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We identify a new class of three-nucleon forces that arises in the low-energy effective theory of nuclear
interactions including pions. We estimate their contribution to the energy of neutron and nuclear matter and
find that it can be as important as the leading-order three-nucleon forces previously considered in the
literature. The magnitude of this force is set by the strength of the coupling of pions to two nucleons and is
presently not well constrained by experiments. The implications for nuclei, nuclear matter, and the equation
of state of neutron matter are briefly discussed.
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Introduction—The development and application of
effective field theory (EFT) methods to low-energy nuclear
processes has had a profound impact on our understanding
of nuclei and dense nuclear matter encountered in neutron
stars [1,2]. Pioneering work by Weinberg laid the founda-
tions for describing interactions between nucleons in a
systematic EFT approach [3,4] that exploits the separation
of energy scales and is consistent with the symmetries of
QCD. Chiral EFT describes interactions between nucleons
at energy scales comparable to the pion mass but much
smaller than the mass of the heavier mesons such as the
ρ meson. This theory organizes the operators involving
nucleon and pion fields in a momentum expansion in which
higher-order terms are suppressed by powers of (p=ΛB or
mπ=ΛB), where p is the typical momentum scale of the
considered process, mπ is the pion mass, and ΛB is the
breakdown scale associated with the EFT. The numerical
value of the coefficients of the operators in the expansion,
called the low energy constants (LECs), are fixed by
matching to experiments. A particularly attractive feature
of the EFT approach to nuclear interactions is that it
includes many-body forces naturally and organizes them
in a useful hierarchy that is consistent with the momentum
expansion of the two-nucleon force (2NF).
The three-nucleon force (3NF) plays a critical role in

describing observables [1,5,6] such as the nuclear binding
energies and radii [7–19], the saturation properties of nuclear
matter [20–22]. The three-nucleon force in neutron matter
has important implications for the equation of state (EOS) of
neutron stars and for the interpretation of their electromag-
netic and gravitational wave observations [23–29]. Although
the magnitude of its contribution to these quantities depends

on the resolution or regularization scale of the calculation,
often defined by the momentum cutoff denoted byΛ, for the
typical values of Λ ≃ 450–500 MeV, the 3NF is essential to
stabilize both nuclei and neutron stars. Without 3NFs, the
nuclear binding energy and saturation density would be too
high, and themaximummass and neutron star radii would be
too low.
The leading 3NF appears at the next-to-next-to-leading

order (N2LO) in the EFT expansion [5,30,31]. At N2LO,
the 3NF in Chiral EFT contains a long-range contribution
in which two pions are exchanged between nucleons, an
intermediate-range interaction, and a short-range contribu-
tion. The LECs associated with the intermediate-range
interaction, and short-range contributions, called cD and
cE, respectively, can be fit to several observables, including
the binding energies and radii of tritium and helium, the
tritium decay rate, n − d scattering, or by using heavier
nuclei or saturation properties [27,31–35]. Interestingly,
the LECs associated with the leading long-range part of
the 3NF, which is well known as the Fujita Miyazawa
force [36], can be determined by the analysis of pion-
nucleon scattering in Chiral perturbation theory and does
not rely on data from multinucleon systems.
In this Letter, we identify new loop contributions to the

3NF, which arise from operators that involve four nucleon
fields and two pion fields, with the two incoming and
outgoing nucleons in the S wave. One of these operators is
related by chiral symmetry to the quark mass-dependent
four-nucleon contact operator, which can be interpreted as
the nuclear σ term [37]. Arguments based on the renorm-
alization of the nucleon-nucleon spin-singlet s-wave scat-
tering amplitude [38] warrant that the associated LEC,
denoted by D2, is significantly larger than what is expected
in Weinberg’s power counting [3,4]. Two other contribu-
tions to the 3NF arise from terms involving derivatives of
the pion fields, with couplings denoted by E2 and F2. These
LECs are not well constrained now, but D2 can in principle
be determined by performing lattice QCD calculations of
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Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.
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 Estimation of the LECs , D2 F2

“Arguments based on the renormalization of the nucleon-nucleon spin-singlet s-wave scattering amplitude 
[KSW] warrant that the associated LEC, denoted by , is significantly larger than what is expected 
in Weinberg’s power counting“

D2

C0 C0

logarithmic divergence  
        include contact term 

∝ M2
π

⇒ D2 M2
π

Kaplan, Savage, Wise, PLB 478 (96) 629

“The above implies that  is needed at LO in approaches to Chiral EFT  that aim to ensure regu-
lator independence.“

D2

Vincenzo Cirigliano, Maria Dawid, Wouter Dekens, and Sanjay Reddy, PRL 135 (2025) 022501

∼ 0.27

D2(μ) = g2
Am2

64π2F2π
(C0(μ))2 ln μ

μ0
≡ ξ (C0(μ))2 ln μ

μ0
≈ ξ (C0(μ))2

“In Chiral EFT, for typical  employed in calculations, ,  and   
predicts .“

Λ |C0 | ∼ 1/M2
π ≈ 5 fm2 ξ < 0.5

|D2 | ≲ 10 fm4

(In the actual estimations, the range  is employed.)|D2 | ≤ 1/(5F4
π) ≃ 4.2 fm4

Estimation of :D2



 Impact on the EoS of neutron/nuclear matter
Vincenzo Cirigliano, Maria Dawid, Wouter Dekens, and Sanjay Reddy, PRL 135 (2025) 022501

In chiral EFT,      , comes together with         ,          ,  ….    enhanced many-body 
                                                                                                                                forces

D2M2
π D2M2

π D2M2
π ⇒

in (13) takes the form

EF
NM ¼ −

g2Am
9
πF2

241920π5f4π

!
u2ð138þ 630πu − 735u2

− 587u4 þ 240u6 − 1260ucot−1ðuÞ
þ 12u3ð63þ 54u2 þ 20u4Þtan−1ðuÞÞ
− 6ð23þ 99u2Þ logð1þ u2Þ

"
; ð18Þ

EF
SM ¼ 3ðF2 þ F0

2Þ
2F2

#
EF
NM −

15g2Am
3
πn2B

1024πf4π
F2

$
: ð19Þ

The resulting contributions in neutron matter and
a comparison to Hartree-Fock (HF) estimates of the
N2LO 3NFs [70] are shown in Fig. 2, for jD2j < 1=ð5f4πÞ
and jF2j < 1=ð5f4πÞ while neglecting the 3S1 couplings. In
symmetric matter, the corresponding contributions are
shown in Fig. 3 [71]. The results in these figures employ
the DR result for the 3N potentials. If we instead use the
regularization prescription of Refs. [51,75], the long-range
part of the potential tends to produce smaller contributions
in dense matter. For example, in the case of the D2,
the contributions in neutron matter differ by a factor
of EðΛÞ

