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Progress in Ab Initio Calculations
[ cf. HH, Front. Phys. 8, 379 (2020) ]

 chiral NN+3N forces are largest 
source of uncertainty - but UQ & 

emulators are start of new era
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Transforming the Hamiltonian

excitations relative 

to reference state:

normal-ordering
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Decoupling in A-Body Space

goal: decouple reference state  
from excitations
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Operators

truncated at two-body level -

matrix is never constructed  

explicitly!
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Decoupling
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Decoupling

off-diagonal couplings    
are rapidly driven to zero
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non-perturbative    
resummation of MBPT series      

(correlations)
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Decoupling

• absorb correlations into RG-improved Hamiltonian


• reference state is ansatz for transformed, less correlated 
eigenstate:
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“standard” IMSRG: build correlations on top of 

Slater determinant (=independent-particle state)

Correlated Reference States

! IMSRG(2) IMSRG(3) IMSRG(4) IMSRG(5)

. . . 

Collective (aka static) correlations, e.g.

due to intrinsic deformation:
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Correlated Reference States

! MR-IMSRG(2)

. . . 

MR-IMSRG: build correlations on top of 

already correlated state (e.g., from a method that


describes static correlation well)

IMSRG

reference

additional terms in 
flow equations (two-body and 
higher densities), but scaling 

remains unchanged
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IMSRG-Improved Methods

XYZ 
define


reference

IMSRG 
evolve


operators

XYZ 
extract


observables

Could add

 self-consistency.

* mean field or 
explicitly correlated
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IMSRG-Improved Methods

XYZ 
define


reference

IMSRG 
evolve


operators

XYZ 
extract


observables

• IMSRG for closed and open-shell nuclei: IM-HF 
and IM-PHFB

• HH, Phys. Scripta, Phys. Scripta 92, 023002 (2017)


• HH, S. K. Bogner, T. D. Morris, A. Schwenk, and K. Tuskiyama, 
Phys. Rept. 621, 165 (2016)


• Valence-Space IMSRG (VS-IMSRG)                 

• S. R. Stroberg, HH, S. K. Bogner, J. D. Holt, Ann. Rev. Nucl. Part. 

Sci. 69, 165 


• In-Medium No Core Shell Model (IM-NCSM)                                         

• E. Gebrerufael, K. Vobig, HH, R. Roth, PRL 118, 152503


• In-Medium Generator Coordinate Method (IM-
GCM)                                               

• J. M. Yao, J. Engel, L. J. Wang, C. F. Jiao, HH PRC 98, 054311 

(2018)


• J. M. Yao et al., PRL 124, 232501 (2020) 

more  
in development
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76Ge

comprehensive  
state of the art study: 


IM-GCM & VS-IMSRG, explores 
interactions, truncations, 


contact term, …

A. Belley et al., PRL 132, 182502 (2024)
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76Ge / 76Se Structure

EM1.8/2.0 NN+3N interaction, ℏω = 12 MeV, emax = 10

A. Belley et al., PRL 132, 182502 (2024)
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76Ge / 76Se Structure

EM1.8/2.0 NN+3N interaction, ℏω = 12 MeV, emax = 10

A. Belley et al., PRL 132, 182502 (2024) compatible with 

A~80 results from AMP-CCSD

[B.S. Hu et al., PRC110, L011302]
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N=20 Island of Inversion

• Dynamic correlations captured by IMSRG… 


• bring absolute energies close to experiment (E=-249.7 MeV 
(AME) vs. -249.5 MeV (extrapolated theory))


• reveal prominent prolate deformation of the ground state
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N=20 Island of Inversion
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Shape Mixing

• shape coexistence can come with shape mixing


• (but keep in mind: wave function components are not observable)
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N=20 Island of Inversion

• shape and K mixing have notable impact on 33Mg spectrum


• boosts lifetime of  state - predicted to be a shape isomer 


• related to 32Na shape isomer measured at FDSi in 2023 ?            
[Gray et al., PRL 130, 132501]

7
2

−

E. F. Zhou et al., arXiv:2410.23113 
cf. AMP-CCSD


Z. H. Sun et al., arXiv:2409.02279 &  
PRX 15, 011028; G. Hagen et al.,  

PRC 105, 064311
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Modern Uncertainty Quantification

