, Bhalerao [2308.01775] used this
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GRB size data are very uncertain

12

Dobs ≡ D′ 

Γ ≡ Γ × Δtvar
1 + zS

Dobs = T90/(1 + zS)

Barnacka, Loeb [1409.1232] Golkhou et al [1501.05948]

D′ ≡ Γ2 × Δtvar
1 + zS

Dobs = 10 × T90/(1 + zS)

-Scatter? 
-Offset? 
-Trend?

y-axes 
differ by 
Γ ≡ 102
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This can matter!

13

Dobs ℏ kST90
1 + zS

Source sizes can be large vs the Einstein radius in the source plane!


Magnifications are sensitive to source size uncertainties! 

Enormous uncertainties, so we just bracket: kS = 0.1, 1, 10, 10𝒰[−1,1)

Swift/BAT 
catalogue

RS
E = 𝒟SγE ≡ R⊙ × M

10−12M⊙

γE

θS
E = (1 + zS)RS

E

Dobs [R⊙]

Dobs [cm]

Co
un
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Dobs ℏ kST90
1 + zS

Source sizes can be large vs the Einstein radius in the source plane!


Magnifications are sensitive to source size uncertainties! 
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This can matter!

13

Dobs ℏ kST90
1 + zS

Source sizes can be large vs the Einstein radius in the source plane!


Magnifications are sensitive to source size uncertainties! 

Enormous uncertainties, so we just bracket: kS = 0.1, 1, 10, 10𝒰[−1,1)

Swift/BAT 
catalogue

RS
E = 𝒟SγE ≡ R⊙ × M

10−12M⊙

γE

θS
E = (1 + zS)RS

E

Dobs [R⊙]
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RESULTS
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Vary the source sizes

16

PRELIMINARY

*markers are computed; lines are log-log cubic spline interpolants

Dobs ℏ kST90
1 + zS
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robustly rule out 

 with this 
baseline if GRB 
sizes are 
systematically off

fDM = 1

But the scatter may 
not be an issue

NGRB = 3 × 103
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Vary source sizes for each baseline

PRELIMINARY

*markers are computed; lines are log-log cubic spline interpolants

Dobs ℏ kST90
1 + zS
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Vary source sizes for each baseline
ROBUST  EXCLUSIONS FOR L2, AUfDM = 1

PRELIMINARY

*markers are computed; lines are log-log cubic spline interpolants

Dobs ℏ kST90
1 + zS
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Vary source sizes for each baseline
ROBUST  EXCLUSIONS FOR L2, AUfDM = 1

LARGE-MASS REACH AT AU 
INDEPENDENT OF SOURCE 

UNCERTAINTIES!

PRELIMINARY

*markers are computed; lines are log-log cubic spline interpolants

Dobs ℏ kST90
1 + zS
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Conclusions

18

Confirm that picolensing can probe asteroid mass window for PBH DM


GRB source size uncertainties are significant: most the offset 

Previous studies slightly too optimistic with shorter baselines (e.g., EM)


Larger baselines (L2, AU) overcome systematics issues with source sizes


AU baselines would probe sub-component DM PBHs even above the window


Disk vs Gaussian source profile: not much difference 


Outlook: constraints on diffuse lenses (axion stars, mini clusters etc.)?
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PRELIMINARY

Thanks!
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BACKUP
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Baryons
5%

DM
26%

DE
69%

[2110.06096]

[1701.01840]

[2303.14729]

[1907.12875]

Dark Matter

21

[1707.04591]

Supermassive DM/

clumps/blobs

Unambiguous  

gravitational 

evidence

Huge number of possibilities, over 
many orders of magnitude in mass

No direct, non-gravitational 
evidence … yet

DM talks containing this slide
100%
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see also [2410.03451]

Primordial black holes (PBH)

22

For the purposes of this talk: sub-solar mass black holes 


Production in the early universe via: 

‣ Sharp features in the inflationary power spectrum. When these re-enter, 
direct collapse to BH ensues if density perturbation is large enough


‣ Collisions of bubble walls from primordial first-order phase transitions


‣ … many other variations on these themes


This talk will be agnostic to the production mechanism.