NM=E
ðDRÞ
NM ¼ f0.10; 0.29; 0.59; 0.78g at n ¼ nsat, for

Λ ¼ f0.3; 0.5; 1; 2g GeV, where Λ is the cutoff in the
scheme of Refs. [51,75]. The prescription of Refs. [51,75]
removes the short-distance part of the D2 and F2 potentials
and would most likely affect the value of cE, when used in
favor of, e.g., DR. In addition, D2 and F2, as well as their
contributions, depend on the regulator. In theNNπ → NNπ
amplitude, this dependence is canceledwhen combinedwith
loop diagrams (see Fig. 2 of Ref. [67]). Similar cancellations
take place in the 3N sector when including the D2 and F2

contributions as well as the N3LO 3NFs[76–78]. This

implies that a fully consistent analysiswill have to determine
D2 and F2 together with the usual contact terms cD;E and
include the conventional N3LO 3NFs.
Implications—For Chiral EFT to provide a useful

description of nuclei and neutron-rich matter, the results
in Figs. 2 and 3 indicate that D2 and F2 will need to be
determined rather accurately. In an ab initio approach, they
would be deduced by fitting to the binding energies of light
nuclei or from pion-nucleus scattering data. In the former
approach, one would need to simultaneously determine cD,
cE, D2, and F2 from light nuclei. Absent such constraints,
in what follows we focus on neutron matter and adopt a
phenomenological approach to correlate D2 and F2 using
empirical information about the nuclear symmetry energy
S0 ¼ 31.7% 3.2 MeV at saturation density [79].
Since the LECs associated with the 2NF and the long-

range 3NF (c1 and c3) between neutrons are well con-
strained by scattering data, the associated interaction
energies denoted by E2N

NM and Eðc1þc3Þ
NM , respectively, can

be calculated accurately using quantum many-body meth-
ods [23,80,81]. Noting that the symmetry energy is the
difference between the energy per particle of neutron and
nuclear matter at saturation density, we define

δS0 ¼ S0 −
!
ẼNMðnsatÞ − ESMðnsatÞ

"
; ð20Þ

where

ẼNMðnBÞ ¼ Ekin
NMðnBÞ þ E2N

NMðnBÞ þ Eðc1þc3Þ
NM ðnBÞ ð21Þ

is the neutron matter energy when contributions from D2

and F2 are neglected and ESMðnsatÞ ≃ −16 MeV.
We correlate D2 and F2 by requiring that ED

NM þ EF
NM ¼

δS0 at nB ¼ nsat. Approximately, we find that ð100F2 þ
9D2Þ ≈ −ðδS0=MeVÞ=f4π .
In Fig. 4 we show δP, the net contribution from the

D2 and F2 operators to the pressure of neutron matter.

FIG. 2. The figure shows D2 and F2 contributions to the
energy per particle in neutron matter as a function of the density.
The bands are obtained by setting jD2j < 1=ð5f4πÞ and
jF2j < 1=ð5f4πÞ. For reference, we show the contributions from
the long-range Fujita-Miyazawa 3NF induced by the LECs c1
and c3, obtained by setting c1 ¼ −0.81=GeV and c3 ¼
−3.2=GeV [23].

FIG. 3. Same as Fig. 2, but for symmetric matter. For the single-
nucleon LECs we use c1 ¼ −0.76=GeV, c3 ¼ −4.78=GeV, and
c4 ¼ 3.96=GeV, while for the two- and three-nucleon terms we
take cD ¼ 2.08, and cE ¼ 0.23 for Λχ ¼ 700 MeV [70].
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 LECs in nuclear EFTs
The NN system is known to be „fine tuned“:

O(1) O
�
Q

�1
�

T (k) = �4⇡

m

1

k cot � � ik
= �4⇡

m

1

� 1
a +

1
2rk

2 + v2k
4 + . . .� ik

A(q) =
1

2q
arctan

q

2M⇡

V =
�
1� ~�1 · ~�2

�⇥
vD2(q3) + vF2(q3)

⇤
+ permutations

vD2(q) =
3g2AD2M

2
⇡

256⇡F 4
⇡

(2M2
⇡ + q

2)A(q),

vF2(q) =
3g2AF2

512⇡F 4
⇡

(2M2
⇡ + q

2)2 A(q)

!i =
q
~li
2 +M2

⇡

V3⇡ =

Z
d
3
l1 d

3
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This fine tuning must be implemented in nuclear EFTs (not a prediction).
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Kaplan-Savage-Wise (KSW)  Kaplan, Savage, Wise, PLB 424 (98); NPB 534 (98)

All renorm. scales soft , enhanced LECs:  ,  , …  (μi ∼ Q) C0 = 𝒪(Q−1) C2 ∼ 𝒪(Q−2)

Power counting schemes (assuming ):a ∼ 𝒪(Q−1)

Weinberg (W)  Weinberg, PLB 251 (90); NPB 363 (91)

In the formulation of EE, Gegelia, Meißner, NPB 925 (17), can be realized by using the renorm. conditions: 
,  , natural-sized (NDA) LECs:   μlinear ∼ Λb μall other ∼ Q Cn = 𝒪(1)

 ∼ C2
0 mμ  ∼ C3

0 (mμ)2



E.g., calculating the amplitude in -less EFT to NLO and matching to the ERE, one finds using  
:

π
μlinear ≡ μ, μall other = 0

 LECs in nuclear EFTs
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l2 Ô(�i, ⌧i, li)


!
4
1 + !2!

3
1 + !

2
2!

2
1 + !

3
2!1 + !

4
2

4!5
1!

5
2 (!1 + !2)!3

� 1

4!5
1!

2
2 (!1 + !3)

� 1

4!4
1!

2
2 (!1 + !3) 2

� 1

4!2
1!

5
2 (!2 + !3)

� 1

4!2
1!

4
2 (!2 + !3) 2

� 1

4!3
1!

3
2 (!1 + !2) (!1 + !2 + !3)

+
1

!2
1!

2
2!

4
3

�

U = 1 +
i

F
⌧ · ⇡ � ⇡2

2F 2
� ↵

i

F 3
⌧ · ⇡⇡2 + . . .

W = 1 + i⌧ · � � �2 � i↵ ⌧ · ��2 + . . .

U(x), U(x) ! RU(x)L†

LE (1)
⇡N,⌧ = N

†(x)


� g

2F
~� · ~rxG[�⇡](x, ⌧) · ⌧ +

i

4F 2

�
⌧ ⇥ G[�⇡](x, ⌧)

�
· @x

0G[�⇡](x, ⌧)

+
g

4F 3
~� · ~rx

✓
M

2(4↵� 1)G[✓G[�⇡] · G[�⇡]G[�⇡]](x, ⌧) + 2(2↵� 1)G[✓G[�@µ⇡] · G[�@µ⇡]G[�⇡]](x, ⌧)

+ 8↵G[✓G[�⇡] · G[�@µ⇡] · G[�⇡]G[�@µ⇡]](x, ⌧) + 2↵G[�⇡](x, ⌧) · G[�⇡](x, ⌧)G[�⇡](x, ⌧)
◆
· ⌧

� g

8F 3
⌧ · G[�⇡](x, ⌧)~� · ~rx

�
G[�⇡](x, ⌧) · G[�⇡](x, ⌧)

��
N(x) +O(⇡4) .

