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Muonic X-Ray Emission Spectroscopy

• Muonic X-Ray Emission Spectroscopy is a technique used for
identifying elements within a physical sample of material

• Muons are fired into a sample and are captured by the
constituent samples, and then cascade down their energy
levels

• For each transition, an x-ray is emitted, and can then be
measured by germanium detectors

• The x-ray transitions are unique to specific elements, and
hence allows identification of the composition of a sample

• Energies are currently predicted well when compared to
experiment, but not intensities
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What is a muon cascade?

• When the muon is captured by an atom, it is captured into a
distribution across the angular momentum channels

• From an initial distribution, it can proceed down its energy
levels via two channels: radiative and Auger transitions

• With each transition, the muon carries some of its population

• The final measurable intensities are therefore a function of
all possible previous transitions
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X-ray Intensities

• Currently MuDirac1, a software for calculating muonic x-ray emission spectra, doesn’t
get the intensities right
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• Being able to correctly compute intensities would allow for easier detector calibration, as
well as identification x-rays of multi-element samples

• To get the intensities right, there are five mechanisms that must be considered:

• Radiative transitions
• Auger transitions
• Electron refilling
• Initial angular momentum distribution
• Electron-muon interactions
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Akylas-Vogel Cascade Code

• The Akylas-Vogel2 cascade code is commonly used to calculate intensities of the muonic
x-rays

• It uses a non-relativistic, hydrogen-like framework for both the muon and the electronic
background

• There are several user parameters that must be specified, such as the electron refilling
rate, and the initial angular momentum distribution of the muon

• Both Auger and radiative rates are calculated up to octupole

• This is useful for validation of new relativistic results
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MuDirac

• MuDirac is a modern, sustainable code for calculating muonic x-ray emission spectra

• Energies are calculated accurately through the use of Dirac spinors, finite nuclear models,
and QED corrections

• However, intensities are not calculated correctly due to missing physics

• Radiative dipoles are calculated, but Auger transitions, electron refilling, and angular
momentum distributions are not considered
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Relativistic Radiative Transitions

• The Dirac spinors are coupled to the electromagnetic field with an interaction Hamiltonian

Ĥint = −qα · A (1)

• The electromagnetic vector potential A may be quantised in terms of creation and
annihilation operators, and plane waves

• The full relativistic, radiative transition rate between an initial and final muon state is
found to be

ΓR =
4Eif

3c
|⟨ψf |(α · êλ)e−ikλ·r|ψi ⟩|2 (2)

• The exponential can be expanded out in Taylor series, and each term in the expansion
corresponds to a term in the multipole expansion

Philip D. Jones

Muon Cascade Calculations 11 / 21



Introduction Calculating Intensities Radiative Transitions Auger Transitions Towards Density Functional Theory Conclusions

Relativistic Radiative Transitions

• The Dirac spinors are coupled to the electromagnetic field with an interaction Hamiltonian
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Relativistic Radiative Transitions

• Electric quadrupole rates were derived and tested in MuDirac

• Comparison to the Akylas-Vogel code is valid for systems in the non-relativistic limit i.e
low Z atoms

• Individual quadrupole rates were compared for a given set of transitions:

(n,l) pairs Akylas-Vogel Fine pairs MuDirac
(3,2)→(1,0) 5.48× 109 K1-M4 3.70× 109

K1-M5 1.61× 109

Sum 5.31× 109

(3,2)→(2,0) 4.72× 108 L1-M4 3.18× 108

L1-M5 1.39× 108

Sum 4.57× 108

Philip D. Jones
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Auger Transitions

• Auger transitions occur when a muon transitions down an energy level, and forces an
electron out of the atom via a virtual photon

• Four wavefunctions are needed to calculate this: the initial muon state, final muon state, a
bound electron, and a continuum electron

ΓA =

∣∣∣∣e2ℏ
∫ ∫

χf
∗(r2)ψf

†(r1)
1

||r1 − r2||
χi (r2)ψi (r1)d

3r1d
3r2

∣∣∣∣2
• Coulomb operator can be expanded out in spherical harmonics using the Laplace

expansion, and expressions for Auger multipole rates were obtained
• Validation against Akylas-Vogel is yet to be performed
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Joint Muonic-Electronic Problem