• treat model parameters as probability distributions rather 
than just numbers


• condition, calibrate, and validate with data


• predictions for observables become probability 
distributions as well


• allows characterization of likelihood, standard deviations 
(=error bars), correlations, parameter sensitivity, …


• challenge: need lots of expensive many-body calculations


• solution: construct emulators for costly simulations - can 
reduce computational effort by many orders of magnitude 
(but still need training data)



• non-invasive ROM 
emulator based on 
Dynamic Mode 
Decomposition


• NNLOGO, NN+3N, 
, 


• O(10M) samples - 
computational 
effort reduced by 
5+ orders of 
magnitude

Δ
emax = 12 E3max = 14

H. Hergert - 2025 Workshop on Progress in Ab Initio Nuclear Theory (PAINT), TRIUMF, Vancouver, Feb 26, 2025

Emulators for the IMSRG
J. Davison, HH, J. Crawford, S. Bogner, arXiv:2503.xxxx
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Parametric Matrix Model Emulators

• DMD fails for Magnus operator if snapshots are taken 
during initial stages of flow… 

• … but PMMs seem to work

B. Clark, P. Cook, … 
also see: S. Yoshida, Particles  2025, 8

||
Ω(1

) (s)
||

2

pairing + pair-breaking model

Prelim
inary
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Parametric Matrix Model Emulators

• DMD fails for Magnus operator if snapshots are taken 
during initial stages of flow… 

• … but PMMs seem to work

B. Clark, P. Cook, … 
also see: S. Yoshida, Particles  2025, 8

Ωpqrs(∞) Γpqrs(∞) = (eΩ(∞)He−Ω(∞))pqrs

pairing + pair-breaking model

Prelim
inary



Where Do We Go From Here?
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What Is Next?

• improved truncations: (MR-)IMSRG(3) + factorized 
approximations, tailored operator bases                                                                                      

• accelerate IMSRG & IM-GCM 

• (random) compression & tensor factorization 

• model reduction for projection / GCM kernels ? 

• uncertainty quantification / sensitivity analysis 

• emulator development, Parametric Matrix Models, …


• applications  

• working on requests from multiple experimental groups

• nuclear observables relevant for BSM physics (beta 

decays for CKM unitarity, Schiff moments, …)also see talk 
by P. Geysers
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Progress in Ab Initio Calculations
[ cf. HH, Front. Phys. 8, 379 (2020) ]

202x

Thank you for your attention!
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Projected GCM

HFB 
Generate  

reference state

Potential Energy Surface

Take into account static correlations (pairing, 
deformation) via symmetry breaking.  

[slides by J. M. Yao]
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Projected GCM

Symmetry restoration

particle-number projector

P̂N0
=

1
2⇡

Z
2⇡

0

d�N e
�i�NN0

| {z }
weight

rotation in gauge space

z }| {
e
i�NN̂

angular-momentum restoration operator

P̂
J
MK =

2J + 1
16⇡2

Z
4⇡

0

d↵

Z ⇡

0

d� sin(�)

Z
2⇡

0

d� D
⇤J
MK (↵,�, �)| {z }

Wigner function

rotation in real space

z }| {
R̂(↵,�, �)

K is the z component of angular momentum in the body-fixed frame.
Projected states are given by

|JMqi =
+JX

K=�J

fJ(K) P̂J
MK P̂

Z
P̂

N
|MF(q)i =

+JX

K=�J

fJ(K) |JM(qK)i

fJ(K) is the weight of the component K and determined variationally

Axial symmetry (with the z axis as symmetry axis) allows to perform the ↵ and
� integrations analytically, while the sum over K collapses, fJ(K) ⇠ �K0

M. Bender, IPN Lyon EDF studies of elastic and inelastic scattering o↵ nuclei
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HFB 
Generate  

reference state

Projection 
Compute 

different kernels

[slides by J. M. Yao]
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Projected GCM

GCM 
Solve 

Hill-Wheeler equation

4

C. Quantum number projections

1. Spherical nuclei

2. Triaxially deformed nuclei

If the HFB wave function |⇥i has the symmetry

ei⇡Ĵi |⇥i = |⇥i, (42)

with i = x, y, z, then one can reduce the integration in
the 3DAMP,

HJ
K1,K2

(q1, q2)