1

T
(�1)

T
Q�1

T
(0) O(1) O

�
Q

�1
�
a ⇠ r ⇠ M

�1
⇡ a ! 1

T (k) = �4⇡

m

1

k cot � � ik
= �4⇡

m

1

� 1
a +

1
2rk

2 + . . .� ik
=

A(q) =
1

2q
arctan

q

2M⇡

V =
�
1� ~�1 · ~�2

�⇥
vD2(q3) + vF2(q3)

⇤
+ permutations

vD2(q) =
3g2AD2M

2
⇡

256⇡F 4
⇡

(2M2
⇡ + q

2)A(q),

vF2(q) =
3g2AF2

512⇡F 4
⇡

(2M2
⇡ + q

2)2 A(q)

!i =
q
~li
2 +M2

⇡

V3⇡ =

Z
d
3
l1 d

3
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Finite-cutoff chiral EFT  Bochum-Bonn, Idaho, NLEFT, Norfolk, Chalmers, St. Louis, …

— choose , in practice  MeVΛ ∼ Λb Λ ∈ [400, 550]
— implicit renormalization: express bare  through observables (fit to data)Ci(Λ)

— a-posteriori consistency checks: Naturalness of the LECs, residual -dependence, …Λ
— renormalizability proven to NLO for 2N using the BPHZ scheme Gasparyan, EE, PRC 105 (22); 107 (23)

— underwent/undergoing extensive statistical consistency tests (BUQEYE) Millican et al., 2508.17558

— conjectured to be equivalent to the W choice or renorm. conditions  EE, Gegelia, Meißner, NPB 925 (17)

BTW, renormalization conditions leading to self-consistent -less/halo EFT for even stronger 
fine-tuned systems ( ) have also been worked out  EE, Gegelia, Huesmann, Meißner, FBS 62 (21)

π
l > 0



 Back to the argument by Cirigliano et al.
But what about                                              ??
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Yes, the diagram is logarithmically divergent, and removing this divergence 
requires the introduction of the -counter termD2 D2 M2

π

(the contact part of the OPEP is absorbed into )C0

However, for both KSW and W, these diagrams yield sub-leading contributions: 

No inconsistency of the W approach! (but W’s original justification for iterating  using  is indeed formally inconsistent…)V mN
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 Back to the argument by Cirigliano et al.
But what about                                              ??

C0 C0

Yes, the diagram is logarithmically divergent, and removing this divergence 
requires the introduction of the -counter termD2 D2 M2

π

(the contact part of the OPEP is absorbed into )C0

However, for both KSW and W, these diagrams yield sub-leading contributions: 

No inconsistency of the W approach! (but W’s original justification for iterating  using  is indeed formally inconsistent…)V mN

KSW:

W:
order-Q0 

order-Q2 

order-Q-1 

order-Q0 

…

…

≪

≪

Demanding exact -independence at each expansion order is not necessary from the EFT 
point of view and would disqualify, e.g., well-established extensions of HB ChPT including

μ

— infrared regularized baryon ChPT Becher, Leutwyler, EPJC 9 (99)

— EOMS formulation of the covariant BChPT Gegelia, Japaridze, PRD 60 (99); Fuchs et al., PRD 68 (03)

— ChPT with explicit Δ-isobar DoF (SSE) Hemmert, Holstein, Kambor, J. Phys. G 24 (98) 



 Estimation of the LECs , D2 F2
We follow the approach of Cirigliano et al. and estimate  (and ) by the coefficient of the Log:D2 F2

|D2 | ∼ g2
Am2

64π2F2π
C2

0

„Statistically consistent distributions for  across orders are only found for the 
SMS potential at a regulator scale of 450 or 500 MeV.“

Λb

im Menü über: 
Start > Absatz > 

Listenebene 

Bayesian estimation of truncation uncertainties
▪ Assumption: Expansion is the same for  observable 𝑋(𝑘) as for potential 

𝑋(𝑘) = 𝑋ref ⋅ 𝑐0 +෍
𝑖=2

𝑘

𝑐𝑖 ⋅ 𝑄𝑖 + Δ𝑘

▪ With expansion coefficients 𝑐𝑖 =
𝑋 𝑖

𝑋ref⋅𝑄𝑖 and trunc. uncertainty 𝑋refΔ𝑘 = 𝑋ref σ𝑖=𝑘+1
∞ 𝑐𝑖 ⋅ 𝑄𝑖

▪ Bayes theorem yields:  p 𝑐𝑗𝜖 𝑘+1,∞ 𝑐𝑖𝜖 0,𝑘 )

→ Obtain a probability distribution 𝑝 Δ𝑘ℎ 𝑐𝑖 for Δ𝑘ℎ = σ𝑖=𝑘+1
ℎ 𝑐𝑖 ⋅ 𝑄𝑖

J. A. Melendez, S. Wesolowski, and R. J. Furnstahl, Phys. Rev. C 96, 024003 (2017), arXiv:1704.03308

Explicit Estimation of Uncertainties in Chiral EFT | Sven Heihoff6 

Millican, Furnstahl, Melendez, Phillips, arXiv: 2508.17558

   using the SMS N4LO+ potentials with   ⇒ |D2 | ∼ 0.026, 0.81 fm4 Λ = 450, 500 MeV

We thus estimate

|D2 | , |F2 | ≤ 1 fm4

to be compared with 
|D2 | , |F2 | ≤ 4.2 fm4

[Cirigliano et al., PRL 135 (25)]

im Menü über: 
Start > Absatz > 

Listenebene 

Naturalness of known LECs

Chiral EFT for two-nucleon forces: New Developments | Sven Heihoff11

▪ 𝑝 𝑤 a (𝑖 ϵ[0,k])) ∝ 𝑝 a (𝑖 ϵ[0,k])| 𝑤 ⋅ 𝑝(𝑤)

▪ What exactly is 𝑝 a (𝑖 ϵ[0,k])| 𝑤 ?

▪ If assumptions are fulfilled, the LECs are indeed
drawn from a Gaussian distribution with 𝝈~𝟏

Epelbaum et al., Front. in Phys. 8, 98 (2020), arXiv:1911.11875

Alternatively, one can look at the values of the order-  momentum-dependent NN LECs .  
For the 28 LECs, we have                                        .

