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Chiral EFT is a systematic tool for 
derivation of nuclear forces  
below pion-production threshold
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QM A-body problem
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eventually exceed the speed of light. Surprisingly, this limit carries
over into general relativity (GR), but in addition, GR predicts a
number of further constraints on compactness. Besides the addi-
tional limit imposed on the mass, GR also predicts that the mea-
surement of any neutron star mass leads to a limit on the
maximum density inside any neutron star, and is thus a limit to
the ultimate energy density of cold, static, matter in our universe.

Einstein’s equations form the equation of hydrostatic equilib-
rium, also known as the Tolman–Oppenheimer–Volkov (TOV)
equation in GR:

!p0ðrÞ
qðrÞ þ pðrÞ

¼ mðrÞ þ 4pr3pðrÞ
rðr ! 2mðrÞÞ

: ð1Þ

Here, p is the pressure, q is the mass-energy density and m(r) is the
mass interior to the radius r. From thermodynamics, if there is uni-
form entropy per nucleon, the first law gives d(q/n) = !pd(1/n)
where n is the number density. If e is the internal energy per nu-
cleon and mb is the nucleon mass), we have q = n(mb + e). Since
p = n2de/dn, dn = dq/h, where h = (q + p)/n is the enthalpy per nu-
cleon or the chemical potential.

The total number of nucleons in the star, N, is not M/mb due to
the binding energy which represents a decrease of the gravitational
mass. The nucleon number is

N ¼
Z R

0
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The binding energy BE = Nmb !M. can be approximated (Lattimer
and Prakash, 2001) as

BE=M ’ 0:6b=ð1! 0:5bÞ; ð3Þ

shown in Fig. 2 along with various EOS’s and analytical solutions.

The moment of inertia of a star in the limit of a small rotation
rate X is obtained from the expression

I ¼ 8p
3

Z R

0
r4ðqþ PÞeðk!mÞ=2 !x

X
dr ¼ R3

2
1!

!xR

X

# $
; ð4Þ

where !x is a solution of

d r4j
d !x
dr

! "
þ 4r3 !xdj ¼ 0 ð5Þ

Fig. 1. Internal structure of a neutron star. Top band illustrates potential geometric transitions from high density uniform matter to low density spherical nuclei. Superfluid
aspects of the crust and core are shown in insets.

Fig. 2. Binding energy per unit mass of neutron star models. Key to EOS’s is in
(Lattimer and Prakash, 2001). The thicker curves with larger text symbols represent
various analytic solutions. The yellow shaded band indicates approximation. (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

102 J.M. Lattimer / New Astronomy Reviews 54 (2010) 101–109

Lattimer: NAR54 (2010) 101Livechart, IAEA: https://www-nds.iaea.org
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Korrektur 1. Ordnung
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Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.
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Adjustable Parameters in NN
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Couplings of short-range interactions are fixed from NN - data

LO [Q0]:
NLO [Q2]:

N3LO [Q4]:

2 operators (S-waves)
+ 7 operators (S-, P-waves and ε1)

+ 12 operators (S-, P-, D-waves and ε1, ε2) 
N4LO [Q5]: + 5 IB operators

N2LO [Q3]: no new terms

N4LO+ [Q6]: + 4 operators (F-waves) 

# of adjustable LECs = 25 IC + 5 IB + 3 𝛑N constants = 33 parameters

Summary on NN
Employed a Bayesian approach to account for statistical and systematic uncertainties

Extracted 𝛑N couplings from NN data within chiral EFT

Achieved a statistically perfect description of NN data
𝛘2/dat = 1.005 for ~5000 data in the energy range Elab = 0 - 280 MeV

Reinert, HK, Epelbaum PRL126 (2021) 092501
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FIG. 1. Diagrams contributing to the leading 3ω-exchange NN potential at N3LO. Solid and dashed lines refer to nucleons and
pions, respectively, while solid dots denote the lowest-order vertices from the e!ective Lagrangians L(1)

