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e The Schwarzschild solution of the vacuum
Einstein equations contains one parameter,
the mass.

e The mass can be any value, positive or
negative.

G,ul/[gap (t,7, 0,0, M)] =0

dr? = (1 —2M/r)dt* — dr?/(1 — 2M /r) — r*dQ?



e The metric 1s singularat r =0

e For positive mass there 1s a singularity at r = 2M
however this can be removed with an
appropriate change of coordinates. r = 2M
defines the event horizon, and we are content
to observe that the real singularity at the
origin 1s hidden behind this horizon.

e As the role of the time and radial coordinates
exchange at the event horizon, the
singularity at the origin occurs on a future
space-like hypersurface which 1s impossible
to avoid, a circumstance that does not seem
particularly pleasant



For negative mass, there 1s no event horizon and the
singularity at the origin 1s naked, it occurs at a
distinct spatial position.

But we deal with this kind of singularity all the
time, and compared to the murderous, inevitable
future singularity of positive mass, they are benign.

For example, from far away, a proton say, appears
as a singular point charge, however, on closer
inspection, we find that the charge 1s spread out
over a tiny volume.

Can we not imagine the introduction of a smooth
distribution of negative matter to give the same
kind of resolution for a negative mass gravitational
singularity?



e Negative mass particles, 1f they exists are
strange beasts.

e A negative mass particle creates a negative
gravitational field, however, because of the
equivalence principle, it 1s attracted to
positive mass particles.

e The force 1s exerted on a negative mass
particle —m by a positive mass particle M ,
towards the positive mass particle is:

e GM(—m)

2
"
e But the acceleration felt by the negative

mass particle is: GM(—
p — (—m)a_ — F — 70(2 m)



e Obviously the negative mass cancels from both
sides of the equation giving:

_ GM

a_ =

e On the other hand, the acceleration felt by the
positive mass particle 1s obtained through:

p=(M)ay = F, = <=8

r2

e That is: 4, = G(—zm)
T

e which 1s clearly negative or repulsive.



e This scenario was first expressed by Luttinger
in 1951 GRFEC, “On Negative Mass 1n the
Theory of Gravitation”.

e Subsequently, Bondi made a detailed analysis
in the context of general relativity,
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e He considered the situation only from the
point of view of the exterior spacetime, the
negative mass was considered to be inside a
compact region that was not probed.



e Bondi’s analysis 1s still not complete, as 1t
does not address what is the source of the
negative mass

e Indeed, in asymptotically Minkowski
spacetime, there cannot exist negative mass
that comes from physically reasonable
sources, due to the positive energy theorem.

e Physically reasonable mass would satisfy the
dominant energy condition.

T%u, >0 T u, Tyou® > 0

e for any timeline vector u



Dominant Energy Condition

e The dominant energy condition 1s a very
reasonable, local constraint to impose on any
physical energy-momentum distribution.

e It enforces that no observer will see energy-

momentum is moving faster than the speed
of light.

e Consider a spherically symmetric
distribution of matter and the ensuing metric
in Schwarzschild coordinates

dr? = (1 —2M(r)/r)dt?* — dr?/(1 — 2M(r)/r) — r2dQ?



e Here, M(r)is the mass inside a sphere of
coordinate radius 7r .

e Inserting this metric into the Einstein tensor
gives the energy-momentum tensor that

would create such a metric. It is easily found
that:

QM/(T) T2 - T3 . M”(T)

r? r

TO . Tl .
e The dominant energy condition imposes:

T%u, >0 T u, Tyou® > 0

e For any time-like or light-like vector u



e This yields the conditions:




Positive Energy Theorem

by Schoen and Yau, and Witten
e The positive energy theorem states that any

space-time that 1s asymptotically flat and
contains energy-momentum that everywhere
satisfies the dominant energy condition, will
necessarily have a positive ADM mass.

e In our specialized spherically symmetric
geometry, this requires that:

M(r) - M and M > 0

e Thus we cannot have asymptotic flatness and

M(r) = —M and M > 0



e The positive energy theorem tells us that 1f the
dominant energy condition were satisfied, the
mass parameter would necessarily have to be
positive.