Q2 Ci
max( |Ci |) = 0.65 fm4

EE, Krebs, Reinert, Front. in Phys. 8 (20)
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Thus, it’s instructive to first look at the well-understood long-range NN force…
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 The two-pion exchange NN potential
Testing chiral EFT predictions in peripheral NN scattering  Kaiser, Brockmann, Weise, NPA 625 (97)

Triple enhancement at N2LO: Factor of , large numerical factor + large ’s…  Breakdown of EFT?π ci χ
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  the long-range part of the TPEP enhancement improves agreement with the data⇒
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Fig. 2 Proton–proton differential cross section at Elab = 144.1 MeV
(left panel) and the analyzing power P at Elab = 142 MeV (right panel)
at N2LO (green bands), N3LO (blue bands) and N4LO+ (red bands) in
ChEFT. Dark- and light-shaded bands show 1σ and 2σ confidence levels
at the corresponding order, respectively, estimated using the Bayesian
model C̄650

0.5−10 from Ref. [89]. Experimental data are shown by filled
symbols and taken from Refs. [90–92]. Open circles are the results of
the Nijmegen partial wave analysis [93]. See Ref. [73] for more details

2.2.4 Chiral expansion of the 3NF

We now turn to the main subject of this article and review
the applications of ChEFT to the 3NF. It is instructive to
first discuss the most general structure of a 3NF. In the static
limit of infinitely heavy nucleons, the potentials mediated
by the exchange of one or multiple pions take a local form,
i.e. they depend only on the momentum transfers qi and not
on the individual momenta pi , p ′

i of the nucleons. Assuming
parity, time-reversal invariance and isospin symmetry, the
most general local 3NF can be written as [100,101]

V3N =
20∑

α=1

Ôα fα(q1, q2, q3) + permutations , (5)

where qi ≡ |qi |, Ôα , are rotationally and isospin-invariant
Hermitian operators constructed out of σ i , τ i and qi , while
fα are the corresponding scalar functions. Upon performing
the permutations, the 20 operators Ôα give rise to 80 differ-
ent spin-isospin-momentum structures. When relaxing the
locality constraint, the structure of the 3NF becomes more
involved, comprising 320 spin-isospin-momentum operators
[102]. This enormous complexity of three-nucleon interac-
tions, along with the significant computational effort needed
to solve the three-body Faddeev equations, make the devel-
opment of high-precision 3NF models a challenging task
that requires a guidance from theory to constrain the struc-
ture and identify the dominant contributions. ChEFT is well
suited to tackle the 3NF challenge by predicting its long-
distance behavior in a parameter-free and model independent
way and offering a systematic scheme for classifying short-
range 3N interactions according to their importance. Based
on the effective Lagrangian for pions, nucleons and exter-
nal sources, ChEFT also naturally allows one to maintain

Fig. 3 Chiral expansion of the 3NF. Solid and dashed lines refer to
nucleons and pions, respectively. Diagrams in the leftmost column visu-
alize the two-pion exchange (a), two-pion-one-pion exchange (b), ring
(c), one-pion-contact (d), two-pion-contact (e) and purely contact (f)
3NF topologies. Cyan circles and ellipses in these diagrams represent
scattering amplitudes of the corresponding sub-processes. The second,
third and fourth columns show examples of diagrams, which contribute
to the individual 3NF topologies at increasing orders of the ChEFT
expansion. Here, solid dots, filled circles and filled squares denote ver-
tices from the effective Lagrangian of increasing chiral dimension ∆ as
explained in the text. Vertices shown in red involve LECs that need to
be determined from three- or more-nucleon data

off-shell consistency between NN potentials, 3NFs and the
corresponding current operators as discussed in Sect. 2.2.2.

Up-to-and-including N4LO, the 3NF is given by tree-level
and one-loop diagrams, which can be grouped into six distinct
topologies depicted in the left column of Fig. 3.

In this figure, solid dots, filled circles and filled squares
denote vertices from the effective Lagrangians of the dimen-
sion ∆ = 0, ∆ = 1 and ∆ = 2, respectively, defined as
∆ = d + 1

2n − 2 with d being the number of derivatives or
Mπ -insertions and n the number of nucleon fields [7].

The leading 3NF contributions arise at N2LO from tree-
level diagrams contributing to the topologies (a), (d) and (f),
which are made out of the ∆ = 0-vertices and a single inser-
tion of a ∆ = 1 interaction [8,103]. The short-range topolo-
gies (d) and (f) depend on the LECs cD and cE , respectively,
which cannot be fixed in the NN system.

The first corrections to the leading 3NF are generated
by one-loop graphs made out of the lowest-order vertices
with ∆ = 0, see the third column in Fig. 3 for representa-
tive examples. Here, the shown diagrams represent sets of
irreducible time-ordered-like graphs, whose precise mean-
ing (and the corresponding algebraic expressions) depend on
the employed choice for the off-shell part of the NN and
3N potentials. For example, the 3NF from the first of the

123

3NF contributions have been worked out to N4LO. 
How does the size of the „new type“ 3NF compare 

to that of lower-order contributions?

N5LO (Q6)

Cirigliano, Dawid, Dekens, Reddy, PRL 135 (25)

— Ishikawa, Robilotta, PRC 76 (07)
— Bernard, EE, Krebs, Meißner, PRC 77 (08);  PRC 84 (11);  Krebs, Gasparyan, EE, PRC 85 (12);  PRC 87 (13);  EE, Gasparyan, Krebs, Shat, EPJA 51 (15)
— Girlanda, Kievsky, Viviani, PRC 84 (11);  PRC 102 (20)
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FIG. 3: 2π-1π diagrams at N3LO. Graphs resulting from the interchange of the nucleon lines are not shown. For notation see
Figs. 1, 2.

It should be understood that the obtained expressions are only valid in the region of space where the interparticle
distances are large (i.e. larger than the inverse pion mass). The behavior of the potential at shorter distances is, in
general, affected by the regularization procedure which is not considered in the present work.

