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We identify a new class of three-nucleon forces that arises in the low-energy effective theory of nuclear
interactions including pions. We estimate their contribution to the energy of neutron and nuclear matter and
find that it can be as important as the leading-order three-nucleon forces previously considered in the
literature. The magnitude of this force is set by the strength of the coupling of pions to two nucleons and is
presently not well constrained by experiments. The implications for nuclei, nuclear matter, and the equation
of state of neutron matter are briefly discussed.

L —— T

Ministerium fir n
Kultur und Wissenschaft ' (
des Landes Nordrheln-Westfalen A




LO (Q9)

NLO (Q?)

N2LO (Q3)

N3LO (Q%)

N4LO (Q?)

N5LO (Q#)

Two-nucleon force Three-nucleon force

Weinberg 90

auatS a” S ,'
Sen? \x\ PN
. van Kolck et al. '94
JaiN e Friar, Coon "94 Y _———
~a-’ Sso Kaiser et al. '97
Epelbaum et al. '98

van Kolck '94; Epelbaum et al. '02

\N/

Lo~ - \Vl ,/ \\ o
~—- o S~ AN /' \\ e eee
Kaiser '00-‘02 Bernard, Epelbaum, Krebs, MeiBner 08, '11
-7 ‘v s o 2K a ooo
~ e 1- - % ‘ * > -
~ -~ ~o * .

Entem, Kaiser, Machleidt, Nosyk 15

enhanced

Girlanda et al.’11, Krebs et al. '11,’13

e 1- and 2-loop contributions worke g, , + many more
out by Norbert Kaiser .. (unknown)

¢ 3-loop contributions unknown Cirigliano et al.’25

Four-nucleon force

Epelbaum '06, 07




| Loy i)

Vincenzo Cirigliano, Maria Dawid, Wouter Dekens, and Sanjay Reddy, PRL 135 (2025) 022501

“/4’zguments éasec[ on t/te ’zeno’zma/ézation of t/te nuc[eon—nuc/eon spin—sing/et s-wave scattering amp[ituc[e
/ XS W] wazzant that the associated LEN C, denoted Ay D,, s signﬁcantly [a’zge’z than what is expectec[

n Weinée’zg s powet counting

<«— logarithmic divergence « M?>
o Co = include contact term —>

Kaplan, Savage, Wise, PLB 478 (96) 629

D, M;

@

he above imp[ies that D, is needed at LO in app’zoac/zes to Chiral T that aim to ensuze tegu-
lator independence. )

2.2
gam

: : H H
Estimation of D,: D = C 2In— = C 2In— =~ C 2
b Dy(p) 64T F2 (Co(w)) m E(Colw)) m E(Colpw))
H_J
~ 0.27

“ 00 Chival gjj J[o’z tgpica/ A emp/oyec[ n ca/cu/ations, | Col ~ I/M,% ~ 5 fm?, and E<0.5
p’zec[icts |D,| < 10 fm*. )

(In the actual estimations, the range | D, | < 1/(5F%) ~ 4.2 fm* is employed.)



In chiral EFT, DZM};X, comes together with DZM,%X:: : DZM,%X}::: :
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v

= enhanced many-body
forces

- (1 — 01 52) [UDQ(%) + Upz(q:),)} -+ permutations
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Do RG arguments warrant the need

to promote the D,, I, terms?




The NN system is known to be ,fine tuned®:

Ar 1 Ar 1 O(1) for a~r~ M

T(k?) = — . - 1 1 . -
m kcotd — ik m —- 4+ srk24 ... —ik O(Q™") for a— oc

This fine tuning must be implemented in nuclear EFTs (not a prediction).

~ Cg mu ~ Cg (m/,t)2

Power counting schemes (assuming a ~ 0(Q™')):

e Kaplan-Savage-Wise (KSW) Kaplan, Savage, Wise, PLB 424 (98); NPB 534 (98)
All renorm. scales soft (u; ~ Q), enhanced LECs: Cy = 6(Q7'), G, ~ 6(Q7?), ...

® Weinberg (W) weinberg, PLB 251 (90); NPB 363 (91)
In the formulation oOf ek, Gegelia, MeiBner, NPB 925 (17), Can be realized by using the renorm. conditions:

~ Ny, Paiomer ~ Q. Natural-sized (NDA) LECs: C, = O(1)

Hiinear



C, &) L By

. 71
suppressed in W. scheme...