e But we can imagine eschewing the positive
energy theorem by dropping the constraint of
asymptotic flatness. The inflationary phase of
the universe or even in principle the present,
accelerating universe are both asymptotically
de Sitter universes which are not
asymptotically flat.



e There 1s a more general exact solution of the
Einstein equations with cosmological constant

2 <1 (A/3)r8 - 2GM> L

.7
dr

(1 B (A/3)r3—2GM)

T

—r?d6* —r* sin® Od o’

G,ul/ [gA/O] — Ag,ul/ T,uu . (A/SWG)Q/LV

e containing two free parameters A and M which
can be positive or negative.

e We ask the question: Is there a deformation of
the positive A but negative M metric that
satisfies the dominant energy condition
everywhere?



e With Jonathan Belletéte we were able to find
exactly such a deformation.
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e It 1s just a mathematical deformation, there 1s
no analysis of stability.

e The added energy-momentum 1s not seen as
any kind of known energy-momentum
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Adding perfect fluid energy
momentum
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e The previously obtained deformation was
simply a mathematical deformation which
satisfied the imposed constraints.

e We asked if there some actual physical
energy-momentum which can provide the
necessary deformation.

e We were successful with the energy-
momentum of a perfect fluid.
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e The energy momentum of a perfect fluid is given
by:
Ty = —pguw + (p+ p)ULU,

e with metric of the form:
ds® = B(?“)alt2 — A(r)er — r?df? — r*sin“6do?

e We parametrise:

A — (1 2m(r)>_1

r




e The dominant energy condition demands
simply: 0 >0
p = |pl

e while the Einstein equations are:

B// B/ B/ A/ B/
ad Dy B
A 1Al B T Al T A= Bt
B// B/ B/ A/ A/

b S WS
OB 4B{B+A]+TA TP =p)




e Normally the Einstein equations are
augmented by an equation of state that links
the pressure to the density, yielding four
equations 1n the four functions A(r) B(r) p(r)

and p(r) .

e However we will take a different approach.
Choosing:

0 it r<cz
m(r)=<alr—=x)° if z<r<uy
At M it r>uy




e This fixes A(r) and the equations then
uniquely give us the remaining variables.

e In this way, the required equation of state 1s
uncovered rather than imposed.

e The Einstein equations become:

= L ()

( )m(r)

4713 (2m(r) — r)
(In AB)" = 87G (p(r) + p(r)) rA




e We integrate these equations numerically for

some uninspired values of the parameters
and find:z=.1 G=1, A =.001, M = .01,y ~ 245
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Stable negative mass solutions

It would still be desirable to find dynamically stable
solutions that give rise to negative mass.

Ideally this would be obtained from some kind of non-
standard matter which obeys an equation of state, but
satisfies the dominant energy condition.

We have not been able to find such an equation of state.

However, we have been able to find stable, thin wall
solutions. These correspond to spacetimes where and
exterior negative mass Schwarzschild-de Sitter
spacetime 1s separated from an interior spacetime by a
thin wall. The Israel junction conditions are imposed at
the wall. The source 1s inside the wall, and 1s imposed
to satisfy the dominant energy condition everywhere.



Thin wall bubbles

e The Israel junction conditions guarantee the
conservation of energy and momentum
across a boundary.

e The induced metric 1s
hap dx? dx? = —dt? + a(1)*(d6? + sin? 6 d¢?)

e For a spherical wall at

r = a(r)



e The wall stress energy tensor 1s

S.; = diag(o, —10, —0)

e and one gets

[[V1=2m(a)/aa"]] = —4no



e For the dynamic case, a slightly more
complicated analysis yields

o = 47151 [[\/1 —2m(a)/a + c’zz]]

e which can be rewritten as
\/1 —2my(a)/a+a* = \/1 —2m_(a)/a +a* —4nwo(a)a

e after squaring twice u _9
m

msz(l + dz) +dmom_ = 2_5 + (my +m_)
a

e where the mass of the thin shell 1s defined as
m, = 4moa’



e This equation has the form of an energy
equation for a non-relativistic particle