To obtain the coordinate space representation for the terms in Eq. (2.9) which involve the loop function A(q2), it is
more convenient to proceed in a different way in order to avoid a complicated angular integration:

V2π(r⃗12, r⃗32 ) =

∫

d3q1
(2π)3

d3q2
(2π)3

d3q3
(2π)3

(2π)3δ3(q⃗1 + q⃗2 + q⃗3 ) e
iq⃗1·r⃗1 eiq⃗2·r⃗2 eiq⃗3·r⃗3 V2π(q⃗1, q⃗2, q⃗3)

=

∫

d3r0

∫

d3q1
(2π)3

d3q2
(2π)3

d3q3
(2π)3

eiq⃗1·r⃗10 eiq⃗2·r⃗20 eiq⃗3·r⃗30 V2π(q⃗1, q⃗2, q⃗3)

= −
g4AM

7
π

4096π3F 6
π

σ⃗1 · ∇⃗12 σ⃗3 · ∇⃗32

[

τ 1 · τ 3 (2−∇2
12 −∇2

32 − 2∇⃗12 · ∇⃗32)(3 − 3∇2
12 − 3∇2

32 − 4∇⃗12 · ∇⃗32)

+ τ 1 × τ 3 · τ 2 ∇⃗12 × ∇⃗32 · σ⃗2 (4−∇2
12 −∇2

32 − 2∇⃗12 · ∇⃗32)
]

×
1

4π

∫

d3xU1(|x⃗12 + x⃗ |) W1(x) U1(|x⃗32 + x⃗ |) , (2.14)

where

W1(x) =
4π

M2
π

∫

d3q

(2π)3
eiq⃗·x⃗/Mπ A(q) =

e−2x

2x2
. (2.15)

For various techniques to evaluate the integral in the last line of Eq. (2.14) the reader is referred to Ref. [15].
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FIG. 2: Two-pion-one-pion exchange 3N diagrams at N4LO. Solid dots and filled circles denote the leading and subleading
pion-nucleon vertices, respectively. Graphs resulting from the interchange of the nucleon lines and/or applying time reversal
operation are not shown. For remaining notation see Fig. 1.
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2
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96π2F 6
πq

2
1

+
g4AL(q1)

192π2F 6
π q

2
1 (4M

2
π + q21)

(

−48c1M
4
π + c2

(

−8M4
π + 2M2

πq
2
1 + q41

)

+ 12c3M
2
π

(

2M2
π + q21

))

,

F (5)
7 (q1) = −

g2A
192π2F 6

π
L(q1)

(

24c1M
2
π − c2

(

4M2
π + q21

)

− 6c3
(

2M2
π + q21

))

,

F (5)
9 (q1) = −

g4AL(q1)

128π2F 6
π (4M2

π + q21)

[

− 32c1M
2
π

(

3M2
π + q21

)

+ c2
(

16M4
π + 16M2

πq
2
1 + 3q41

)

+ c3
(

80M4
π + 68M2

πq
2
1 + 13q41

)

]

,

F (5)
10 (q1) = F (5)

12 (q1) =
g4Ac4L(q1)

64π2F 6
π

. (3.16)

It is straightforward to transform these results into coordinate space. The general structure corresponding to the
momentum-space expression in Eq. (3.14) has the form:

Ṽ2π-1π(r⃗12, r⃗32) = σ⃗3 · ∇⃗32

[

τ 1 · τ 3

(

σ⃗2 · ∇⃗12 ∇⃗12 · ∇⃗32 F̃1(x12)− σ⃗2 · ∇⃗12 F̃2(x12)− σ⃗2 · ∇⃗32 F̃3(x12)
)

+ τ 2 · τ 3

(

σ⃗1 · ∇⃗12 ∇⃗12 · ∇⃗32 F̃4(x12)− σ⃗1 · ∇⃗32 F̃5(x12) + σ⃗2 · ∇⃗12 ∇⃗12 · ∇⃗32 F̃6(x12)

− σ⃗2 · ∇⃗12 F̃7(x12) + σ⃗2 · ∇⃗32 ∇⃗12 · ∇⃗32 F̃8(x12)− σ⃗2 · ∇⃗32 F̃9(x12)
)

+ τ 1 × τ 2 · τ 3

(

σ⃗1 × σ⃗2 · ∇⃗12 (∇⃗12 · ∇⃗32 F̃10(x12)− F̃11(x12))

+ ∇⃗12 × ∇⃗32 · σ⃗1 ∇⃗12 · σ⃗2F̃12(x12)
)]

U1(x32) . (3.17)

In order to calculate the functions Fi it is convenient to employ the spectral representations of the function L(q), see

Krebs, Gasparyan, EE, PRC 87 (13)
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It remains to emphasize that while the momentum space representation of the functions A and B depends on just
one variable q2, the coordinate-space functions Ã and B̃ depend on three scalar arguments. We will discuss the
convergence of the chiral expansion for the coordinate space potentials in section VI.

III. TWO-PION-ONE-PION EXCHANGE 3NF AT N4LO

We now turn to the 2π-1π exchange topology. In contrast to the longest-range 2π exchange topology discussed in
the previous section, its chiral expansion starts at N3LO. At this order, one has to evaluate all one-loop diagrams
made out of the lowest-order pion-nucleon vertices. This was achieved in Ref. [28], see Eqs. (2.16)-(2.23) of that work.
As pointed out in Ref. [40], the decomposition of momentum-space 3NF expressions according to the type of the
topology is not unique as e.g. some parts of the 2π exchange contributions can be reshuffled into 2π-1π exchange and
shorter-range terms by canceling pion propagators with the corresponding expressions in the numerator. In Ref. [40]
we introduced a “minimal” parametrization of the 2π exchange 3NF which corresponds to Eq. (2.1) and which is
adopted here and in what follows.

The structure of two-pion-one-pion exchange contributions up to N4LO in the chiral expansion has the form

V2π-1π =
σ⃗3 · q⃗3

q23 +M2
π

[

τ 1 · τ 3 [σ⃗2 · q⃗1 q⃗1 · q⃗3 F1(q1) + σ⃗2 · q⃗1 F2(q1) + σ⃗2 · q⃗3 F3(q1)] + τ 2 · τ 3 [σ⃗1 · q⃗1 q⃗1 · q⃗3 F4(q1)

+ σ⃗1 · q⃗3 F5(q1) + σ⃗2 · q⃗1 q⃗1 · q⃗3 F6(q1) + σ⃗2 · q⃗1 F7(q1) + σ⃗2 · q⃗3 q⃗1 · q⃗3 F8(q1) + σ⃗2 · q⃗3 F9(q1)]

+ τ 1 × τ 2 · τ 3 [σ⃗1 × σ⃗2 · q⃗1 (q⃗1 · q⃗3 F10(q1) + F11(q1)) + q⃗1 × q⃗3 · σ⃗1 q⃗1 · σ⃗2 F12(q1)]
]

, (3.14)

where F1...12(q1) are scalar functions to be calculated. Notice that we use a slightly different notation compared to
our early paper [28], which is now also valid at N4LO. First non-vanishing contributions to the structure functions Fi

are generated at N3LO by diagrams shown in Fig. 3 of that work. Adjusting the expressions obtained in Ref. [28] to
our new notation and taking into account terms induced by reshuffling the 2π exchange contributions as explained
above we obtain the following results for the functions Fi(q1):

F (4)
1 (q1) =

g4A
256πF 6

πq
2
1

[

A(q1)
((

8g2A − 4
)

M2
π +

(

g2A + 1
)

q21
)

−
Mπ

4M2
π + q21

((

8g2A − 4
)

M2
π +

(

3g2A − 1
)

q21
)

]

,

F (4)
2 (q1) =

g4A
128πF 6

π
A(q1)

(

2M2
π + q21

)

,

F (4)
3 (q1) = −

g4A
256πF 6

π

A(q1)
((

8g2A − 4
)

M2
π +

(

3 g2A − 1
)

q21
)

,

F (4)
4 (q1) = −

F (4)
5 (q1)

q21
= −

g6A
128πF 6

π
A(q1),

F (4)
6 (q1) = F (4)

8 (q1) = F (4)
9 (q1) = F (4)

10 (q1) = F (4)
12 (q1) = 0,

F (4)
7 (q1) =

g4A
128πF 6

π

A(q1)
(

2M2
π + q21

)

,

F (4)
11 (q1) = −

g4A
512πF 6

π

A(q1)
(

4M2
π + q21

)

. (3.15)

Notice that we give here only non-polynomial parts as the polynomial ones simply lead to shifts of the low-energy
constants D and E from N2LO three-body force.