= hJK1q1|Ĥ|JK2q2i
= h⇥(q1)|ĤP̂ J

K1K2
|⇥(q2)i

= �K1,K2

2J + 1

8⇡2

Z ⇡/2

0

d↵

Z ⇡

0

d�

Z ⇡/2

0

sin�d�

[A1 +A2 +A3 +A4]

h⇥(q1)|ĤR̂(↵,�, �)P̂N P̂Z |⇥(q2)i, (43)

where

�K1,K2 = [1 + (�1)K1 ][1 + (�1)K2 ], (44)

A1 = eiK1↵eiK2�dJK1K2
(�), (45)

A2 = (�1)J+K1+K2eiK1↵e�iK2�dJK1�K2
(�), (46)

A3 = (�1)K1+K2e�iK1↵e�iK2�dJK1K2
(�), (47)

A4 = (�1)Je�iK1↵eiK2�dJK1�K2
(�). (48)

D. Configuration mixing with GCM

We would like to explore reference states |�i that in-
corporate collective (or “static”) correlations, such as
those associated with pairing and deformation, plus fluc-
tuations in some of these collective quantities. To include
such correlations, we use the GCM to find an optimal lin-
ear combination of deformed HFB states (distinguished
from one another by a set of coordinates q), projected
onto states with both well-defined neutron (N) and pro-
ton (Z) number and angular momentum J = 0:

|�J=0

↵ i =
X

q

fJ=0

↵ (q) |NZJ = 0,qi , (49)

where ↵ denotes a particular linear combination and the
non-orthogonal basis states in which the GCM states are
expanded are given by

|NZJ = 0(q)i = P̂N P̂Z P̂ J=0

00
|⇥(q)i . (50)

Here, the particle-number projection operator is

P̂ ⌧ =
1

2⇡

Z
2⇡

0

d'⌧e
i(N̂⌧�N⌧ )'⌧ , (51)

with N̂⌧ the particle-number operator for either neutrons
(⌧ = n) or protons (⌧ = p), and the angular-momentum
projection operator is

P̂ J
MK =

2J + 1

8⇡2

Z
d⌦DJ⇤

MK(⌦)R̂(⌦) , (52)

with DJ
MK(⌦) a Wigner-D function. The projector P̂ J

MK
extracts from the intrinsic state |qi the component whose
angular momentum along the intrinsic z axis is given
by K. In the following, we restrict ourselves to axially-
symmetric deformation, and thus K = 0.
We obtain the weight function fJ

↵ (q) from the varia-
tional principle, which leads to the Hill-Wheeler equa-
tion [46]:

X

qb

⇥
H J

qa,qb
� EJ

↵N J
qa,qb

⇤
fJ
↵ (qb) = 0 . (53)

The Hamiltonian kernel H J
q,qb

and norm kernel N J
qa,qb

are given by

OJ
qa,qb

= hNZJ(qa)| Ô |NZJ(qb)i , (54)

with the operator Ô representing either Ĥ or 1.

1. evaluation of norm overlap

According to Thouless theorem, the HFB wave func-
tion can be rewritten as

|⇥(q)i = N�1/2
q exp

⇣1
2

X

ij

ZijA
ij
⌘
|0i, (55)

where the normalization factor is

Nq = h0| exp
⇣1
2

X

ij

Z⇤
jiAij

⌘
exp

⇣1
2

X

kl

ZklA
ij
⌘
|0i

= (�1)M(M+1)/2pf

✓
Z �I
I �Z⇤

◆
, (56)

where the Z = (V U�1)⇤ is a skew-symmetric matrix with
M dimension. The norm overlap between two di↵erent
HFB wave function is given by [48]

h⇥(qa)|⇥(qb)i = N�1/2
qa

N�1/2
qb

·h0| exp
⇣1
2

X

ij

Z⇤(a)
ji Aij

⌘
exp

⇣1
2

X

ij

Z(b)
ij Aij

⌘
|0i

= N�1/2
qa

N�1/2
qb

(�1)M(M+1)/2pf

✓
Z(b) �I
I �Z⇤(a)

◆
.(57)

• We find that the normalization factor N�1/2
q is ex-

tremely small (out of the range of double preci-
sion varaible) when pairing collapse (between either
neutrons or protons) and it thus brings numerical
problem in the calculation.

