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Gauge Invariance and Boson Masses

SU(2)r, x U(1)y theory has 4 gauge bosons: W% and B.
The observed v, Z and W all have different masses:

my =0, mz = 91.2 GeV, my = 80.4 GeV

Can we just add mass terms to the Lagrangian? E.g.,

1 1
LD im%B#BM + 5771%1/ W; wer
No! Recall that under gauge transformations
p_ 1 t 1
W, — UW,U" - %(QLU)U , B,— B, — ?%9

Mass terms are not gauge invariant!



Massive versus Massless Spin-1

Another qualitative difference between m = 0 and m # 0 spin 1:

m Massless spin-1: two independent polarizations, e.g., for a photon
with k = kz can choose a basis of linear polarizations

ez = (0,1,0,0)
ey = (0,0,1,0)

m Massive spin-1: we can go to rest frame and choose three
independent directions, e.g.

™ =1(0,1,0,0)
™) = (0,0,1,0)
('” = (0,0,0,1).




Unitarity Bounds

Imagine boosting to a frame where our massive spin 1 boson has k = kz,

E =Vk? + m?:

E/m 0 0 k/m
B 0 10 0 L a (nfY L (rf) o (nfy  (rf)
A= 0 0 1 0 = gp=Aey 7 =ep ey =Agy =gy
k/m 0 0 E/m

the z-linear polarization becomes longitudinal (k- €, # 0)

1 K+
EgEEg:R(k’(]’O’E)M%E

The components of longitudinal polarization grow with energy.



Unitarity Bounds

Processes with external longitudinal gauge bosons have problematic energy
scaling: E.g.: WL+ WZF — WZF W; scattering:

+
Wi Wi Wi Wy
~, 7 + crossed diagrams

Wi Wi owi Wi

. . s
naively: M ~ e‘i ~ %, precisely: MGauge = —g? 5
4m3y,
4
s o 4m .
o~ gT violates unitarity bound ~ — at high s
miy s

Reviews of Higgs unitarity arguments: Szleper (2014), Higgs Hunter’'s Guide (1989).


https://arxiv.org/abs/1412.8367v2
https://inspirehep.net/literature/279039

Unitarity Bounds

Poor high-energy behaviour of matrix elements is closely related to (lack

of) gauge invariance. E.g., for an Abelian theory, gauge transformations in
Fourier space look like

A= A= BuA & A(K) (2u(B) + ik, ) e
Gauge invariance would then imply that for processes with an external A,:
M = eu(MP = (eu(k) + Mk, ) MP = i MP =0,

i.e., longitudinal polarizations cannot contribute to physical processes if
the theory is gauge invariant.

How do we give spin-1 particles masses and ensure theory is
consistent at high /s?




Gauge Invariance and Fermion Masses

Fermion masses turn out to be a problem too. A mass term for the
electron looks like

LD —meee= —me(eTLeR + eEeL)

Does this make sense?

Gauge Eigenstates | SU(2), | U(1)y
L 2 —1/2
eRr 1 —1

Fermion mass terms are also not gauge-invariant!

How do we give fermions masses, while ensuring the theory is
gauge-invariant?



Spontaneous Symmetry Breaking and
The Higgs Mechanism




Spontaneous Symmetry Breaking (SSB)

SSB: the symmetries of the ground state are different from the symmetries
of the theory (i.e., the Lagrangian or Hamiltonian in our case)

Example

A ferromagnet can be modelled by a rotationally-invariant Hamiltonian

H:—K,E Si'Sj
i,J

L O Y
L O O

At low temperature ground state has non-zero magnetization

m = Z s; # 0 = preferred direction: not SO(3)-invariant

)



The Higgs Field and its Potential

ldea: SU(2)r, x U(1)y is spontaneously broken. Like in the ferromagnet,
there is an order parameter that diagnoses SSB:

Gauge Eigenstates | SU(2), | U(1)y
il 2 1/2

H is a scalar (spin-0) field = can have an expectation value (H)
everywhere without breaking Lorentz.

(H) =
(H)

0: SU(2)r x U(1)y invariance manifest in £
0: SU(2)r x U(1)y spontaneously broken/hidden

RN



The Higgs Field and its Potential

Why does H acquire an expectation value?