ωN and L(2)
ω . Diagrams

resulting from the interchange of the nucleon lines are not shown (except for the class IX). Light-shaded gray areas mark
reducible-like contributions which are expected to be scheme-dependent.

four-dimensional (three-dimensional) loop integrals appearing on the left-hand (right-hand) side of the above equation
are ultraviolet divergent and require introducing the corresponding counterterms. We are, however, interested here
in the long-range contributions to the amplitude, which are not a!ected by the counterterms. It is instructive to
expand both sides of Eq. (1.1) around the static limit m → ↑. Given that Ĝ0 ↓ O(m), the dominant contribution
to the amplitude ↓ m is generated solely by the iterated static one-pion exchange potential. When working with
energy-independent and Hermitian potentials, the first relativistic corrections to the 1ω-exchange appear at orderm→2.
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Class X:

Class XI:

Class XII:

Class XIII:

Class XIV:

FIG. 2. Diagrams contributing to the subleading 3ω-exchange NN potential at N4LO. Filled circles denote the subleading
pion-nucleon vertices from the e!ective Lagrangian L(2)

ωN . For remaining notation see Fig. 1.

Accordingly, the static 2ω-exchange potential is unambiguously determined (on-the-energy-shell) by the order-O(1)

contribution to the amplitude A
g4
A

2ω . Indeed, the static expressions for the non-polynomial parts of the 2ω-exchange
potential in the energy-independent formulation calculated using di!erent methods come out identical to each other

[7, 9, 63]. On the other hand, the leading relativistic corrections to V
g4
A

2ω of order O(m→1) are scheme-dependent due

to the unitary ambiguity of the order-m→2 contributions to V
g2
A

1ω and di!erent schemes for treating relativistic e!ects
in the framework of the Schrödinger equation (which a!ect the order-m→1 corrections to G0), see Ref. [64] for details.

The above considerations can be extended to the three-pion exchange. Consider, for example, the amplitude A
g6
A

3ω
corresponding to the diagram (1) of class VIII, which is defined unambiguously and can be computed from the
Feynman graph or by iterating the Lippmann-Schwinger equation

A
g6
A

3ω =
[
V̂

g2
A

1ω Ĝ0 V̂
g2
A

1ω Ĝ0V̂
g2
A

1ω + V̂
g2
A

1ω Ĝ0 V̂
g4
A

2ω + V̂
g4
A

2ω Ĝ0 V̂
g2
A

1ω + V̂
g6
A

3ω

]

on→shell

, (1.2)

where the two- and three-pion exchange potentials are understood to include only planar box diagrams. The non-

relativistic expansion of A
g6
A

3ω starts with the order O(m2), see the first term in the square brackets, followed by the
order-m corrections from the second and third terms. The last term in the square brackets denotes the genuine static
(i.e., order O(1) in the 1/m-expansion) three-pion exchange potential we are interested in here. Contrary to the
unambiguously defined2 static two-pion exchange potential, the ambiguities in the order-m→2 (order-m→1) corrections

to V
g2
A

1ω (V
g4
A

2ω ) and in the treatment of relativistic corrections to G0 show that already the dominant static expressions

for the three-pion exchange V
g6
A

3ω are scheme-dependent. The above considerations suggest that three-pion exchange
potentials generated by reducible-like diagrams, which are highlighted with light-shaded gray areas in Figs. 1 and 2,
are ambiguously defined. Accordingly, the expressions derived in Refs. [11–13] can potentially be inconsistent with the
nuclear forces and currents from Refs. [9, 10, 18–20, 22, 23, 25, 26, 31, 36, 39–43] derived using the method of unitary
transformation (MUT). For this reason and assuming that e!ects of the three-pion exchange can, for the employed

2 The term “unambiguous” refers to the considered class of unitary transformations.

N3LO N4LO

1/m correction to 2PE is scheme dependent Scheme-dependence of 3PE

3PE calculated by Kaiser `00 - `02 can not be used in unitary transformation approach