First corrections to these results emerge at N4LO from diagrams shown in Fig. 2, which involve a single insertion of
ci-vertices from the subleading pion-nucleon Lagrangian. Evaluating the irreducible contributions of these diagrams
following the lines of Refs. [28, 30] and keeping only terms non-polynomial in q1 we obtain the following expressions:

F (5)
1 (q1) = −

g2Ac4
96π2F 6

π q
2
1 (4M

2
π + q21)

L(q1)
(

8
(

4g2A − 1
)

M4
π + 2

(

5g2A + 1
)

M2
πq

2
1 −

(

g2A − 1
)

q41
)

−
(

1− 4g2A
)

g2Ac4M
2
π

48π2F 6
πq

2
1

,
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FIG. 3: 2π-1π diagrams at N3LO. Graphs resulting from the interchange of the nucleon lines are not shown. For notation see
Figs. 1, 2.

It should be understood that the obtained expressions are only valid in the region of space where the interparticle
distances are large (i.e. larger than the inverse pion mass). The behavior of the potential at shorter distances is, in
general, affected by the regularization procedure which is not considered in the present work.

To obtain the coordinate space representation for the terms in Eq. (2.9) which involve the loop function A(q2), it is
more convenient to proceed in a different way in order to avoid a complicated angular integration:

V2π(r⃗12, r⃗32 ) =

∫

d3q1
(2π)3

d3q2
(2π)3

d3q3
(2π)3

(2π)3δ3(q⃗1 + q⃗2 + q⃗3 ) e
iq⃗1·r⃗1 eiq⃗2·r⃗2 eiq⃗3·r⃗3 V2π(q⃗1, q⃗2, q⃗3)

=

∫

d3r0

∫

d3q1
(2π)3

d3q2
(2π)3

d3q3
(2π)3

eiq⃗1·r⃗10 eiq⃗2·r⃗20 eiq⃗3·r⃗30 V2π(q⃗1, q⃗2, q⃗3)

= −
g4AM

7
π

4096π3F 6
π

σ⃗1 · ∇⃗12 σ⃗3 · ∇⃗32

[

τ 1 · τ 3 (2−∇2
12 −∇2

32 − 2∇⃗12 · ∇⃗32)(3 − 3∇2
12 − 3∇2

32 − 4∇⃗12 · ∇⃗32)

+ τ 1 × τ 3 · τ 2 ∇⃗12 × ∇⃗32 · σ⃗2 (4−∇2
12 −∇2

32 − 2∇⃗12 · ∇⃗32)
]

×
1

4π

∫

d3xU1(|x⃗12 + x⃗ |) W1(x) U1(|x⃗32 + x⃗ |) , (2.14)

where

W1(x) =
4π

M2
π

∫

d3q

(2π)3
eiq⃗·x⃗/Mπ A(q) =

e−2x

2x2
. (2.15)

For various techniques to evaluate the integral in the last line of Eq. (2.14) the reader is referred to Ref. [15].
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FIG. 2: Two-pion-one-pion exchange 3N diagrams at N4LO. Solid dots and filled circles denote the leading and subleading
pion-nucleon vertices, respectively. Graphs resulting from the interchange of the nucleon lines and/or applying time reversal
operation are not shown. For remaining notation see Fig. 1.
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,
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64π2F 6
π

. (3.16)

It is straightforward to transform these results into coordinate space. The general structure corresponding to the
momentum-space expression in Eq. (3.14) has the form:

Ṽ2π-1π(r⃗12, r⃗32) = σ⃗3 · ∇⃗32

[

τ 1 · τ 3

(

σ⃗2 · ∇⃗12 ∇⃗12 · ∇⃗32 F̃1(x12)− σ⃗2 · ∇⃗12 F̃2(x12)− σ⃗2 · ∇⃗32 F̃3(x12)
)

+ τ 2 · τ 3

(

σ⃗1 · ∇⃗12 ∇⃗12 · ∇⃗32 F̃4(x12)− σ⃗1 · ∇⃗32 F̃5(x12) + σ⃗2 · ∇⃗12 ∇⃗12 · ∇⃗32 F̃6(x12)

− σ⃗2 · ∇⃗12 F̃7(x12) + σ⃗2 · ∇⃗32 ∇⃗12 · ∇⃗32 F̃8(x12)− σ⃗2 · ∇⃗32 F̃9(x12)
)

+ τ 1 × τ 2 · τ 3

(

σ⃗1 × σ⃗2 · ∇⃗12 (∇⃗12 · ∇⃗32 F̃10(x12)− F̃11(x12))

+ ∇⃗12 × ∇⃗32 · σ⃗1 ∇⃗12 · σ⃗2F̃12(x12)
)]

U1(x32) . (3.17)

In order to calculate the functions Fi it is convenient to employ the spectral representations of the function L(q), see

Krebs, Gasparyan, EE, PRC 87 (13)
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The induced contributions can be written as: 



 Induced short-range 3NF contributions

N5LO :(Q6)

v
(6)
D2
(q) =

3g2AD2M
2
⇡

256⇡F 4
⇡

(2M2
⇡ + q

2)A(q), v
(6)
F2
(q) =

3g2AF2

512⇡F 4
⇡

(2M2
⇡ + q

2)2 A(q)

V
(6)
Cirigliano et al. = (1� ~�2 · ~�3)

⇥
v
(6)
D2
(q1) + v

(6)
F2
(q1)