V(H) = —p*|H* + A H*

Reh

For some choices of ,u2, A, (H) # 0 at minimum of V (i.e., ground state
of the theory)




A Toy Model: Abelian Higgs Mechanism

U(1) Gauge boson + Higgs field H, with charge 1:

1
LD = FuF" + |0, H +igA, H|*> — V(H), V(H) = —p?|H|* + \H*
No masses for A, in sight. £ invariant under

; 1
H— PDH A, — A, — ~9,\
g

SSB: Potential minimized at, e.g.

() = (‘f)m =2 VW

Small fluctuations about minimum:

+tv wpo(z)/v
H(z) = Te p(x)/ Re I



A Toy Model: Abelian Higgs Mechanism

1 A%
|0, H + igA, H* = Gh) 5 (1 + v) (B + gvA,)?

1
D +gv0,p At + §g2’l}2AuAM
Mass term for the gauge boson and a mixing between A, and ¢!
[N 3, 1.4
V(H) = 5 (2p°)h* + VAuh® + oL

Mass term for h, but not for : ¢ is a massless Goldstone boson.



A Toy Model: Abelian Higgs Mechanism

This is a good Lagrangian as is, but the mixing term

A,\N\N\N\/%‘—~—___,SD

obscures the spectrum of particles = go to unitary gauge via

1
AN — AN — %8%0

 disappears from the Lagrangian:

1 1
EUnitary D+ 592’1)2AuA” —|—§g2h2A“AM 4 92’112hA#A“ _ V(h)
—_—— ~——
A mass h mass and self-int.



A Toy Model: Abelian Higgs Mechanism

Important observations:
m Count degrees of freedom:

Before SSB : 1 complex scalar, 1 massless gauge boson = 2 + 2

After SSB : 1 real scalar, 1 massive gauge boson =1+ 3

A, "eats” the Goldstone, becomes massive, gains a polarization state.

m Interactions of the Higgs boson are proportional to particle mass:




SSB in the SM

SSBin SU(2)1, x U(1)f, works in a similar way. Write:!

H= U(w)*<u+2u»> , Ulyp) = exp (2ip"(x) T/ v)
V2

23 become longitudinal polarizations of W=, Z. Go to unitary gauge:

H =U(p)H, I' = U(p)L, @ = U(p)Q
1
szmm—@@mwt%:@

Vacuum expectation value (vev) v determined by minimizing V(H):

M2 1/2
VUﬂ:0:$U:<A>

!As in Abelian case, different parametrizations and gauge choices are also valid.




Boson Spectrum

Look at the Higgs field kinetic term as before:

1 0
‘ ((% + igWy T + Z'g/2B“> <U+\hf(x)>
2

2
> vg [(W1)2+(W2)2]

2
+ % (gW3 — g’B)2

Masses for 3 spin-1 bosons! We organize these into

1 W? + ¢'B
(W iw?), gV t+9b
V2 /2 + ¢

Orthogonal combination remains massless

= cos Oy W3 — sinfw B

AEg’W3+gB

/g2 + g/2

= sin@w W3 + cos 0y B



Boson Spectrum

We find: ) )
mw =59V, mz =5V 9>+ g?v, my=0
and from V(H):
my = V2u = V2

Let's count degrees of freedom again:

Before SSB : 1 complex scalar doublet; 4 massless gauge bosons = 4 + 8

After SSB : 1 real scalar; 3 massive, 1 massless gauge boson =149 + 2



What If?7

SSB with a single SU(2) doublet Higgs predicts (at tree-level):

2 2 2
m3, ma3,

2 2 ’ 2 — COS 92W > P= 5 1
m2z 9’ +y m

7 cos? Oy

Other representations = different p, e.g., SU(2)y, triplet with ¥ = +1:

PZQ

Global fit to data:?
p = 1.00031 + 0.00019

PDG (2024)

2Fits include radiative corrections which slightly modify definition of p.


https://pdg.lbl.gov/2024/reviews/rpp2024-rev-standard-model.pdf

Charged-Current Interactions - Gauge Basis

Do the W¥ have the correct interactions? These follow from a = 1,2
couplings of W%
Lhiot(igWeT*) L > — Lio 0 Wi — Wi |
: 2 W, + W7 0
=4 WJVZr?“eL + h.c.

V2

Including quarks (and going to four-component notation):

Loc=— W; (17’7“PL6+ ﬂ’y“PLd) + h.c.