The key point for this study is…

MPBH ≪ M⊙
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Primordial black hole dark matter

23

… these objects are dark, and are still allowed to be 100% of the DM in certain 
mass ranges


Hawking

Evaporation

‣ Lifetime

‣ x-ray flux

‣ 511 keV

‣ etc.

Microlensing

Transient brightening of 
distant stars by single-
lensing

Asteroid 
mass 

window

M⊛ ≡ 4π
3 (2.5g/cm3)(10 km)3 ≡ 1019 g ≡ 5 × 10−15M⊙

Femtolensing?
Interference patterns in 
single-lensing spectra


Shown not to work due 
to source sizes


[1807.11495]

SNIa catalysis?
PBH dynamical heating of 
WD leading to SN ignition

[1505.04444,1505.07464]


May not be an effective 
constraint


[1906.05950]

How to 
probe?
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γ
Apparent

Null geodesics are straight lines in comoving coordinates


Basic geometry  Lens Equation: , where ⟶ γ − β = γ2
E

γ
γE ℏ 4GNM(1 + zL)θLS

θS θL

Einstein 
angle

Gravitational Lensing 101

24

β Comoving coordinates

θS

O

θL θLS ℏ θS − θL

L

S

True
b′ 

b′ = θLγ = (1 + zL)b
b = 𝒟Lγ

RSch. = 2GNM

𝒟 = aθ = θ
1 + z

Angular 
diameter 
distance

comoving distance

α, β, γ ≪ 1
Thin-lens approximation

α
α = 2RSch.

b Lensing 
deflection 
angle

GR
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… if geometrical 
optics holds

Images are not resolved: ϑ ≡ ϑ+ + ϑ− = y2 + 2
y2(y2 + 4)

Gravitational Lensing 102
          
γ2

E ℏ 4GNM(1 + zL)θLS

θS θL

25

y ℏ β
γE

; x ℏ γ
γE

⇒ x − y = 1
x

⇒ x± = 1
2 [y ± y2 + 4]

Magnification? Gravitational lensing preserves surface brightness, so

ϑ ℏ
dΩapparent

dΩtrue
= d cos γ

d cos β
≈ γdγ

βdβ
= xdx

ydy
⇒ ϑ± = 1

2 1 ± y2 + 2
y y2 + 4

Einstein angle is EXTREMELY small for a PBH: γE ≡ 2 picoarcsec × M
10−12M⊙

[zS = 1, θL /θS = 0.5 (zL = 0.43)]

1 arcsec = 4.8 × 10−6 rad
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Finite Sources

26

 ϑ(y) = y2 + 2
y2(y2 + 4)So far, assumed both the lens and source are point-like.


But all sources have a finite extent!


We’ll consider both Gaussian and flat disk source profiles


ϑ̄( ⃗Y ) = ∬ d2w ℐ( ⃗w ) ⋅ ϑ (y = | ⃗Y − ⃗w |)

small-angle/
flat-sky approx

Source-averaged 
magnification for 
lens at location  
relative to source 
centroid