• Currently, MuDirac treats the electrons as non-interacting, hydrogen-like orbitals, which
is not physically accurate

• Density Functional Theory (DFT) provides a more accurate description of the electronic
structure of a system

• Two component DFT3 can be used to treat muons and electrons on equal footing in a
self-consistent fashion

• TCDFT has been used for electron-positive muon systems, including a parameterisation of
the correlation functional

• Being able to solve this problem for the negative muon would give a more accurate
description of the system
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Muon Cascade Calculations 16 / 21



Introduction Calculating Intensities Radiative Transitions Auger Transitions Towards Density Functional Theory Conclusions

Joint Muonic-Electronic Problem

• Currently, MuDirac treats the electrons as non-interacting, hydrogen-like orbitals, which
is not physically accurate

• Density Functional Theory (DFT) provides a more accurate description of the electronic
structure of a system

• Two component DFT3 can be used to treat muons and electrons on equal footing in a
self-consistent fashion

• TCDFT has been used for electron-positive muon systems, including a parameterisation of
the correlation functional

• Being able to solve this problem for the negative muon would give a more accurate
description of the system

Philip D. Jones

Muon Cascade Calculations 16 / 21



Introduction Calculating Intensities Radiative Transitions Auger Transitions Towards Density Functional Theory Conclusions

Joint Muonic-Electronic Problem

• Currently, MuDirac treats the electrons as non-interacting, hydrogen-like orbitals, which
is not physically accurate

• Density Functional Theory (DFT) provides a more accurate description of the electronic
structure of a system

• Two component DFT3 can be used to treat muons and electrons on equal footing in a
self-consistent fashion

• TCDFT has been used for electron-positive muon systems, including a parameterisation of
the correlation functional

• Being able to solve this problem for the negative muon would give a more accurate
description of the system

Philip D. Jones

Muon Cascade Calculations 16 / 21



Introduction Calculating Intensities Radiative Transitions Auger Transitions Towards Density Functional Theory Conclusions

Joint Muonic-Electronic Problem

• Currently, MuDirac treats the electrons as non-interacting, hydrogen-like orbitals, which
is not physically accurate

• Density Functional Theory (DFT) provides a more accurate description of the electronic
structure of a system

• Two component DFT3 can be used to treat muons and electrons on equal footing in a
self-consistent fashion

• TCDFT has been used for electron-positive muon systems, including a parameterisation of
the correlation functional

• Being able to solve this problem for the negative muon would give a more accurate
description of the system

Philip D. Jones

Muon Cascade Calculations 16 / 21



Introduction Calculating Intensities Radiative Transitions Auger Transitions Towards Density Functional Theory Conclusions

Joint Muonic-Electronic Problem

• Currently, MuDirac treats the electrons as non-interacting, hydrogen-like orbitals, which
is not physically accurate

• Density Functional Theory (DFT) provides a more accurate description of the electronic
structure of a system

• Two component DFT3 can be used to treat muons and electrons on equal footing in a
self-consistent fashion

• TCDFT has been used for electron-positive muon systems, including a parameterisation of
the correlation functional

• Being able to solve this problem for the negative muon would give a more accurate
description of the system

Philip D. Jones

Muon Cascade Calculations 16 / 21



Introduction Calculating Intensities Radiative Transitions Auger Transitions Towards Density Functional Theory Conclusions

Approach to DFT

• CASTEP4, a major DFT code, solves the all electron atomic problem in a very similar way
to how MuDirac solves the muonic problem

• CASTEP’s method may be altered to allow solving for muonic structure

• A natural route to the full interacting muon-electron problem would come through this
implementation

• Ultimately, the ability to solve for muonic states in a bulk system may allow for more
accurate capture probabilities, potentially leading to better intensities

Philip D. Jones

Muon Cascade Calculations 17 / 21



Introduction Calculating Intensities Radiative Transitions Auger Transitions Towards Density Functional Theory Conclusions

Approach to DFT

• CASTEP4, a major DFT code, solves the all electron atomic problem in a very similar way
to how MuDirac solves the muonic problem

• CASTEP’s method may be altered to allow solving for muonic structure

• A natural route to the full interacting muon-electron problem would come through this
implementation

• Ultimately, the ability to solve for muonic states in a bulk system may allow for more
accurate capture probabilities, potentially leading to better intensities