HFB 
Generate  

reference state

Projection 
Compute 

different kernels

[slides by J. M. Yao]
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Projected GCM

GCM 
Solve 

Hill-Wheeler equation

HFB 
Generate  

reference state

Projection 
Compute 

different kernels
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Perturbative Enhancement of IM-GCM
M. Frosini et al., EPJA  58, 64 (2022)

• s-dependence is a built-in diagnostic tool for IM-GCM (not 
available in phenomenological GCM)

• if operator and wave function offer sufficient degrees of freedom, 

evolution of observables is unitary 

• need richer references and/or IMSRG(3) for certain observables
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Emulators 

• Data driven (only 
expectation values)


• E.g. Multi-output, Multi-
fidelity Deep Gaussian 
Processes (MM-DGP)

Extended Data Figure 8. The energy surfaces of Ge76

and Se76 in the triaxial deformation parameters (�,�)
plane. The energies (normalized to the global minimum) of
states are obtained from the calculation with projections onto
the right particle numbers N,Z and angular momentum I = 0
using the IMSRG-evolved chiral interaction EM1.8/2.0.
Neighboring contour lines are separated by 1.0 MeV.

Extended Data Figure 9. The configuration dependence
of the NME for 76Ge by the leading-order LR transition
operators. In the panel (a), the NME changes as a function
of the axial deformation parameter � and the neutron-proton
isoscalar pairing amplitude �np of initial (I) and final (F)
nuclei, where �np is a fixed to be 0,4,8,12, and 16,
respectively, while the value of � takes the value of �0.4,
�0.3, · · · , 0.3, 0.4, respectively. In the panel (b), the NME
changes as a function of the quadrupole deformation
parameters (�,�), where � is a fixed to be 0�, 10�, 20�, 30�,
40�, 50�, and 60�, respectively, while the � takes the value of
0.1, 0.2, 0.3 and 0.4, respectively.

Extended Data Figure 10. Comparison of the emulated
NMEs of the MM-DGP with the VS-IMSRG calculations.
The NME of the VS-IMSRG are obtained with eMax = 12 (the
highest fidelity used for the emulator). Blue points are the
training data and red points are predictions for test points.
The root mean square error on the test points is 0.13.

16/16

Drischler, Melendez, Furnstahl, Garcia, and Zhang BUQEYE Guide to Projection-Based Emulators...

stationary condition

�E [ e ] ⌘ 0 = 2 h� e |[H(✓)� eE(✓)]| e i

� � eE(✓)[h e | e i � 1], (3)

and noting that Equation (3) is only fulfilled for
arbitrary variations h� e | if | e i is a solution of the
Schrödinger Equation (1) with eE(✓) = E(✓).

Let us now define the trial wave function we use
in conjunction with the functional (2):

| e i =
nbX

i=1

�i | ii ⌘ X~�, (4a)

X =

h
| 1i | 2i · · · | nbi

i
, (4b)

where the column-vector ~� contains the to-be-
determined coefficients and the row-vector4 X
the (in principle) arbitrary basis states. Here, we
use snapshots of high-fidelity solutions of the
Schrödinger Equation (1) at a set of given parameter
values; i.e., {| ii ⌘ | (✓i)i}

nb
i=1 [2, 48–50]. No

assumption has been made as to how to obtain the
high-fidelity solutions.

Figure 1 motivates the efficacy of snapshot-based
trial functions. Although a given eigenvector | (✓)i
obtained from a high-fidelity solver resides in a
high-dimensional (or even infinite-dimensional)
space, the trajectory traced out by continuous
variations in ✓ remains in a relatively low-
dimensional subspace (as illustrated by the gray
plane). Hence, linear combinations of high-fidelity
eigenvectors spanning this subspace (i.e., the
snapshots) make extremely effective trial wave
functions for variational calculations. In nuclear
physics, snapshot-based emulators already have
accurately approximated ground-state properties,
such as binding energies, charge radii [7, 9, 25], and
transition matrix elements [9, 29], and have been
explored for applications to excited states [51].