⃗Y
Source brightness 
profile at location 

 relative to the 
source centroid

⃗w
⃗Y

⃗w

⃗y S

L
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Gaussian source

27

ϑ̄(y′ , δ) = e−(y′ )2/2

δ ∫
∞

0
dx

e−x2/2 [2 + (xδ)2] I0(xy′ )
4 + (xδ)2

γE
χL

χS

δ ℏ 1
kG

χS

γEy′ ℏ kG
χL

χS

The factor  is a normalisation such that kG = −2 ln(1 − fcover) ≡ 2.1 2π∫
χS /γE

0
wdwℐ(w) ℏ fcover ≡ 0.9

ϑ̄(χL ≲ χS) ≡ 1 + πk2
G

2
γE

χS
≫ 1

ϑ̄(χS ≪ χL ≪ γE) ≡ 1 + γE

χL
≫ 1

ϑ̄(χL ≫ γE) ≡ 1 + 2 ( γE

χL )
4

≡ 1

ℐ( ⃗w ) = 1
2πδ2 exp [− | ⃗w |2

2δ2 ]
Point-like behaviour χS ≪ γE

Extended source χS ≫ γE

ϑ̄(χL ≲ χS + few × γE) ≡ 1 + k2
Gγ2

E

χ2
S

ϑ̄(χL ≫ γE, χS) ≡ 1 + 2 ( γE

χL )
4

≡ 1

exp [− k2
Gχ2

L

2χ2
S ]

**

** this is a slight oversimplification

not tractable in closed form

Regulated 
from true 

point-source 
collinear 

divergence 

ϑ ∝ γE

χL

~Ratio of lensed area to total area
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Fix: lens distance, lens mass, source parameters, observer parameters.


SNR .


Is any lens detectable at some threshold SNR ?


 defines region in the lens plane where lensing is detectable. Can be multiple 
disjoint regions!


Lensing cross-section  is the area of that region (comoving): 


Compute this using Monte Carlo methods (sample LP area with lenses randomly)

μ = μ({γL, ϕL, zL, M}, {zS, γS, fs}, {RO, γO, Ab, As, fb, T})

μ = μ(γL, ϕL)

μ*

μ ≥ μ*

ρ ρ = ρ(μ*)

Picolensing cross-section

28
after: Gawade, More, Bhalerao [2308.01775]

ϕL

γLLP
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Monte Carlo methods


Pick an appropriate sample area in the positive half-plane of the lens plane


Populate with  lenses randomly sampled in 2D; 


Compute  for  and  for . Count the fraction  with 


Cross-section is   (the 2 accounts for the reflection symmetry)

Nlens Nlens = 20000 (100000 if needed)

ϑ̄k
i i = 1,2 μk k = 1,…, Nlens fμ μk ≥ μ*

ρ = 2 × fμ

Computing ρ

29

LP
+5θE

1.25 × θLγS

after: Gawade, More, Bhalerao [2308.01775]

Asample

Asample
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Monte Carlo methods


Pick an appropriate sample area in the positive half-plane of the lens plane


Populate with  lenses randomly sampled in 2D; 


Compute  for  and  for . Count the fraction  with 


Cross-section is   (the 2 accounts for the reflection symmetry)

Nlens Nlens = 20000 (100000 if needed)

ϑ̄k
i i = 1,2 μk k = 1,…, Nlens fμ μk ≥ μ*

ρ = 2 × fμ

Computing ρ

29

LP

after: Gawade, More, Bhalerao [2308.01775]

Asample

 reduced if the box 
crosses the symmetry axis
Asample
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Monte Carlo methods


Pick an appropriate sample area in the positive half-plane of the lens plane


Populate with  lenses randomly sampled in 2D; 
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Lensing Type: PointL GaussianS — Test statistic type: muRatio — TS threshold: 1.05 — M = 1.00 £ 10°15MØ — Rphys.
S = 1.0 £ 10°2RØ — zS = 1.00 — Rphys.

O sin µ/RØ = 2.02 £ 10°2 — fS
coverage = 0.90

Changing source size Changing lens distance
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Lensing Type: PointL DiskS — Test statistic type: muRatio — TS threshold: 1.05 — M = 1.00 £ 10°15MØ — ¬L/¬S = 0.50 — zS = 1.00 — Rphys.
O sin µ/RØ = 2.02 £ 10°2 — RO

E/RØ = 4.28 £ 10°2 — fS
coverage = 1.00
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Lensing Type: PointL DiskS — Test statistic type: muRatio — TS threshold: 1.05 — M = 1.00 £ 10°15MØ — Rphys.
S = 1.0 £ 10°2RØ — zS = 1.00 — Rphys.