Philip D. Jones

Muon Cascade Calculations 17 / 21



Introduction Calculating Intensities Radiative Transitions Auger Transitions Towards Density Functional Theory Conclusions

Approach to DFT

• CASTEP4, a major DFT code, solves the all electron atomic problem in a very similar way
to how MuDirac solves the muonic problem

• CASTEP’s method may be altered to allow solving for muonic structure

• A natural route to the full interacting muon-electron problem would come through this
implementation

• Ultimately, the ability to solve for muonic states in a bulk system may allow for more
accurate capture probabilities, potentially leading to better intensities

Philip D. Jones

Muon Cascade Calculations 17 / 21



Introduction Calculating Intensities Radiative Transitions Auger Transitions Towards Density Functional Theory Conclusions

Approach to DFT

• CASTEP4, a major DFT code, solves the all electron atomic problem in a very similar way
to how MuDirac solves the muonic problem

• CASTEP’s method may be altered to allow solving for muonic structure

• A natural route to the full interacting muon-electron problem would come through this
implementation

• Ultimately, the ability to solve for muonic states in a bulk system may allow for more
accurate capture probabilities, potentially leading to better intensities

Philip D. Jones

Muon Cascade Calculations 17 / 21



Introduction Calculating Intensities Radiative Transitions Auger Transitions Towards Density Functional Theory Conclusions

Table of Contents

1 Introduction

2 Calculating Intensities

3 Radiative Transitions

4 Auger Transitions

5 Towards Density Functional Theory

6 Conclusions

Philip D. Jones

Muon Cascade Calculations 18 / 21



Introduction Calculating Intensities Radiative Transitions Auger Transitions Towards Density Functional Theory Conclusions

Conclusions

• X-ray intensities are an important part of elemental analysis

• MuDirac does not get intensities correct due to missing physics

• Relativistic radiative and Auger transitions are the first steps taken to getting correct
intensities, with the radiative rates being successfully validated against the Akylas-Vogel
code

Philip D. Jones

Muon Cascade Calculations 19 / 21



Introduction Calculating Intensities Radiative Transitions Auger Transitions Towards Density Functional Theory Conclusions

Conclusions

• X-ray intensities are an important part of elemental analysis

• MuDirac does not get intensities correct due to missing physics

• Relativistic radiative and Auger transitions are the first steps taken to getting correct
intensities, with the radiative rates being successfully validated against the Akylas-Vogel
code

Philip D. Jones

Muon Cascade Calculations 19 / 21



Introduction Calculating Intensities Radiative Transitions Auger Transitions Towards Density Functional Theory Conclusions

Conclusions

• X-ray intensities are an important part of elemental analysis

• MuDirac does not get intensities correct due to missing physics

• Relativistic radiative and Auger transitions are the first steps taken to getting correct
intensities, with the radiative rates being successfully validated against the Akylas-Vogel
code

Philip D. Jones

Muon Cascade Calculations 19 / 21



Introduction Calculating Intensities Radiative Transitions Auger Transitions Towards Density Functional Theory Conclusions

References

1 S. Sturniolo and A. Hillier, Mudirac: A Dirac equation solver for elemental analysis with
muonic X-rays, X-Ray Spectrometry 50, 180 (2021)

2 V. R. Akylas and P. Vogel, Muonic Atom Cascade Program, Computer Physics
Communications 15, 291 (1978)

3 M. Goli and S. Shahbazian, Two-component density functional theory for muonic
molecules: Inclusion of the electron-positive muon correlation functional, The Journal of
Chemical Physics 156, 044104 (2022).

4 S. J. Clark, M. D. Segall, C. J. Pickard, P. J. Hasnip, M. I. J. Probert, K. Refson, and M.
C. Payne, First principles methods using CASTEP, Zeitschrift Für Kristallographie -
Crystalline Materials 220, 567 (2005).

Philip D. Jones

Muon Cascade Calculations 20 / 21



Introduction Calculating Intensities Radiative Transitions Auger Transitions Towards Density Functional Theory Conclusions

Acknowledgements

• Thanks to: Dr. Adrian Hillier, Dr. Leandro Liborio, Dr. Martin Plummer, Prof. Nicholas
Hine, Dr. Albert Bartók-Pártay
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