Possible Improvements in NN Sector



Two Schemes Results: Summarized
For the Classes VI, VIII and IX we get for most of the potentials stronger 3PE contributions 

Despite reducible-like diagrams we do not see any deviation for the Class IV
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four-dimensional (three-dimensional) loop integrals appearing on the left-hand (right-hand) side of the above equation
are ultraviolet divergent and require introducing the corresponding counterterms. We are, however, interested here
in the long-range contributions to the amplitude, which are not a!ected by the counterterms. It is instructive to
expand both sides of Eq. (1.1) around the static limit m → ↑. Given that Ĝ0 ↓ O(m), the dominant contribution
to the amplitude ↓ m is generated solely by the iterated static one-pion exchange potential. When working with
energy-independent and Hermitian potentials, the first relativistic corrections to the 1ω-exchange appear at orderm→2.At N4LO we don’t see any deviation for all classes of diagrams

We reproduced all results of Kaiser with one exception:
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energy-independent and Hermitian potentials, the first relativistic corrections to the 1ω-exchange appear at orderm→2.

Class V:

21

This expression is identical to the one given in Ref. [12].

We continue with the isovector tensor part. The starting point is again the four-dimensional integral representation
after performing the tensor reduction,

Im WV

T (iµ) =
→g4

A

(
µ2

→M2
ω

)→1

4ωµ2 (8ωF 2
ω )

3

∫∫

z2<1

dε1dε2

∫
1

→1

dx

∫ ymax(x,z)

ymin(x,z)
dy

1√
1→ x2 → y2 → z2 + 2xyz

1

l1l2(ix→ ϑ)(iy + ϑ)

↑
[
M4

ω

(
7µ2

→ 3l2
1
x2

→ 4l1l2xy → 3l2
2
y2 → 11µ (ε1 + ε2) + 6 (ε1 + ε2)

2
)

+M2

ω

(
µ
(
→20µ2 (ε1 + ε2) + 5µ3 + 4µ

(
4ε2

1
+ 11ε2ε1 + 4ε2

2

)
→ 12ε1ε2 (ε1 + ε2)

)

+2l2
1
x2

(
2µ2

→ 2l2
2
y2 → µ (ε1 + 3ε2) + 3ε2 (ε1 + ε2)

)
→ 2l2l

3

1
x3y

→2l2l1xy
(
l2
2
y2 + µ (µ→ 3 (ε1 + ε2))

)
+ 2l2

2
y2

(
2µ2

→ µ (3ε1 + ε2)

+3ε1 (ε1 + ε2))) + µ2
(
l2
1
x2

(
→µ2 + 4l2

2
y2 + 2µ (ε1 → 4ε2) + 10ε2 (ε1 + ε2)

)

+2l2l
3

1
x3y + 2l2l1xy

(
l2
2
y2 + µ (5 (ε1 + ε2)→ 4µ)

)
+ l2

2
y2

(
→µ2 + 2µ (ε2 → 4ε1)

+10ε1 (ε1 + ε2)) + µ (µ→ 2ε1) (µ→ 2ε2) (4µ→ 5ε1 → 5ε2))→ 2M6

ω

]
. (3.47)

The angular integration can be performed in the same way as for the spin-spin part and we obtain, after simplification,
our final result

Im WV

T (iµ) =
1

µ2
Im WV

S (iµ)→
g4
A

(
µ2

→M2
ω

)→1

µ2 (8ωF 2
ω )

3

∫∫

z2<1

dε1dε2

[(
6µ2 + 2M2

ω

)
(ε1 + ε2)

→µ
(
4µ2 + 3M2

ω

)] [((
µ2 +M2

ω

) (
2ε1 →

µ

2

)
→ 2µε1ε2

) arccos(→z)

l1l2
↓
1→ z2

+ µ+ 2zε1

l2
l1

]
. (3.48)

This expression agrees with the one obtained by Kaiser in Ref. [12] up to the sign in front of the second term on the
right-hand side, which is not correct [72].