E.g., calculating the amplitude in -less EFT to NLO and matching to the ERE, one finds using

Hiinear =M, Hall other — 0:
4 1 T r

Co(p) = ,  Cy(p) = —

m al—p m (a=! — p)?

BTW, renormalization conditions leading to self-consistent z-less/halo EFT for even stronger
fine-tuned systems (I > 0) have also been worked out EE, Gegelia, Huesmann, MeiBner, FBS 62 (21)

e Finite-cutoff chiral EFT Bochum-Bonn, Idaho, NLEFT, Norfolk, Chalmers, St. Louis, ...
— choose A ~ A, in practice A € [400, 550] MeV
— implicit renormalization: express bare Cy(A) through observables (fit to data)
— conjectured to be equivalent to the W choice or renorm. conditions ek, Gegelia, MeiBner, NPB 925 (17)
— renormalizability proven to NLO for 2N using the BPHZ scheme Gasparyan, EE, PRC 105 (22); 107 (23)
— a-posteriori consistency checks: Naturalness of the LECs, residual A-dependence, ...
— underwent/undergoing extensive statistical consistency tests (BUQEYE) miliican et al., 2508.17558




But what about >®< 77
CO CO (the contact part of the OPEP is absorbed into C,,)

e Yes, the diagram is logaritnmically divergent, and removing this divergence ><
requires the introduction of the D,-counter term D, M?

T

e However, for both KSW and W, these diagrams yield sub-leading contributions:

KSW: ¥><§>< >¢<J < ?< XX XXX =

order-QO order-Q-"
W XIX DX < > XX T IL XTOX X
ord:—;r-Q2 order-QO

No inconsis’[ency of the W approach! (but W’s original justification for iterating V using my is indeed formally inconsistent...)

The OPEP: 51.@52.,;;51.52

2 2 2 2 2 2 ; 2

94 01 - 402 - q 94 ¢-Swelq) 1, _ M
———T1 " Ty — ——=T1 " To| 55 — =01 02— + cobkict

AF27 0 P M2 4F? 2(q2+M3 37 P+ M2

Notice: (spin-0|S;s|spin-0) = 0, (spin-1|S;s|spin-1) # 0 but (°S;]S12]*S;) =0



But what about ><>< 77
CO CO (the contact part of the OPEP is absorbed into C,,)

e Yes, the diagram is logaritnmically divergent, and removing this divergence ><
requires the introduction of the D,-counter term D, M?

T

e However, for both KSW and W, these diagrams yield sub-leading contributions:

KSW: ¥><§>< XJ < ?< XX XXX =

order-Q0 order-Q-1

we XX XX« > XX T O XX XD

order-Q2 order-Qo

No inconsistency of the W approach! (but W’s original justification for iterating V using m is indeed formally inconsistent...)

e Demanding exact u-independence at each expansion order is not necessary from the EFT
point of view and would disqualify, e.g., well-established extensions of HB ChPT including

— infrared regularized baryon ChPT Becher, Leutwyler, EPJC 9 (99)
— EOMS formulation of the covariant BChPT Gegelia, Japaridze, PRD 60 (99); Fuchs et al., PRD 68 (03)
— ChPT with explioit A-isobar DoF (SSE) Hemmert, Holstein, Kambor, J. Phys. G 24 (98)



We follow the approach of Cirigliano et al. and estimate D, (and F,) by the coefficient of the Log:

2.2
gam 2
D,| ~ ——C
1D, | 6472 F2 0
a W Prior .
® T . _S)tatistica//y consistent distributions ][o’z Ab across orders ane on/y oun j[o’z the

[13
.

5 7/]757 potentia[ at a ’zegu[ato’z sca[e 0][ 450 o1 500 I}/]/]e[l/

Millican, Furnstahl, Melendez, Phillips, arXiv: 2508.17558

= |D,| ~ 0.026, 0.81 fm? using the SMS N4LO+ potentials with A = 450, 500 MeV

Alternatively, one can look at the values of the order-Q? momentum-dependent NN LECs C,.
For the 28 LECs, we have max(|C;|) = 0.65 fm".

We thus estimate S L S R e
€ 5} EE, Krebs, Reinert, Front. in Phys. 8 (20) ¥ () A A=450 MeV 7
|D,|,|F,| < 1fm* g 4t .1 My
S 3F
to be compared with s of LilEed Ny =, .
4 : $T 11 ) §reedgetigtay
|D2|7|F2|S42fm §O;i;"! s o 1%; ;: - ¥ . ]
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The TPE two-nucleon force

RS 1677'F17él

Kaiser et al., NPA 625 (97); EE et al., NPA 637 (98)

p 3 3g2
<, : V9 = 29Aonr2 4 2 [de MP — e5(2M2 + ¢2)] Alg) + ..