Sl




Interactions of Z and A

Do the Z and A have the correct interactions? These follow from
couplings of W3 and B:3

/
Llig"(igW3 T — i%Bul)L + ehiot(—ig By)er

1 —gW3+¢'B 0
— —qptan [ TIWu T 9 Bu B ol g
2La < 0 gW3+g’BM>L+gB“6RU eRr

1 1 —2sin?0
_ 9 7 [—UT5“1/L —WeLU“eL — sm@WeRa”eR

cosOy | 27F 2

+ gsinfw A, |:€LO' e, +e O"UER:|

3Recall: sy = g/ g+ g2 gsw=gcw, B=cwA—swZ, W3 =cwZ+ swA.



Electrodynamics

For other SU(2), doublets, the coefficient in front of A, is
Q=1T3+Y

We can now read off the couplings of A,:

2 1-
Lem = —eA,Jhy, Joay = —evFe+ gﬂ'y“u— gd'y“d, e= gsinfOy

Special choice of Y, SU(2)y, reps ensures A,, is the photon.

The pattern of SSB is SU(2), x U(1)y — U(1)gm - photon remains
massless.

Note: despite its chiral origins, A, couples to LH and RH fermions with
same strength.



Neutral Current Interactions

Unlike the photon, Z has chiral couplings:

. g f) (f)
e =~y lier Ko =207 (9 P+ 9 Pr) £
where

= T = Qs
fermion Jr IR
v % 0

e —%—i—sinZQW +sin? Oy

U +%—%sin20W gsm 0w

d —%+%sin20w +3sm29W

Note: Z couples to all, uniquely sensitive to chiral structure of the SM!



Unitarity, Revisited

Wzr WEL — WEL Wzr receives contributions from h exchange:

+
weoowrowp Wi
v, Z + crossed diagrams

£ +
Wi Wi W
2 S
MGauge =g %7
MGauge + is well-behaved!
Crucial role played by my = ¢*v?/4, ghww = 2m?, /v, following from:

g*(v+ h)?
4

LD WrWw-



Precision Electroweak Physics

Measurements of Z properties test many aspects of SM
Example

The Z width is sensitive to the total number of light 2m, < myz v's:

At /s~ my DELPHI A
L3 [ 3w\
30 - OPAL / \
+ — 127TF8+67Fff
olee” = ff) " ——5— B
msl =
7z~ 7 =
=20
k]
where € pF mverage messurements.
by factor 10 /
10
FZ == E Fg-&-g— + E FQQ + NI/F17V
l q
R R R T R T
N, = 3.0025 + 0.0061

PDG (2024)


https://pdg.lbl.gov/2024/reviews/rpp2024-rev-standard-model.pdf

Precision Electroweak Physics

Example

Asymmetries are sensitive to chiral Z couplings:
f sz; - UB

App Jf—l—a]H OF.B = dcos@ 9
F B

2
do ra (B[l+cos20]+Acose) :>AFB:3A

Recall:

8B

dcos b - 25

et f

M = Ao (o + o)+ o6 — o6 o)

¢ !



https://pdg.lbl.gov/2024/reviews/rpp2024-rev-standard-model.pdf

Precision Electroweak Physics

These types of measurements can test “lepton universality”.

-0.032

-0.034

-0.036 Vs
> i
> i

r*r" ..........
-0.038 39.35% C.L.
-0.040
-0.502 -0.501 -0.500 -0.499 -0.498

T

PDG (2024)


https://pdg.lbl.gov/2024/reviews/rpp2024-rev-standard-model.pdf

Beyond Leading Order

EW theory predicts many observables in terms of a small number of
parameters (for which there are different options), e.g.:

{py={g, ¢, v,...} or {a, sin® Oy, mg, ...} or ...
To test the SM, we

1. Extract the parameters p from well-measured observables

2. Compute predictions Ot1({p}) for other observables
3. Compare predictions O ({p}) to experiment O;

th
O D1 ON+1
) P2 th
Oz . S \/I . S \/I . Oyn +2
A th
On PN ONim
input observables parameters

output predictions

James D. Wells’ TASI Lectures

20/32


https://arxiv.org/pdf/hep-ph/0512342

Beyond Leading Order

Example
Testing W mass prediction:
1. Use myz and sin? @y as our parameters
m 7y = 91.1880 & 0.0020 GeV from e.g., dN/dmy,, in ete” — ptpu~
m sin? Oy = 0.23153 4 0.00016 from App

2. At tree-level SM predicts

ml = fg\/1—sin? 0y = 79.9376 £+ 0.009 GeV

3. Compare with observations:
mw = 80.3692 £+ 0.0133 GeV

This is > 270 discrepant from the tree-level result!