F. Class-VI diagrams

Class-VI diagrams diagrams involve reducible-like topologies, and the resulting potentials are thus expected to be
scheme-dependent. Using the MUT, we start with calculating the energy denominators for the two irreducible class-
VI diagrams by evaluating the matrix elements of the operators in Eqs. (2.4), (2.7) for the corresponding topology:

EDVI

(4)
= →EDVI

(3)
= →

ε2
1
+ ε2ε1 + ε2

2

4ε3
1
ε3
2
(ε1 + ε2)ε3

→
1

4ε3
1
ε2
2
(ε1 + ε3)

+
1

4ε2
1
ε3
2
(ε2 + ε3)

+
1

2ε2
1
ε2
2
(ε2 + ε3) 2

+
ε1 + 2ε2

4ε3
1
ε2
2
(ε1 + ε2) (ε1 + ε2 + ε3)

. (3.49)

For the class-VI diagrams, we label the pion momenta at the second nucleon from bottom to top as {l3, l2, l1},
{l1, l2, l3}, {l2, l3, l1} and {l1, l3, l2} for diagrams (1)–(4), in order. For the irreducible diagrams (1) and (2), we expect
the same result to emerge in the S-matrix method. We have verified that this is indeed the case by considering the
corresponding Feynman diagrams and performing the integrations over the zeroth components of the loop momenta
l0
1
and l0

2
.

For the two reducible-like diagrams, the MUT leads to the expression

EDVI,MUT

(2)
= →EDVI,MUT

(1)
= →EDVI

(4)
+

1

2ε2
1
ε2
2
ε2
3

. (3.50)

This result di!ers from the one obtained in the SMM by the last term,

EDVI, SMM

(2)
= →EDVI, SMM

(1)
= →EDVI

(4)
, (3.51)

Different sign in Kaiser PRC 62 (2000) 024001, Eq. (8)

Remains to be seen if we observe an evidence of 3PE from NN scattering data.
Work in progress



Methods for Derivation of 3NF 
beyond N2LO

HK, Epelbaum, PRC110 (2024) 4, 044003

HK, Epelbaum, PRC 110 (2024) 4, 044004



Path-Integral Framework 
for Derivation of Nuclear Forces

HK, Epelbaum, PRC110 (2024) 4, 044003



 Path-integral Approach
We start with generating functional:

Z[η†, η] = ∫ [DN†][DN][Dπ]exp(i ∫ d4x(ℒπ + ℒπN + ℒNN + ℒNNN + η†(x)N(x) + N†(x)η(x)))
Integrate over pion fields via loop-expansion of the action

expansion of the action around the classical pion solution

Perform instant decomposition of the remaining interactions between nucleons

Perform nucleon-field redefinitions to eliminate non-instant part of the interaction

Calculate functional determinant to get one-loop corrections to few-nucleon forces

Unitary transformation (Okubo) & path-integral approaches lead to the same chiral EFT 
nuclear forces up to N4LO

Checks in dimensional regularization



Symmetry Preserving Regulator

HK, Epelbaum, PRC 110 (2024) 4, 044004



Gradient-Flow Equation (GFE)

Yang-Mills gradient flow in QCD: Lüscher, JHEP 04 (2013) 123

∂τBμ = DνGνμ with Bμ |τ=0 = Aμ & Gμν = ∂μBν − ∂νBμ + [Bμ, Bν]

 is a regularized gluon fieldBμ

Apply this idea to ChPT:
(Proposed in various talks by D. Kaplan for nuclear forces)

Introduce a smoothed pion field  with  satisfying GFEW W |τ=0 = U

 with  and ∂τW = i w EOM(τ) w w = W EOM(τ) = [Dμ, wμ] +
i
2

χ− −
i
4

Tr(χ−)

wμ = i(w†(∂μ − i rμ)w − w(∂μ − i lμ)w†), χ− = w†χw† − wχ†w, χ = 2B(s + ip)

Note: The shape of regularization is dictated by the choice of the right-hand side of GFE

