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Practical limitations

x In general: limitations are very experiment dependent

x Never with a perfect energy resolution

➡ Many experimental challenges !
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QUARTET collaboration 
๏ Improving energy resolution 

⚬ Quantum sensor detector to reach low-Z nuclei 
⚬ On-going work at PSI with  target6Li / 7Li
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From energy levels to nuclear structure
5Converting experimental data 

๏ What to do once precise value of energy levels is known ? 
⚬ Can be used to test fundamental constants like  
⚬ Can be used to extract nuclear structure information like  
⚬ Can be used to test validity of many-body calculations 

๏ Example in practice: Lamb shift in meV  (  in fm)

R∞, α, me

rc

2S1/2 − 2P1/2 rx

[Antognini et al, SciPost (2021)]

 
 

ΔE(μH) = 206.0336(15) − 5.2275(10) × r2
p + 0.0332(20)

ΔE(μD) = 228.7767(10) − 6.1103(3) × r2
D + 1.7449(200)

ΔE(μ4He) = 1668.489(14) − 106.220(8) × r2
α + 9.201(291)
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M2
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1,2 (0) fSN(q)
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Model used for nuclear many-body state

๏ Ab initio nuclear interaction 
⚬ Two chiral interactions considered 
⚬ N4LO-E7 and N3LO 
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๏ Ab initio nuclear interaction 
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⚬ N4LO-E7 and N3LO 

➡ Estimate interaction uncertainty

๏ Model space 
⚬ Harmonic oscillator Slater determinant 
⚬ Vary many-body basis:  
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⚬ No-Core Shell Model 
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The No-Core Shell Model
11Lanczos tridiagonalization algorithm 

๏ Initialization: normalized pivot  

๏ Recursion: ,  and  

⚬  

⚬  and  st  

๏ Output: 
⚬ Lanczos basis and coefficients  

⚬ Lanczos basis  orthonormal basis in Krylov space 

|ϕ1⟩

αi βi |ϕi⟩

βi+1 |ϕi+1⟩ = H |ϕi⟩ − αi |ϕi⟩ − βi |ϕi−1⟩

αi = ⟨ϕi |H |ϕi⟩ βi+1 ⟨ϕi+1 |ϕi+1⟩ = 1

{ |ϕi⟩, αi, βi}

≡ { |ϕ1⟩, H |ϕ1⟩, …, HNL |ϕ1⟩}

α1 β2

β2 α2 β3

β3 α3 ⋱
⋱ ⋱ βk−1

βk−1 αk−1 βk

βk αk

<latexit sha1_base64="BcBL6b3dn1hgsNnJyC0f/gdFgYw="></latexit>

}
 in Lanczos basisH

[Lanczos (1950)]
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Application to nuclear structure 

๏  Efficient calculation of spectra 
⚬ Selection rules sparsity  Fast matrix-vector multiplication 
⚬ In practice:  is sufficient to converge low-lying states 
⚬ Cost of diagonalization of the tridiagonal matrix is negligible 

⇒
NL ∼ 100 − 200

Application to   

๏ Parameters of many-body calculation 
⚬  for  to  

๏ Results 
⚬Ground-state of    Starting point for  

7Li

NL = 200 Nmax = 1 9

7Li |Ψ⟩ ⇒ δA
pol
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๏ We need to compute for each eigenstate and operator: 

⚬ Eigenvalues:  

⚬ Overlaps:  

๏ Lanczos strength algorithm 
⚬ Variant of Lanczos: ensure convergence of sum rules

EN

|⟨N |O |Ψ⟩ |2

|⟨N |O |Ψ⟩ |2

∼ 10 − 100 MeV EN

Converged eigenstates
Too expansive 

to converge all of them !!
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Numerical calculations 

๏   and  

๏   different operators for  

➡ 700 NCSM calculations at 

qmax = 700 MeV Δq = 10 MeV

10 Jmax = 3

Nmax = 7

Observations
๏ Contribution repartitions 

⚬ Well-known dipole dominance 
⚬ Charge contributions are dominant

๏ Negligible contributions 
⚬ TM is negligible for any  

⚬ TE is relevant only for  
➡ Only half the operators are relevant

J

J = 1
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Results 

๏ Here shown for  and N4LO-E7 

๏ All other cases are similar 

➡ Fast exponential convergence

Nmax = 7

ϵJmax
≲ 0.1 meV

Multipole truncation  Negligible uncertainty⇒
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๏Nuclear polarization: reaching precision ab initio 
⚬  Critical nuclear theory input for:  
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๏Promising on going results for : 
⚬  Weak dependence between EFT interactions 
➡ NCSM: seems to converge within 5 meV

7Li

χ

Outlook
๏Completing on-going ab initio calculation 

⚬ Refining uncertainty quantification 
⚬ Elastic component:  with NCSMC 
⚬ Extension to   new isotope-shift test

δA
el

6Li ⇒

๏Future modelling improvements 
⚬ Nuclear physics: higher-order currents 
⚬ Atomic physics: three-photon exchange 
⚬ Hadronic physics: more realistic model

๏Towards better controlling theoretical uncertainty 
⚬ Shifting from pheno towards EFT approach 
⚬ EFT based on potential-NRQED for Z > 1

[Peset et al., EPJA (2015)]
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… and pushing the precision frontier further

[ fm]
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o  Rydberg constant re-evaluation: 
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[CODATA 2018]And much more !!
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[Pachucki et al. Review of Modern Physics (2024)]
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⚬ Main contribution from two-photon exchange  

⚬ Nuclear excited states become necessary 

➡  contributes at   

๏ Beyond TPE 
⚬ Further corrections three-, four-, … photon exchange 
⚬ Combinations with vacuum polarization, etc

δTPE

δTPE (Zα)5

Two photon exchanges contributions

ΔEnl = −
(4πZα)

mr
|ϕnl(0) |2 Im∫

d4q
(2π)4

Dμρ(q)Dντ(−q) tμν(q, k) Tρτ(q, − q)

with: 
๏  the photon propagator 
๏  the leptonic tensor 
๏  the hadronic tensor 
๏  

Dμν(q) ≡
tμν ≡
Tμν ≡
k ≡ (mr,0)

[Rosenfelder Nuclear Physics A (1983)]
[Hernandez et al. Physical Review C (2019)]

[Bernabeu et al, Nuclear Physics A (1974)]
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Ab initio No-Core Shell Model calculations
22Lanczos tridiagonalization algorithm 

๏ Initialization: normalized pivot  

๏ Recursion: ,  and  
⚬  
⚬  and  st  

๏ Output: 
⚬ Lanczos basis and coefficients 
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}
 in Lanczos basisH

[Lanczos (1950)]

Lanczos-strength algorithm for  

๏ Spectral function obtained with a second Lanczos: 
⚬ Pivot based on  Lanczos output:      

➡ Strengths:    

๏Convergence properties:  
⚬  Recovers exactly the first  moments for  Lanczos steps! 
➡ One additional NCSM run per operator

δA
pol
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๏ Observations 
⚬ Sum rules converge quickly  is sufficient 
⚬ Reaches plateau around  relative error

⇒ NL = 50

∼ 10−5
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First conclusion: numerical noise from Lanczos algo is negligible  
Next step: q-dependent calculations of  !δA

pol