O sin µ/RØ = 2.02 £ 10°2 — fS
coverage = 1.00

Changing source size Changing lens distance
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Lensing Type: PointL DiskS — Test statistic type: muRatio — TS threshold: 1.05 — M = 1.00 £ 10°15MØ — ¬L/¬S = 0.50 — zS = 1.00 — Rphys.
O sin µ/RØ = 2.02 £ 10°2 — RO

E/RØ = 4.28 £ 10°2 — fS
coverage = 1.00
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Lensing Type: PointL DiskS — Test statistic type: muRatio — TS threshold: 1.05 — M = 1.00 £ 10°15MØ — Rphys.
S = 1.0 £ 10°2RØ — zS = 1.00 — Rphys.

O sin µ/RØ = 2.02 £ 10°2 — fS
coverage = 1.00

Changing source size Changing lens distance

Disk

Picolensing cross-section
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Picolensing cross-section
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Test statistic type: SNR — TS threshold: 5.00 — M = 1.00 £ 10°15MØ — zS = 1.00
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Picolensing cross-section
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Picolensing cross-section
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Result

Two tubes approx.

10°3 10°2 10°1 100 101 102

Rphys.
S /RØ

10°45

10°43

10°41

10°39

10°37

(H
0
/h

)3
£

R ¬
S

0
æ
(¬

L
)d

¬
L

PointL GaussianS — fS
coverage = 0.90

Result

Two tubes approx.

Test statistic type: SNR — TS threshold: 5.00 — M = 1.00 £ 10°15MØ — zS = 1.00 — Rphys.
O sin µ/RØ = 2.02 £ 10°2

γ−4
S γ−4

S



Michael A. Fedderke [Perimeter]
39

Picolensing cross-section
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Source characteristics: Swift/BAT catalogue

40

Need to know: duration (  ), distance (  ), source fluence (  ), source size (  )


Duration: , 90% of measured intensity


Distance: , known for ~409 GRBs in the Swift/BAT catalogue


Source fluence: Band function in source frame. In detector frame, fit as a power 
law (PL) or cut-off power law (CPL):


T zS fs γS

T90

zS

fPL(E) ℏ KPL
50 ( E

50 keV )
αPL

fCPL(E) ℏ KCPL
50 ( E

50 keV )
αCPL

exp [− E(2 + αCPL)
Epeak

CPL ]
fs = ∫

Emax

Emin

f(C)PL(E) dE
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Optically thin regime?

41

σ̄(n0) = n0�̄� = − ln(1 − α)
ℵ

n0
nα

0
= − ln(1 − α)

ℵ
fDM
fα
DM

For , α = 0.95 −ln(1 − α) ≡ 3

If we demand , at…σ̄ ≪ 1

σ̄( fDM = f α
DM, α = 0.95) = 3

ℵ ≪ 1 ⇒ ℵ ≫ 3… the limit:
Automatic if many 
sources are needed 
to achieve the limit

σ̄( fDM = 1, α = 0.95) = 3
ℵf 0.95

DM
≪ 1 ⇒ f 0.95

DM ≫ 3
ℵ

… at all of the DM: ?
Need to make sure 
the limit is not too 
strong given the 

number of sources

Note that this is actually 
not dependent on , but 
really a condition on the 
source population

ℵ

3
ℵf 0.95

DM
= ω0

DM × 3�̄�
4π(H0/h)−3

(H0/h)−1

(2GNM)
𝒱 ≲ θ2

SGNM
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PBH DM
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Assuming we are bounding the unclustered PBH DM component, physical mass density would be 


             


But comoving number density is 


And , so… 


Limit:   


μphys(z) = fDM × μ0
DM × (1 + z)3 ℏ Mnphys(z) ⇒ nphys(z) = fDM × μ0

DM
M

× (1 + z)3 .

ncomov = nphys(1 + z)−3 = fDM × μ0
DM
M

ℏ n0 .