Beyond Leading Order

Observations are precise enough to test EW theory beyond leading order.
This changes the relationships between the input parameters p and the
observables. For example, one of the input parameters was my:

o+ pt -
>WZA< + W +..
e wo et pt

2 \th g°v*
= = —

(mz) Teo2on T zz({p})
Similarly, m'i,l[} is corrected:

(miy)™

= L+ Tww({p))

No more simple relation between myz and my,




Beyond Leading Order

To include higher order corrections, test many observables, throw
everything into a big x? fit

¢ =y ot - O
; (09)?
Minimizing this w.r.t. p yields measures of goodness-of-fit:
x?/dof = 18.5/15, p-value = 0.23

By removing a particular O; from the fit (e.g., my), one gets a prediction:

200
%‘ E
e
£ 190
180 | \

mE

160 Resuls of the EW fi |
E easu 68% confidence levels |

150 - § LHC

140 E

Haller et al (GFITTER 2018)



https://arxiv.org/abs/1803.01853

EW Fit Pulls: O™ (pyin) vs O;

T
My 0.0
My, -15
My 0.1
M, 0.3
r, -0.2
e -15
0
Ry -1.0
o,
Ars 0.9
A(LEP) 0.1
A(SLD) 2.1
5 lept
sin ?E,, Q) 07
sin?e.5r (Tevt.) 0.1
oc
Acs /= 0.8
05
Ale 2.4
Ac 0.0
A = 0.6
R? 0.0
RY — 0.7
m, = 05
) g 42
Bag (M) i 0.2
ay (M) 13
I Y A R N U B A

-3 -2 -1 0 1 2 3
(o -0,

'~ Omeas) ! Orneas

SM provides a good fit of EW precision data




Fermion Masses and Flavour



Using the Higgs field we can write down gauge-invariant Yukawa terms:*

Lyukawa = UEi(Yu)inTGQJ d;rgl(yd)sz Q] eRl(Ye)inTLj + h.c.
Check gauge invariance, e.g. under SU(2)y,

H'L - HU'UL=H'L v
HTeQ - HTUTeUQ=HTeQ v (use UTeU =€ for U € SU(2))

Above, the fermions are three-component objects in flavour space:

Q= (Q1, 2, @3), ur = (ur 1, Ur 2, UR 2), €tc

Y; are general complex 3 x 3 matrices in family/generation space.

*For fermion index fans: fr means f% and all spinor products are regular matrix
multiplication — no implicit contractions with €**.



Using the Higgs field we can write down gauge-invariant Yukawa terms:*

Lyukawa = ujlg YuHTfQ - d}; YdHTQ — 611-% YeHTL + h.c.
Check gauge invariance, e.g. under SU(2)p,

H'L - HU'UL=H'L v
HTeQ - HTUTeUQ=HTeQ v (use UTeU =€ for U € SU(2))

Above, the fermions are three-component objects in flavour space:

Q= (Q1, 2, @3), ur = (ur 1, Ur 2, UR 2), €tc

Y; are general complex 3 x 3 matrices in family/generation space.

*For fermion index fans: fr means f% and all spinor products are regular matrix
multiplication — no implicit contractions with €**.



Mass Basis

After SSB, we get mass terms for all fermions (except neutrinos)
v v
V2 V2
These are non-diagonal, i.e., they will contain terms like u;rnuL 1. This
means that these gauge eigenstates will oscillate into each other when

they propagate. Need to diagonalize to identify propagation eigenstates!
Y; can be diagonalized using two unitary transformations in family space:®

f[/, = UffLa f]/% = foR7

v
['Yukawa — —EUE Y, ur — d}; YddL — 62 Yeer + h.c.

such that
mq 0 0
Mi=——UfYVi=[0 m 0
\/i 0 0 ms

The states with definite mass are linear combinations of gauge eigenstates.

This is just singular value decomposition.