[,f]{, = N 01 (X+) + csu-u—+. )N

6 3a2
>< l Vag ) = 512?]74 (2M2 + ¢*) [2Do M7 + Fo(2M? + %) A(q) + ..

Cirigliano et al., PRL 135 (25)

L'f)w = ~[ = Dalxy) + Falu-u— (v-u)?)] (NTP,N) (NTP,N)

Thus, it’s instructive to first look at the well-understood long-range NN force...



Next-to-leading order (Q?)

>< < 3 _ V@ HAME  \/@? +4M2 +q
~ —_ 7 L(Q) _ In
__ q 2M, \

V() = — oy [AM2(5g% — 463 — 1) + 2(23g% — 1063 — 1) + —0aMx T
(@) = — ssapzpa 7L 72| MR (594 — 4d q" (2394 — 1094 vzl KAt
39% . . -
_647r2AF4< 1402 q—01-02q2)l}(q)
Next-to-next-to-leading order (Q°) strong numerical enhancement
2
3) _ /394 2 N a2 N
+::1 Vool = 167 F 2M?=(2¢c1 — c3) —esq” | (2M: + ¢°)A(q) AW)Z%‘“‘“‘“”ZQ/W
gacs

T1-To (51 . q_)5"2 . q_) — El . (?2 qz)(4M7% ‘|—q2> A(Q)



Testing chiral EFT predictions in peripheral NN scattering Kaiser, Brockmann, Weise, NPA 625 (97)
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enhanced N3LO contact terms

} ) A, = 500...800 MeV
EE, Gléckle, Mei3ner, EPJA 19 (04)

Triple enhancement at N2LO: Factor of z, large numerical factor + large ¢,’s... Breakdown of yEFT?

2 o0 9) A, ) .
a2 2 2
Y

purely short-range contributions

= the long-range part of the TPEP enhancement improves agreement with the data



Numerical estimations

and comparison with lower orders

b Lt e e F

= I S R R R o R 3NF contributions have been worked out to N4LO.
How does the size of the ,new type®“ 3NF compare
to that of lower-order contributions?

+
+
& I = R o I
+
+

3 NSLO (Qf)
><: + ><>': . ><"~'§ + ><Z:::

X X - X

— Ishikawa, Robilotta, PRC 76 (07)

— Bernard, EE, Krebs, MeiBner, PRC 77 (08); PRC 84 (11); Krebs, Gasparyan, EE, PRC 85 (12); PRC 87 (13); EE, Gasparyan, Krebs, Shat, EPJA 51 (15)
— Girlanda, Kievsky, Viviani, PRC 84 (11); PRC 102 (20)

+

x::l Cirigliano, Dawid, Dekens, Reddy, PRL 135 (25)



ldea: Look at the short-range 3NF contributions induced by the parameter-free r-exchange 3NFs

Consider, for example, the one-pion exchange NN potential:

2 — — — —
N 9ga 014902 "¢
o %W(Q) T _4F72T1.T2 q2—|—M7% _’.A_’.A_l_’-_’
V() = 4 M2€Mﬂ56 142 43 Vilz .z
. = =TT r 201°0
)= g TV T Ty |1 Mo (Mr)2) 37072
2
—132127'1"7'20_31'5')25(7_”)

The induced short-range terms in p-space can be read out by writing &, - go, - g in terms of §;,(§):

2 2 - 2
9 q°S12(q) I 7 I, |
'7'2(— 01'02q2_|_— Ve + 30102

Similarly, +¢| induces short-range contributions of the type ¢><



)] 2) (3) (4) (%) 6 @)
5 - Krebs, Gasparyan, EE, PRC 87 (13)

®) ©) (10) - i .
() ) 3) 4) (5)

(15) (16) a7 - . - . -l
(6) (7 (®) ) (10)

6:3 . 6’3 — s — — — — — — - = —
Vor-1n = T1-T3 [O2- 1 - @3 Fi(qu) + G2 - ¢4 Fo(qn) +02 - @3 F3(q1)] +72-73 (01 @1 ¢4 - @3 Fa(qr)

q3 + M2
+01 -G Fs(qn) + 024 ¢ - @3 Fe(q1) + 02 -1 Fr(q1) + 02 - @3 ¢4 - @3 Fs(q1) +02 - @5 Fo(q1)]
+T1 X T -T3[01 X2 @ (¢ - @3 Fro(qr) + Fii(q1)) + @1 X Gz - 01 q1 - 02 F12(Q1)]]