μ0
DM = Ω0

DMμcrit = 3ω0
DM

(H0/h)2

8πGN
n0 ℏ fDM × 3ω0

DM(H0/h)2

4π(2GNM)

f α
DM = − ln(1 − α)

ω0
DMℵ

4π(H0/h)−3

3�̄�
(2GNM)
(H0/h)−1

ω0
DM ℏ Ω0

DMh2 ≡ 0.12

Ratio of Hubble volume to lensing volume (tiny!)… 
but you get back a single power to the 
Schwarzschild radius of the lens to the Hubble 
radius (large!)

𝒱 ≡ θ2
SGNM ∝ ( θS

H−1
0 )

−2

⋯

Optimism: 

DISCOVERY 
SPACE!

μi(z) = μ0
i (1 + z)3(1+wi)

for  sources if I see NO picolensing at ℵ μ ≥ μ*

after: Gawade, More, Bhalerao [2308.01775]



Michael A. Fedderke [Perimeter]

Lensing Probability
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No detectable lenses at  for single source : 


                   


No lenses for  sources:


                   .


Exclusion on  at confidence level : .


 

μ ≥ μ* j

Pr[no lensing, j] = e−σj

ℵ

Pr[no lensing; ℵ] = Πℵ
j=1e

−σj = exp −
ℵ

∑
j=1

σj = exp [−ℵ�̄�n0]

n0 α Pr[no lensing; ℵ] = (1 − α) ⇒ nα
0 = − ln(1 − α)

ℵ�̄�

f α
DM = − ln(1 − α)

ω0
DMℵ

4π(H0/h)−2(2GNM)
3�̄�

after: Gawade, More, Bhalerao [2308.01775]

OPTIMISM:  
DISCOVERY SPACE!

ω0
DM ℏ Ω0

DMh2 ≡ 0.12

Poisson statistics; also only works for , 
otherwise the signal SNR we computed is wrong!

σj ≪ 1

Jung and Kim [1908.00078]

H−1
0 ≡ 4.5 Gpc RS(M = 10−12M⊙) = 3 nm
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Clustering

45

Jung and Kim 
[1908.00078]
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Comparison to 2308.01775
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EM [2308.01775]

LEO

EMNgrb = 1.0 £ 104

Disk, kS = 2

1018 1020 1022 1024 1026

Mpbh [g]kS = 2

Minor difference in assumed energy range (15-150keV [us] vs. 20-200 keV [them]); 
makes little difference

As = 1300 cm2Ab = 2400 cm2

fb = 10 cm−2s−1

Pretty good 
agreement (5-10%) 

Validates our 
implementation 

Confirms previous 
literature under their 

assumptions

They took

PRELIMINARY

~Swift/BAT

Geometrical 
optical fails
ωRS ≲ 1

15
ke

V

15
0k

eV

(two lensed images interfere)

*markers are computed; lines are log-log cubic spline interpolants

MICROLENSING

TOO MUCH DM

HA
W

KI
NG
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Ngrb = 3.0 £ 103

Vary minimum source size

47

R⊙ ≡ 7 × 1010 cm

PRELIMINARY

kS = 1

108 109 1010 1011 1012 1013 1014

Dphys
S [cm]

0

10

20

30

dN
g
r
b
/d

D
p
h
y
s

S

Standard, kS = 1

10°3 10°2 10°1 100 101 102 103

Dphys
S [RØ]

Recall:

*markers are computed; lines are log-log cubic spline interpolants

Quite robust to 
excluding 

 sources≲ R⊙

Dobs ℏ kST90
1 + zS
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Vary the background level
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particles hitting 
detector / 
spacecraft

Note: not always ∝ fb

10

3

PRELIMINARY

*markers are computed; lines are log-log cubic spline interpolants
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Minimum Variability Timescale
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Bhat [1307.7618]

Barnacka, Loeb


[1408.1232]

Ratio of ( binned signal variance ) 
to ( binned background variance ), 
normalised to number of bins

indistinguishable from background
Clea

rly
 ob

se
rva

ble

Δtvar
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Other issues?
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Can “stuff” block a line of sight? (random asteroids, etc.)


How do you distinguish a positive signal?


Multiple lensing?
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Axion Stars
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[2405.19389]

See also: 
2305.01005 
2406.09499


