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For the sake of argument, for the 
moment, let us assume that all values 
are real…
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Sampling the prior with a Langevin
equation

 An energy-based distribution may be sampled with an overdamped Langevin 
equation:

 Drift, diffusion matrices, and Wiener process:

 Euler – Maruyama integration:
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Overdamped Langevin equation and 
Fokker-Planck equation

 Overdamped Langevin equation:

 Corresponding Fokker-Planck equation; diffusion process:
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Is it possible to derive the 
posterior from the prior?
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Change of measure and Girsanov’s 
theorem

 Change of measure:

 Adapted Wiener process; measure transformation; adjust the drift of the 
process, the diffusions matrix remains the same:

 Girsanov’s theorem; Radon-Nikodym derivative:
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Transformed stochastic differential equation 
and Kullback – Leibler divergence

 Girsanov’s theorem ensures that the new process is Brownian and is a 
martingale (no bias; fair game; the conditional expectation of the next value 
in the sequence is equal to the present value; Itō calculus).

 Transformed stochastic differential equation (new drift):

 Non-biased KL divergence (see Radon-Nikodym derivative):
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Variational autoencoder, prior and 
posterior

 The posterior is obtained by changing the measure of the prior:

 Initial conditions; conditioning; Bernoulli distribution; real data:
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Variational autoencoder and evidence 
lower bound

 Evidence lower bound:

 Applying Girsanov’s theorem and using the Radon – Nikodym derivative:
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Evaluation of the gradient of the 
discrete energy function
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Binary and continuous energy functions

 Binary energy function (RBM):

 Continuous relaxation with Gumbel noise; learnable logit variables; temperature annealing:

 Approximate energy in the continuous space:
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Metropolis-adjusted Langevin algorithm 
with constant Gumbel noise

 Energy gradient with respect to the logit variables:

 Metropolis-adjusted Langevin algorithm (MALA):

 Metropolis-Hasting acceptance; Gaussian proposal kernel:
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Extended-state Markov chain Monte 
Carlo algorithm

 Target log-density; logits and Gumbel noise:

 Metropolis-adjusted Langevin (MALA) update; gradient on both logit 
variables and Gumbel noise:

 Then proceed as in the previous slide.
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Block Gibbs sampling

 Free energy; marginalised energy over the hidden variables:

 Gradient of the free energy:

 Monte Carlo estimator, Bernoulli distribution:
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But…

 The values generated are not binary and, therefore, cannot (?) be generated 
by the quantum computer.

 As a result, a different distribution is sampled.
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Conclusions

 The prior of the variational autoencoder can be formulated as an overdamped 
Langevin process.

 By applying Girsanov's theorem, a Brownian and unbiased posterior (martingale) 
can be derived from the prior by a change of measure (new drift).

 The posterior is also a damped Langevin process.

 The Fokker-Planck equation governs the time-evolving probability density of this 
process (diffusion process).

 Data generation is a one-step process (because of the decoder), but training is not 
(Langevin equation).

 It is a variational autoencoder that retains the benefits of a 
diffusion model in training (prior and posterior), while keeping 
data generation in a single step.

16



28/02/2025

17

Bibliography

 Christopher M Bishop and Nasser M Nasrabadi. Pattern recognition and 
machine learning, volume 4. Springer, 2006.

 Manfred Opper. Variational inference for stochastic differential equations. 
Annalen der Physik, 531(3):1800233, 2019.

 Xuechen Li, Ting-Kam Leonard Wong, Ricky TQ Chen, and David K Duvenaud. 
Scalable gradients and variational inference for stochastic differential 
equations. In Symposium on Advances in Approximate Bayesian Inference, pp. 
1–28. PMLR, 2020.

 Tom Ryder, Andrew Golightly, A Stephen McGough, and Dennis Prangle. Black-
box variational inference for stochastic differential equations. In International 
Conference on Machine Learning, pp. 4423–4432. PMLR, 2018.

17