Bernard, EE, Krebs, Mei3ner, PRC 77 (08)

)] 2) (3) (4) ® 6 @)
5 - Krebs, Gasparyan, EE, PRC 87 (13)
®) ©) (10) - i .
M ©) 3 (€] (6]
(15) (16) (a7 Tl Tl -
(6) @) ®) ©) (10)

~~~
~
-
-
-

‘/induced —

The induced contributions can be written as:

T1 'T352'53 ?}1(6]1) + '7'2'7'351 '53 Ug(ql) + T9

- T309 - 03 v3(q1) + permutations




Clearly, the convergence is not ideal...

(4) 94 2 2 2 2 (6)
= — 8gy — 4)M. 34 — 1 A %
v (q) 68 F0 (894 — 4) M7 + (393 — 1)¢°] Ag) Ea. 0@ _ 9 DBYD G
T,@® 202 i
g6 V3 (@) 84
4
Ué )(Q) - 3847?F7§ ¢*A(g)  enhancement by a factor of & instead of ~ 0.1.
4
v(g) = 38j7A;-F6 (2MZ 4+ ¢*)A(q) | <« l]li The strongest enhancement at N4LO:
viP0)  8(6c, — ¢, — 5¢c;)M, S
v9(0) (2g3— D)n '
N4LO (Q°):
(5) 912404 L(q) 4 2 2 2 2 4
(5) gaca . -
vy (q) = 4872F6q L(q) enhancement by large numerical coefficients + large ¢;'s
(5) 9?4 L(Q) 2 2 2 4 5 3 4 4 2 2 4
vs (q) = 384n2FS 2 1 412 [32(:1]\47T(3M7T +q°) — co(16M . + 16M2q° + 3¢") — c3(80M; + 68M =g + 13¢ )]
N5LO (Q°): Véi}igham ea, = (L—09-03) [Ug’g(ql) + vp (@1)] + permutations
2 2 2
(6) ~ 3gaDaM; 2 2 4 (6) _ 394 1> WL 2)2 4
vp,(q) = 9567 FT (2M; +q°) Alg),] vy (@) —5127TF;1( 24+ ¢°)?A(g) enhancement by a factor of &




Exy (MeV)

1
nn /nsat

1.5

We start with reproducing the results of Cirigliano et al., extended by the
induced 2z-contact contributions vy, v,, v3 at N3LO, N4LO, i.e.:

— using Cirigliano et al. values for D,, F,

— without imposing a regulator B
<V3N>Fermigas - . + ...
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Using realistic values for the LECs D,, F, and Dimensional Regularization




Exy (MeV)
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Now, realistic values for the LECs D,, F, + SMS regulator with A = 500 MeV.

_d+MZ 3+ Mz

1 e” T AZ e Az
N2LO (c¢.’s):
(;s) (qf + M2)(q5 + M32) - (qf + M2)(q5 + M32)

2¢° [* dp pi(p)  _dtra 2¢ [ dup pi(p) P
N3LO: wvi(q) — ——/ — e A2 N45LO: vi(q) — —/ = e 2A?
T Jon, B GF+ 42 (@) T Jom, 1P @+ p?

Remember: these are still only rough order-of-magnitude estimations...



Summary and conclusions

No justification for promoting the D,, F, 3NFs to N3LO from RG arguments.

The scaling and estimation of D,, F, by Cirigliano et al. correspond to the KSW power counting.

In this scheme, short-range forces (including the D,, F,-ones) are indeed enhanced relative to
long-range ones. But known to converge poorly...

Assuming natural-sized D,, F;, their (regularized) contributions to the EoS appear to be rather
small = no reason to worry about these particular N5LO diagrams.

F, receives contributions from the A and may be potentially enhanced. A systematic way to
account for the enhancement is ChEFT with explicit A DoF. The leading-loop (N3LO) A-cont-
ributions to the 2z 3NF are derived in Krebs, Gasparyan, EE, PRC 98 (18).

The convergence of the chiral expansion for the long-range 3NFs is known to be far from ide-
al Krebs, Gasparyan, EE, PRC 85 (12), 87 (13); EE et al., EPJA 51 (15) — very similar to the long-range NN
force. The parameter-free ChEFT predictions for the 2z-exchange NN potential have been un-
ambiguously verified in NN scattering EE et al., EPJA 51 (15); PRL 115 (15); Reinert et al., EPJA 54 (18).