Given the trial wave function (4), we determine
the coefficients ~�? that render E [ e = X~�]

4 In a representation of H , the  i corresponding to | ii are the nb columns
of the matrix X in that representation.

Figure 1. Illustration of a projection-based
emulator using only two snapshots | ii ⌘ | (✓i)i
(dark gray points). These snapshots are high-fidelity
solutions of the Schrödinger Equation (1), which
span the subspace of the reduced-order model, as
indicated by the red arrows and the gray plane. The
trajectory of a high-fidelity eigenvector is denoted
by the blue curve. The orange dot depicts an
eigenvector | (✓)i along the trajectory that, when
projected onto the reduced space, corresponds to
the turquoise point; hence, the difference between
the orange and turquoise points represents the error
due to the emulator’s subspace projection (i.e., the
dotted line). Inspired by Figure 2.1 in Reference [2].

stationary under variations |� e i = X |�~�i of
the trial wave function, as opposed to arbitrary
variations. Solving for the optimal ~�? occurs then
in the low-dimensional space spanned by the basis
elements in X (i.e., the red arrows in Figure 1)
rather than in the high-dimensional space in which
| i resides. From the stationarity condition (3), we
obtain the reduced-order model [52]

eH(✓)~�?(✓) = eE(✓) eN ~�?(✓), (5a)

~�†?(✓) eN ~�?(✓) = 1, (5b)

where eH(✓) ⌘ X†H(✓)X is the subspace-
projected Hamiltonian and eN ⌘ X†X the norm
matrix in the snapshot basis. As opposed to H(✓)
in Equation (1), eH(✓) (and likewise eN ) is a nb⇥nb
Hermitian matrix,

eH(✓) =

2

64
h 1|H(✓)| 1i · · · h 1|H(✓)| nbi

... . . . ...
h nb |H(✓)| 1i · · · h nb |H(✓)| nbi

3

75 .

(6)
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• Physics driven  reduced-
order models (ROMs)


• E.g., Galerkin projection 
for bound-state or 
scattering wave functions
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Emulating Data (76Ge NMEs)

• Deep Gaussian Process emulator for observables (purely data-driven)


• 8818 non-implausible -full NNLO NN+3N interactions (cf. neutron skin 
study) + EM1.8/2.0 & family, NNLOGO, …

Δ
Δ

J. Pitcher, A. Belley et al., in preparation 
A. Belley et al., arXiv:2308.15643
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Extended Data Figure 4. Convergence of the NMEs with respect to both emax and E3max for the five nuclear
interactions from the VS-IMSRG calculation. Color gradient show increasing value of eMax. The results at a fix value of
emax are extrapolated to E3max = 3emax. The final NMEs are then extrapolated from the values containing all forces, giving
M0⌫�� 2 [2.10,3.09].

Extended Data Figure 5. Predictive distribution of the ground state energies (MeV) per nucleon in 76Ge and 76Se. The
1S 0 phase shift at 50 MeV are used as calibrating observables.
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Extended Data Figure 8. The energy surfaces of Ge76

and Se76 in the triaxial deformation parameters (�,�)
plane. The energies (normalized to the global minimum) of
states are obtained from the calculation with projections onto
the right particle numbers N,Z and angular momentum I = 0
using the IMSRG-evolved chiral interaction EM1.8/2.0.
Neighboring contour lines are separated by 1.0 MeV.

Extended Data Figure 9. The configuration dependence
of the NME for 76Ge by the leading-order LR transition
operators. In the panel (a), the NME changes as a function
of the axial deformation parameter � and the neutron-proton
isoscalar pairing amplitude �np of initial (I) and final (F)
nuclei, where �np is a fixed to be 0,4,8,12, and 16,
respectively, while the value of � takes the value of �0.4,
�0.3, · · · , 0.3, 0.4, respectively. In the panel (b), the NME
changes as a function of the quadrupole deformation
parameters (�,�), where � is a fixed to be 0�, 10�, 20�, 30�,
40�, 50�, and 60�, respectively, while the � takes the value of
0.1, 0.2, 0.3 and 0.4, respectively.

Extended Data Figure 10. Comparison of the emulated
NMEs of the MM-DGP with the VS-IMSRG calculations.
The NME of the VS-IMSRG are obtained with eMax = 12 (the
highest fidelity used for the emulator). Blue points are the
training data and red points are predictions for test points.
The root mean square error on the test points is 0.13.
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Pearson coefficient: 

p = cov(HDMD, HIMSRG)
σDMD σIMSRG

HDMD(s) vs. HIMSRG(s)
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Emulating IMSRG Flows

Dynamic Mode Decomposition 
emulator “learns” all flowing 
operator coefficients from 
snapshots!

EM(500) N3LO, λ = 2.0 fm−1

E(
s)

[M
eV

]

s [MeV−1]

J. Davison, HH, J. Crawford, S. Bogner, in preparation