Our choice is motivated by a Gaussian regularization of one-pion-exchange in NN

HK, Epelbaum, PRC 110 (2024) 4, 044004

Balitsky, Yung, PL168B (1986) 113; Irwin, Manton, PLB 385 (1996) 187



Gradient-Flow Equation

[∂τ − (∂x
μ∂x

μ − M2)]ϕ(1)
b (x, τ) = 0, ϕ(1)

b (x,0) = πb(x)

In the absence of external sources we have

[∂τ − (∂x
μ∂x

μ − M2)]ϕ(3)
b (x, τ) = (1 − 2α)∂μϕ(1) ⋅ ∂μϕ(1)ϕ(1)

b − 4α∂μϕ(1) ⋅ ϕ(1)∂μϕ(1)
b

+
M2

2
(1 − 4α)ϕ(1) ⋅ ϕ(1)ϕ(1)

b , ϕ(3)
b (x,0) = 0

Iterative solution in momentum space:

ϕ̃(1)
b (q) = e−τ(q2+M2)π̃b(q)

ϕ̃(n)(q, τ) = ∫ d4x eiq⋅xϕ(n)
b (x, τ)

ϕ̃(3)
b (q) = ∫

d4q1

(2π)4

d4q2

(2π)4

d4q3

(2π)4
(2π)4δ(q − q1 − q2 − q3)∫

τ

0
ds e−(τ−s)(q2+M2)e−s∑3

j=1 (q2
j +M2)

× [4α q1 ⋅ q3 − (1 − 2α)q1 ⋅ q2 +
M2

2
(1 − 4α)]π̃(q1) ⋅ π̃(q2)π̃b(q3)

Integration over momenta of pion fields with Gaussian prefactor introduces smearing

Analytic solution is possible of  - expanded gradient flow equation:1/F

W = 1 + iτ ⋅ ϕ(1 − αϕ2) −
ϕ2

2 [1 + (1
4

− 2α)ϕ2] + 𝒪(ϕ5), ϕb =
∞

∑
n=0

1
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ϕ(n)
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Regularization for Nuclear Forces
To regularize long-range part of the nuclear forces and currents

Leave pionic Lagrangians  unregularized (essential)ℒ(2)
π & ℒ(4)

π

Replace all pion fields in pion-nucleon Lagrangians :ℒ(1)
πN, …, ℒ(4)

πN U → W

ℒ(1)
πN = N†(D0 + g u ⋅ S)N → N†(D0

w + g w ⋅ S)N

∼ e−τ(q2+M2) ∼ e−2τ(q2+M2) 1
q2 + M2

For  this regulator reproduces SMS regularization of OPEτ =
1

2Λ2
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Status Report on 3N at N3LO
We calculated all long- and short-range contributions to 3NF & 4NF at N3LO 
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3NF’s are given in terms of integrals over Schwinger parameters 

V2π−1π
3N = τ1 ⋅ τ2 × τ3 ⃗q1 ⋅ ⃗σ1 × ⃗σ2 ⃗q3 ⋅ ⃗σ3

e− q2
3 + M2π

Λ2

q2
3 + M2

π ( −
g4

A

F6
π
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2048π ∫
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dλ erfi( q1λ
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exp( −
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1 + 4M2
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Dimension of integrals over Schwinger parameters depends on topology
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Pion-Nucleon Scattering up to Q3

Calculation of pion-nucleon scattering with gradient-flow regulator required

TPE topology includes pion-nucleon amplitude as a subprocess
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Pion-nucleon amplitude with gradient-flow regulator depends on ’s ci

Patrick Walkowiak’s master thesis
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FIG. 1: Tree graphs for the reaction ⇡N ! ⇡N . The black/gray/white blob denotes an insertion
of the ci/di/ei- vertices. Crossed diagrams are not shown.
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Fit LECs to pion-nucleon 
sub-threshold coefficients 
which are determined from 
Roy-Steiner equation

 ci  di

( )P. Buttiker, U.-G. MeißnerrNuclear Physics A 668 2000 97–112¨ 99

Fig. 1. Mandelstam plane. The Mandelstam triangle is the inside of the thick lines. The star marks the so-called
‘‘ideal point’’ explained in Section 4.

