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For the sake of argument, for the
moment, let us assume that all values
are real...
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Sampling the prior with a Langevin
equation

» An energy-based distribution may be sampled with an overdamped Langevin
equation:

dv, = _VVtE(Vt)dt + Ddw,, v, , ~ p(v)

» Drift, diffusion matrices, and Wiener process:

dv, = b+ Wo(W'v, +c)|dt + Ddw,

Kot

» Euler - Maruyama integration:

v 1 =v, —V Ev )At+JNAIDE , &

~ N(0,1),
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Overdamped Langevin equation and
Fokker-Planck equation

» Overdamped Langevin equation:

dv, = =VE(v,)dt + Ddw,

» Corresponding Fokker-Planck equation; diffusion process:

op(v,t O|VE(v).p ( )
(gt >:Z [ v, ] _Z
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Is it possible to derive the
posterior from the prior?
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Change of measure and Girsanov’s
theorem

» Change of measure:
P Q
P—-Q=w —w,
» Adapted Wiener process; measure transformation; adjust the drift of the
process, the diffusions matrix remains the same:

t
W? :wf -I—f usds:> dwi@ :dwt]P —|—utdt
0

» Girsanov’s theorem; Radon-Nikodym derivative:

40 q(e) 7 1 T
== e[ e 5 HutHgdt]

= exp
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Transformed stochastic differential equation
and Kullback - Leibler divergence

» Girsanov’s theorem ensures that the new process is Brownian and is a
martingale (no bias; fair game; the conditional expectation of the next value
in the sequence is equal to the present value; Ito calculus).

» Transformed stochastic differential equation (new drift):

dv? = pg,dt + Ddw? = (pg, + Du, )dt + Ddw)

» Non-biased KL divergence (see Radon-Nikodym derivative):

dQ T1
DKL<p<°> (]<‘)) = Ep nd—]P = j; 5 ” u, |B dt

ln£
q

= _EIF’




Variational autoencoder, prior and

posterior

» The posterior is obtained by changing the measure of the prior:

V=12

[«

zZ;, ~ Dy (zf) = dz; = (b + Wo(W 'z + c))dt + Ddw,

Q

~

Ug,t(Z?)
Zo ~ g (z(t@ ‘x) = dz2 = (ue,t(zg) + @ud),t(z;@))dt + Ddw,

J

» Initial conditions; conditioning; Bernoulli distribution; real data:

pe(zf) = Z%P ~ B(p(x
q¢(z;@|x):>z6Q

1) = 1/2)
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Variational autoencoder and evidence
lower bound

» Evidence lower bound:

2) — Dy (o (2) )4, (2]x, )

» Applying Girsanov’s theorem and using the Radon - Nikodym derivative:

N "
St (s 18] - [} 3o s 1 ]
=1

2

L = E%(Z‘xi) Inp, (XZ-

LZEZQ

22 ~ dz? = ((b + Wo(W'z2 + C)) + @ud),t(z;@))dt + Ddw,,

zgﬂ =z + (ue(zg) + fDud)(zg))At + DVALE , & ~ N(@I
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Evaluation of the gradient of the
discrete energy function

1N
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Binary and continuous energy functions

» Binary energy function (RBM):

E(h,v)=-b"v—c’h— v'Wh

» Continuous relaxation with Gumbel noise; learnable logit variables; temperature anne"aling:
'\
. 9,.9, ~G(01) \
L

i)

~

t, +g,
— h. = o

. , + 9,
U, =0 —

T

T

» Approximate energy in the continuous space:

E(Kv,gv,ﬁh,gh) = E(fl,i?) — —b"v — ¢’h — ¥"Wh
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Metropolis-adjusted Langevin algorithm
with constant Gumbel noise

» Energy gradient with respect to the logit variables:
. OF_(h,v) 07
Vo, E (hv)=>" T<~’ ) 9%,
v I v, 9l
J
» Metropolis-adjusted Langevin algorithm (MALA):

¢ =l VL, (d)+az, & ~N(01)
» Metropolis-Hasting acceptance; Gaussian proposal kernel:
x|, (£ JJa( "]
exp] B, (€7 )[a[€]d]

= u~U(01)= 3

A = min|1,
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Extended-state Markov chain Monte
Carlo algorithm

» Target log-density; logits and Gumbel noise: ‘,‘I
®2[elg] = £ (2)=-E (®)+ > G(g,), WG(g;)=—g; -
j

» Metropolis-adjusted Langevin (MALA) update; gradient on both logit
variables and Gumbel noise:

g Vs, (@) +Vag,, & ~ N (01)

» Then proceed as in the previous slide.
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Block Gibbs sampling

» Free energy; marginalised energy over the hidden variables:
F(V) = E(V) = —anexp[—E(v,h)]
» Gradient of the free energl;/:
V F(v) =By b+ Wh

» Monte Carlo estimator, Bernoulli distribution:

1 & . .

p(u]y) = TB{o{v", +2,)
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But...

» The values generated are not binary and, therefore, cannot (?) be generated
by the quantum computer.

» As aresult, a different distribution is sampled.

1
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Conclusions

The prior of the variational autoencoder can be formulated as an overdamped
Langevin process.

By applying Girsanov's theorem, a Brownian and unbiased posterior (martingale)
can be derived from the prior by a change of measure (new drift).

The posterior is also a damped Langevin process.

The Fokker-Planck equation governs the time-evolving probability density of this
process (diffusion process).

Data generation is a one-step process (because of the decoder), but training is not

(Langevin equation).

It is a variational autoencoder that retains the benefits of a
diffusion model in training (prior and posterior), while keeping
data generation in a single step.

1G:
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