⇤
+ permutations

�V =
X

i

O
i
spin�isospin vi(q1) + permutations

V
(3)
induced = ⌧ 1 · ⌧ 3~�1 · ~�3 v

(3)
c3 (q1) + permutations

Vinduced = ⌧ 1 · ⌧ 3~�2 · ~�3 v1(q1) + ⌧ 2 · ⌧ 3~�1 · ~�3 v2(q1) + ⌧ 2 · ⌧ 3~�2 · ~�3 v3(q1) + permutations

v
(4)
1 (q) = � g

4
A

768⇡F 6
⇡

⇥
(8g2A � 4)M2

⇡ + (3g2A � 1)q2
⇤
A(q)

v
(4)
2 (q) =

g
6
A

384⇡F 6
⇡

q
2
A(q)

v
(4)
3 (q) =

g
4
A

384⇡F 6
⇡

(2M2
⇡ + q

2)A(q)

v
(5)
1 (q) = � g

2
Ac4

144⇡2F 6
⇡

L(q)

q2 + 4M2
⇡

⇥
4(4gA � 1)M4

⇡ + (17g2A � 5)M2
⇡q

2 + (4g2A � 1)q4
⇤

v
(5)
2 (q) =

g
4
Ac4

48⇡2F 6
⇡

q
2
L(q)

v
(5)
3 (q) =

�g
4
A

384⇡2F 6
⇡

L(q)

q2 + 4M2
⇡

⇥
� 32c1M

2
⇡(3M

2
⇡ + q

2) + c2(16M
4
⇡ + 16M2

⇡q
2 + 3q4) + c3(80M

4
⇡ + 68M2

⇡q
2 + 13q4)

⇤

v
(3)
c3 (q) = �g

2
Ac3

9F 4
⇡

M
2
⇡

q2 +M2
⇡

V1⇡(~q ) = � g
2
A

4F 2
⇡

⌧ 1 · ⌧ 2

✓
q
2
S12(q̂)

q2 +M2
⇡

� 1

3
~�1 · ~�2

M
2
⇡

q2 +M2
⇡

+
1

3
~�1 · ~�2

◆

� g
2
A

4F 2
⇡

⌧ 1 · ⌧ 2
~�1 · ~q ~�2 · ~q
q2 +M2

⇡

= � g
2
A

4F 2
⇡

⌧ 1 · ⌧ 2

✓
q
2
S12(q̂)

q2 +M2
⇡

� 1

3
~�1 · ~�2

M
2
⇡

q2 +M2
⇡

+
1

3
~�1 · ~�2

◆

V1⇡(~r ) =
g
2
A

4F 2
⇡

⌧ 1 · ⌧ 2 M
2
⇡

e
�M⇡r

4⇡r


S12(r̂)

✓
1 +

3

M⇡r
+

3

(M⇡r)2

◆
+

1

3
~�1 · ~�2

�

1

enhancement by a factor of π

v
(6)
D2
(q) =

3g2AD2M
2
⇡

256⇡F 4
⇡

(2M2
⇡ + q

2)A(q), v
(6)
F2
(q) =

3g2AF2

512⇡F 4
⇡

(2M2
⇡ + q

2)2 A(q)

V
(6)
Cirigliano et al. = (1� ~�2 · ~�3)

⇥
v
(6)
D2
(q1) + v

(6)
F2
(q1)

⇤
+ permutations

�V =
X

i

O
i
spin�isospin vi(q1) + permutations

V
(3)
induced = ⌧ 1 · ⌧ 3~�1 · ~�3 v

(3)
c3 (q1) + permutations

Vinduced = ⌧ 1 · ⌧ 3~�2 · ~�3 v1(q1) + ⌧ 2 · ⌧ 3~�1 · ~�3 v2(q1) + ⌧ 2 · ⌧ 3~�2 · ~�3 v3(q1) + permutations

v
(4)
1 (q) = � g

4
A

768⇡F 6
⇡

⇥
(8g2A � 4)M2

⇡ + (3g2A � 1)q2
⇤
A(q)

v
(4)
2 (q) =

g
6
A

384⇡F 6
⇡

q
2
A(q)

v
(4)
3 (q) =

g
4
A

384⇡F 6
⇡

(2M2
⇡ + q

2)A(q)

v
(5)
1 (q) = � g

2
Ac4

144⇡2F 6
⇡

L(q)

q2 + 4M2
⇡

⇥
4(4gA � 1)M4

⇡ + (17g2A � 5)M2
⇡q

2 + (4g2A � 1)q4
⇤

v
(5)
2 (q) =

g
4
Ac4

48⇡2F 6
⇡

q
2
L(q)

v
(5)
3 (q) =

�g
4
A

384⇡2F 6
⇡

L(q)

q2 + 4M2
⇡

⇥
� 32c1M

2
⇡(3M

2
⇡ + q

2) + c2(16M
4
⇡ + 16M2

⇡q
2 + 3q4) + c3(80M

4
⇡ + 68M2

⇡q
2 + 13q4)

⇤

v
(3)
c3 (q) = �g

2
Ac3

9F 4
⇡

M
2
⇡

q2 +M2
⇡

V1⇡(~q ) = � g
2
A

4F 2
⇡

⌧ 1 · ⌧ 2

✓
q
2
S12(q̂)

q2 +M2
⇡

� 1

3
~�1 · ~�2

M
2
⇡

q2 +M2
⇡

+
1

3
~�1 · ~�2

◆

� g
2
A

4F 2
⇡

⌧ 1 · ⌧ 2
~�1 · ~q ~�2 · ~q
q2 +M2

⇡

= � g
2
A

4F 2
⇡

⌧ 1 · ⌧ 2

✓
q
2
S12(q̂)

q2 +M2
⇡

� 1

3
~�1 · ~�2

M
2
⇡

q2 +M2
⇡

+
1

3
~�1 · ~�2

◆

V1⇡(~r ) =
g
2
A

4F 2
⇡

⌧ 1 · ⌧ 2 M
2
⇡

e
�M⇡r

4⇡r


S12(r̂)

✓
1 +

3

M⇡r
+

3

(M⇡r)2

◆
+

1

3
~�1 · ~�2

�

1

N4LO :(Q5)

enhancement by large numerical coefficients + large ’sci

v
(6)
D2
(q) =

3g2AD2M
2
⇡

256⇡F 4
⇡

(2M2
⇡ + q

2)A(q), v
(6)
F2
(q) =

3g2AF2

512⇡F 4
⇡

(2M2
⇡ + q

2)2 A(q)

V
(6)
Cirigliano et al. = (1� ~�2 · ~�3)

⇥
v
(6)
D2
(q1) + v

(6)
F2
(q1)

⇤
+ permutations

�V =
X

i

O
i
spin�isospin vi(q1) + permutations

V
(3)
induced = ⌧ 1 · ⌧ 3~�1 · ~�3 v

(3)
c3 (q1) + permutations

Vinduced = ⌧ 1 · ⌧ 3~�2 · ~�3 v1(q1) + ⌧ 2 · ⌧ 3~�1 · ~�3 v2(q1) + ⌧ 2 · ⌧ 3~�2 · ~�3 v3(q1) + permutations

v
(4)
1 (q) = � g

4
A

768⇡F 6
⇡

⇥
(8g2A � 4)M2

⇡ + (3g2A � 1)q2
⇤
A(q)

v
(4)
2 (q) =

g
6
A

384⇡F 6
⇡

q
2
A(q)

v
(4)
3 (q) =

g
4
A

384⇡F 6
⇡

(2M2
⇡ + q

2)A(q)

v
(5)
1 (q) = � g

2
Ac4

144⇡2F 6
⇡

L(q)

q2 + 4M2
⇡

⇥
4(4gA � 1)M4

⇡ + (17g2A � 5)M2
⇡q

2 + (4g2A � 1)q4
⇤

v
(5)
2 (q) =

g
4
Ac4

48⇡2F 6
⇡

q
2
L(q)

v
(5)
3 (q) =

g
4
A

384⇡2F 6
⇡

L(q)

q2 + 4M2
⇡

⇥
32c1M

2
⇡(3M

2
⇡ + q

2)� c2(16M
4
⇡ + 16M2

⇡q
2 + 3q4)� c3(80M

4
⇡ + 68M2

⇡q
2 + 13q4)