these calculations at the order they have been performed. In contrast to previous
investigations, we confine ourselves to the inside of the Mandelstam triangle for the
reasons mentioned above.
The manuscript is organized as follows. Some formalism pertaining to elastic

pion–nucleon scattering pertinent to our investigation is given in Section 2. In Section 3
we construct the invariant amplitudes inside the Mandelstam triangle by use of disper-
sion relations. The chiral perturbation theory amplitudes are fitted to these dispersive
amplitudes in Section 4. Further results on subthreshold parameters and the s-term are
discussed in Section 5. The summary and conclusions follow in Section 6.

2. Formal aspects of elastic pion–nucleon scattering

Consider elastic pion–nucleon scattering,

p a q qN p p b q qN p , 1Ž . Ž . Ž . Ž . Ž .1 1 2 2

Ž .with ‘a,b’ cartesian pion isospin indices and q , p the four-momenta of the pions andi i
the nucleons, respectively. The scattering amplitude is usually decomposed in terms of

"Ž . "Ž . Žthe four invariant functions A s,t and B s,t where the superscript ‘"’ refers to
.the isoscalarrisovector part ,

1ba q ba y b aw xT s,t sT s,t d qT s,t t ,t ,Ž . Ž . Ž .pN p N p N 2

m1" " "T s,t su p ,l A s,t q q qq g B s,t u p ,l , 2Ž . Ž . Ž . Ž . Ž . Ž . Ž .pN 2 2 2 1 m 1 12

2' Ž .with s the cms energy and ts q yq the invariant momentum transfer squared.1 2
Ž .The l is1,2 denote the helicities of the incomingroutgoing nucleon. In whati

follows, we also need the linear combinations related to the physical channels pqp
pqp and pyp pyp. These are related to the isospin amplitudes by

1" " 4X s,t s X s,t "X s,t , Xs A ,B . 3Ž . Ž . Ž . Ž .Ž .y q2



Pion-Nucleon Scattering up to Q4

 phase-shift with different fits of LECs (RS vs DR)S11

Better convergence at lower cutoff  Λ
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Short Range 3NF at N3LO
Two versions of 3NF

Version 1: Non-local short-range 3NF which can be used with SMS potential

Local short-range 3NF to be used with the new NN potential Version 2:

Space

Momentum 1 1

Space

Momentum 1 1

Coordinate 0 0

2.4 MB

0.4 MB



Partial Wave Decomposition of 3NF
PWD all N3LO contributions to 3NF finished Kai Hebeler, Andreas Nogga

first experience with TPE & TPE-OPE: sizable, but cancelations
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 Recent and ongoing activities
 Some ongoing activitiesNuclear χEFT in the Precision Era Evgeny Epelbaum

Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force
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Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.
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Three-Nucleon Forces
Counter Terms at N4LO



Induced 3NF from Short-Range NN UT
Girlanda, Kievsky, Viviani, PRC84 (2011) 014001; PRC102 (2020) 019903(E)

U = exp( − ∑
j

βjTj) δH = U†HU − H0 ≃ ∑
j

[(H0 + VLO
short−range + HLO

1π ), βjTj]

⟨ ⃗p′￼1 ⃗p′￼2 |T1 | ⃗p1 ⃗p2⟩ = ⃗k ⋅ ⃗q, ⟨ ⃗p′￼1 ⃗p′￼2 |T2 | ⃗p1 ⃗p2⟩ = ⃗k ⋅ ⃗q ⃗σ1 ⋅ ⃗σ2, ⟨ ⃗p′￼1 ⃗p′￼2 |T2 | ⃗p1 ⃗p2⟩ = ⃗σ1 ⋅ ⃗k ⃗σ2 ⋅ ⃗q + ⃗σ1 ⋅ ⃗q ⃗σ2 ⋅ ⃗k