Mass Basis

m Mass eigenstates are the familiar observed fermions with masses

m, 0 0 mg 0 O
My=10 m.; 0|, Mg=| 0 mgy O
0 0 my 0 0 my

me 0O 0

Mg: 0 my, 0

0 0 m

m The transformations
f[// = Ufva f}/{ = foR:
leave kinetic terms invariant, e.g.,
Ltigta,L — Ltu}isto, UL

but re-appear in interactions



Charged-Current Interactions - Mass Basis

Basis rotation matrices show up in CC interactions. In the quark sector:

d
ECCD—% Wi(a e ?) VoxmrPr | s |+he, Voxu = UU]

V2 b

The unitary Cabibbo-Kobayashi-Maskawa matrix Voga couples different
generations in CC:

dj
g Vud Vus Vub
W = _iﬁ( Vorm) iy Pr,  Vokm = [ Vea Vs Ve
Via Vis  Vib

u;

Charged-current interactions are flavour-changing




Charged-Current Interactions - Mass Basis

In the lepton sector

@
Lcc D —% Wi (n v ) Upmnsy'Pr | 1 | +h.c., Upnns = Uy UJ
T

The unitary Pontecorvo—Maki—Nakagawa—Sakata matrix Uppng couples
different generations in CC:

Uel Ue2 Ue3
UPMNS = Uul UMQ UM3
UTl UT2 UT3

If neutrinos were massless, U, is arbitrary = use to set Uppyng = 1.



Neutrino Masses and Oscillation

Neutrinos are not massless, we often work in the basis where
e

ECCD—%W; (Ve D )" PL | p

-
“Neutrinos are produced an detected as flavour eigenstates”

But the neutrino mass matrix is not diagonal in this basis, which means®

|Va) = (Upuns)ai  |vi)
~—~ - ~—~
flavour eigenstate ¢ mass eigenstate

This misalignment of bases leads to neutrino oscillations!

See Prof. Shirley Li's lectures

%It really is the same matrix that appears here as in the mass-basis CC interactions.



(Absence of) Flavour-Changing Neutral Currents

What about Z and A couplings to fermions in the mass basis?
Ty = —e U Uler, — ep Viy" Vieg + ...

Teo =3 RU gl Uity + o0 Ta Vi Vifa
f
Couplings of A and Z remain diagonal in mass basis

There are no flavour-changing neutral currents in SM (at tree-level)

S f




Discrete Symmetries in Weak Interactions



CPT Theorem

Lorentz-invariant, local QFT with Hermitian Hamiltonian is invariant
under combined actions of charge conjugation (C'), parity inversion
(P) and time reversal (7).

m SM is Lorentz-invariant v~

m SM action is local (every term in L is evaluated at a single spacetime
point ) v

m Hermitian Hamiltonian - time evolution is unitary v~



C' and P in Weak Interactions

CC interactions violate P maximally: W¥ do not couple of RH particles
Example

Polarized p* decay

dl’, +
K —T,(1+ cosf
dcos0 “( cos )

Charge conjugation C is also violated!

Obvious in retrospect:

LH fermion g LH anti-fermion

p p

If SM is CPT-invariant, but C and P are violated, what about T < CP?



CP Violation

First observed in K°(ds) — K°(ds) system, which are produced by strong
interactions. These are pseudoscalar mesons with

PIK) = —|K"), O|K°) = |K®), CP|K®) = —|K")
If CP was a good quantum number, can work with CP eigenstates instead:

K1) (\K0>+|K0>) = CP|Ki) = —|K3)

Sl

o) = —=(IK") — [K") = CP|Ks) = +K2)

S5

These determine how Kj 2 can decay, e.g.:
Ky — mrw but not 7w, Ky — 7w but not o
Two states with definite mass and lifetime are observed: K, and Kg

Br(Kj, — 3m) = 32.06%, Br(Kg — 27) = 99.9%



CP Violation

So are Ky, 5 CP eigenstates, i.e. K;, = K and Kg = K7
Br(Kj — 2r) = 0.28%, Br(Kg— 37)=35x10"" = CF
One way this can happen if:
|KL) = |K1) + €|K2), |Kg) = |K2) + €| K1)

That is | K7 2) are not mass/lifetime eigenstates of the full theory.

w

d+w+ S

wety Ayet T--- x Im Z VdiVs*i V;j Vsjf(mi,mj)
ge{u,c,t}

§ —t— AN N—e— d

w

where V = Vg This just scratches the surface — see, e.g., Dynamics of
the SM.


https://www.cambridge.org/core/books/dynamics-of-the-standard-model/FF8A95F0F22A67FABA729DBB39BA2816
https://www.cambridge.org/core/books/dynamics-of-the-standard-model/FF8A95F0F22A67FABA729DBB39BA2816

m SM is invariant under combined action of CPT
m Weak interactions violate C, P and CP individually
m C and P violation follow from chiral nature of SU(2), x U(1)y.

m (P violation follows from complex phases in CKM
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