La*+V(a) = E

4m.(@)m_(a) [mm) . (m(@ +m<a>>]2’

1
@) = 2 1 k m?(a) 2a ms(a)

¥

e however with vanishing “energy”: E =0

e There will be stable, static solutions 1f we
can find a radius ag where

V(ag) =0, V'(ap) =0, V'(ag) > 0



e We take the exterior mass function given by
the negative mass Schwarzschild-de Sitter

. Ar3
metric: m_l_(r) — —2M + T
e Solving for m_(r) we have
3 3
m_ = —8m%c’r3 + —M + ATT + 47707“2\/1 — 2V — 2 (—M 2R A%)
r

e Now the aim 1s to pick the potential so that it
has an exact, double zero, which fixes the
radius of the bubble, but so that the interior
mass satisfies the dominant energy condition.



1+V

o2rd

e Defining —2V =
constants

and rescaling the

e which gives

m_ ZM(—1+%(A—02)T3+\/1+‘~/—|—027“4+202r3—1\02r6)
e and writing
(14+U)2 =14V +%r* +20%3 — Ag?r®
e wehave m_=M (3 (A-0o%)r’+U)

e the dominant energy condition requires

()20 o
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FIG. 2: (color online) The potential 1 + V(7).






e Numerical experimentation gives the

solution
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Conclusions and Speculations

e We have shown that negative mass configurations which
everywhere satisfy the dominant energy condition, can
exist within non-asymptotically flat space-times.

e This could have important consequences for the early
universe, where the inflationary phase corresponds to a
de Sitter universe.

e Pair production of positive and negative mass pairs
would give rise to a strange gravitational plasma.

e The negative mass particles would chase after the
positive mass particles and in principle always exit any
Hubble volume. However, for an infinite universe, there
would always be such pairs entering the Hubble volume
from outside, so the entire system would be stable.



e A gas/plasma of positive and negative mass
particles would have strange damping
properties.

e It could damp out gravitational waves!

e We speculate that such a plasma might
screen gravitational waves rendering the
initial singularity always hidden behind an
opaque curtain.



Real negative mass as opposed to
relative negative mass

e There has been criticism that the mass we are
discussing 1s somehow not real.

e The reason 1s that a trivial analysis indicates
that for even spin messenger fields, like
charges attract (while for odd spin, they repel)

e This 1s based on the propagator of the
messenger field and the force between like
charges



e thus the potential between sources 1s given
by

Vo~ / Pad®y (2)J (y) ((2)6(y))
N / dBaddyJ, ()], (y) (A" () A" (y))

N / P d>yTH ()T (y) {(hpw (2) hor (1))

e However, for negative gravitational charges
we must take 7T (z) —» —TH"(x)

e which grossly violates the dominant energy
condition.



Cosmological constant

e We need to find a mechanism for the creation of
positive-negative mass pairs (since the overall
mass 1s conserved).

e There are exact solutions which correspond to
black holes separated by struts, Weyl type
metrics. A configuration of two black holes on
either side of a negative mass solution would
require no struts, or two negative mass solutions
on either side of a black hole 1if M=1/4 (-m) or
vice versa. Euclideanization of these solutions
might give the appropriate Euclidean instanton.



e The pair creation would of course be
controlled by the cosmological constant, and
if there is any kind of Lenz’s law behaviour,
pair creation would tend to reduce the
cosmological constant.

e Thus pairs would be created until the
cosmological constant is essentially rendered
zero, after which pairs can no longer be
created.



Idle Speculation and Conclusions

e A negative-positive mass pair would accelerate away, the
negative mass particle chasing the positive mass one.
Latching on to a system like this would provide a kind of
“warp drive” for fuel-less transport.

e (Creating a negative mass particle 1s an exothermic process.
One could mine unlimited energy by creating such
particles, and then sending them away.

e Negative mass particles would make the ultimate armour
piercing ordnance. The denser the material of the armour,
the more the negative mass particle 1s attracted to it, and
would destroy 1t upon contact. See:
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