⇤

v
(3)
c3 (q) = �g

2
Ac3

9F 4
⇡

M
2
⇡

q2 +M2
⇡

V1⇡(~q ) = � g
2
A

4F 2
⇡

⌧ 1 · ⌧ 2

✓
q
2
S12(q̂)

q2 +M2
⇡

� 1

3
~�1 · ~�2

M
2
⇡

q2 +M2
⇡

+
1

3
~�1 · ~�2

◆

� g
2
A

4F 2
⇡

⌧ 1 · ⌧ 2
~�1 · ~q ~�2 · ~q
q2 +M2

⇡

= � g
2
A

4F 2
⇡

⌧ 1 · ⌧ 2

✓
q
2
S12(q̂)

q2 +M2
⇡

� 1

3
~�1 · ~�2

M
2
⇡

q2 +M2
⇡

+
1

3
~�1 · ~�2

◆

V1⇡(~r ) =
g
2
A

4F 2
⇡

⌧ 1 · ⌧ 2 M
2
⇡

e
�M⇡r

4⇡r


S12(r̂)

✓
1 +

3

M⇡r
+

3

(M⇡r)2

◆
+

1

3
~�1 · ~�2

�

1

�V =
X

i

O
i
spin�isospin vi(q1) + permutations

V
(3)
induced = ⌧ 1 · ⌧ 3~�1 · ~�3 v

(3)
c3 (q1) + permutations

Vinduced = ⌧ 1 · ⌧ 3~�2 · ~�3 v1(q1) + ⌧ 2 · ⌧ 3~�1 · ~�3 v2(q1) + ⌧ 2 · ⌧ 3~�2 · ~�3 v3(q1) + permutations

v
(4)
1 (q) = � g

4
A

768⇡F 6
⇡

⇥
(8g2A � 4)M2

⇡ + (3g2A � 1)q2
⇤
A(q)

v
(4)
2 (q) =

g
6
A

384⇡F 6
⇡

q
2
A(q)

v
(4)
3 (q) =

g
4
A

384⇡F 6
⇡

(2M2
⇡ + q

2)A(q)

v
(3)
c3 (q) = �g

2
Ac3

9F 4
⇡

M
2
⇡

q2 +M2
⇡

V1⇡(~q ) = � g
2
A

4F 2
⇡

⌧ 1 · ⌧ 2

✓
q
2
S12(q̂)

q2 +M2
⇡

� 1

3
~�1 · ~�2

M
2
⇡

q2 +M2
⇡

+
1

3
~�1 · ~�2

◆

� g
2
A

4F 2
⇡

⌧ 1 · ⌧ 2
~�1 · ~q ~�2 · ~q
q2 +M2

⇡

= � g
2
A

4F 2
⇡

⌧ 1 · ⌧ 2

✓
q
2
S12(q̂)

q2 +M2
⇡

� 1

3
~�1 · ~�2

M
2
⇡

q2 +M2
⇡

+
1

3
~�1 · ~�2

◆

V1⇡(~r ) =
g
2
A

4F 2
⇡

⌧ 1 · ⌧ 2 M
2
⇡

e
�M⇡r

4⇡r


S12(r̂)

✓
1 +

3

M⇡r
+

3

(M⇡r)2

◆
+

1

3
~�1 · ~�2

�

� g
2
A

12F 2
⇡

⌧ 1 · ⌧ 2 ~�1 · ~�2 �(~r )

V1⇡(~q ) = � g
2
A

4F 2
⇡

⌧ 1 · ⌧ 2
~�1 · ~q ~�2 · ~q
q2 +M2

⇡

V
(2)
2⇡ (q) = � 1

384⇡2F 4
⇡

⌧ 1 · ⌧ 2


4M2

⇡(5g
4
A � 4g2A � 1) + q

2(23g4A � 10g2A � 1) +
48g4AM

4
⇡

4M2
⇡ + q2

�
L(q)

� 3g4A
64⇡2F 4

⇡

�
~�1 · ~q ~�2 · ~q � ~�1 · ~�2 q

2
�
L(q)

1

enhancement by a factor of π

N3LO :(Q4) Clearly, the convergence is not ideal… 
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instead of .
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= 9

2g2
A

D2F2
π M2

π ∼ 0.3

∼ 0.1

The strongest enhancement at N4LO: 

v(5)
3 (0)

v(4)
1 (0)

= 8(6c1 − c2 − 5c3)Mπ

(2g2
A − 1)π ∼ 2.6
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We start with reproducing the results of Cirigliano et al., extended by the  
induced -contact contributions  at N3LO, N4LO, i.e.:  2π v1, v2, v3

— using Cirigliano et al. values for D2, F2
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Using realistic values for the LECs  and Dimensional RegularizationD2, F2
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Remember: these are still only rough order-of-magnitude estimations…



No justification for promoting the  3NFs to N3LO from RG arguments. D2, F2

The scaling and estimation of  by Cirigliano et al. correspond to the KSW power counting. 
In this scheme, short-range forces (including the -ones) are indeed enhanced relative to 
long-range ones. But known to converge poorly…

D2, F2
D2, F2

Assuming natural-sized , their (regularized) contributions to the EoS appear to be rather 
small    no reason to worry about these particular N5LO diagrams. 

D2, F2
⇒

The convergence of the chiral expansion for the long-range 3NFs is known to be far from ide-
al  Krebs, Gasparyan, EE, PRC 85 (12), 87 (13); EE et al., EPJA 51 (15)  —  very similar to the long-range NN 
force. The parameter-free ChEFT predictions for the -exchange NN potential have been un-
ambiguously verified in NN scattering  EE et al., EPJA 51 (15); PRL 115 (15); Reinert et al., EPJA 54 (18).

2π

 receives contributions from the  and may be potentially enhanced. A systematic way to 
account for the enhancement is ChEFT with explicit  DoF.  The leading-loop (N3LO) -cont-
ributions to the  3NF are derived in Krebs, Gasparyan, EE, PRC 98 (18). 

F2 Δ
Δ Δ

2π

Summary and conclusions