⟨ ⃗p′￼1 ⃗p′￼2 |T4 | ⃗p1 ⃗p2⟩ = i ( ⃗σ1 − ⃗σ2) ⋅ ( ⃗P × ⃗k), ⟨ ⃗p′￼1 ⃗p′￼2 |T5 | ⃗p1 ⃗p2⟩ =
1
2 ( ⃗σ1 ⋅ ⃗P ⃗σ2 ⋅ ⃗q − ⃗σ1 ⋅ ⃗q ⃗σ2 ⋅ ⃗P )

lead to  enhanced boost operators: 
incompatible with assumed non-relativistic limit for interacting nucleons
                  Induced 3NF is N5LO

O(m2)

β4,5 = O(m−1F−2
π Λ−2

b )

δH has the form of N4LO 3NF, however  βi = O(m F−2
π Λ−4

b )

m /Λb = (m /Q)(Q /Λb) ∼ (Q /Λb)−2(Q /Λb) = (Q /Λb)−1

Induced 3NFs contribute already at N3LO



E-Like 3NF LECs at N4LO
Complete set of independent operators 

V =
13

∑
j=1

Ej𝒪j + 5 perm

𝒪1 = − ⃗q2
1,

𝒪2 = − ⃗q2
1 τ1 ⋅ τ2,

𝒪3 = − ⃗q2
1 ⃗σ1 ⋅ ⃗σ2,

𝒪4 = − ⃗q2
1 ⃗σ1 ⋅ ⃗σ2 τ1 ⋅ τ2,

𝒪5 = − (3 ⃗q1 ⋅ ⃗σ1 ⃗q1 ⋅ ⃗σ2 − ⃗q2
1 ⃗σ1 ⋅ ⃗σ2),

𝒪6 = − (3 ⃗q1 ⋅ ⃗σ1 ⃗q1 ⋅ ⃗σ2 − ⃗q2
1 ⃗σ1 ⋅ ⃗σ2)τ1 ⋅ τ2,

𝒪7 = − i (( ⃗k1 − ⃗k2) × ⃗q1) ⋅ ( ⃗σ1 + ⃗σ2)/2,

𝒪8 = − i (( ⃗k1 − ⃗k2) × ⃗q1) ⋅ ( ⃗σ1 + ⃗σ2) τ2 ⋅ τ3/2,
𝒪9 = − ⃗q1 ⋅ ⃗σ1 ⃗q2 ⋅ ⃗σ2,

𝒪10 = − ⃗q1 ⋅ ⃗σ1 ⃗q2 ⋅ ⃗σ2 τ1 ⋅ τ2,
𝒪11 = − ⃗q1 ⋅ ⃗σ2 ⃗q2 ⋅ ⃗σ1,
𝒪12 = − ⃗q1 ⋅ ⃗σ2 ⃗q2 ⋅ ⃗σ1 τ1 ⋅ τ2,
𝒪13 = − ⃗q1 ⋅ ⃗σ2 ⃗q2 ⋅ ⃗σ1 τ1 ⋅ τ3 .

~p 0
1

<latexit sha1_base64="4MuBJ3Fi1e61swRiOrYtIBRJvYU="></latexit>

~p 0
2

<latexit sha1_base64="hf2WOjHGhJW75ftVU2tPa0YI93Y="></latexit>

~p 0
3

<latexit sha1_base64="474PS9x/25E8aP1+35owqUl+8B0="></latexit>

~p1
<latexit sha1_base64="6ReTIIOzTwYi9i9w7c6oP1bsJoI="></latexit>

~p2
<latexit sha1_base64="uoyuYPbWXdC3Q6Wjw9MokJTITaU="></latexit>

~p3
<latexit sha1_base64="vhHHdh61k4NrLcOk+qRmooY9whs="></latexit>

⃗qj = ⃗p′￼j − ⃗pj

⃗kj = ( ⃗p′￼j + ⃗pj)/2

Girlanda, Kievsky, Viviani, PRC84 (2011) 014001; PRC102 (2020) 019903(E)



D-Like 3NF LECs at N4LO
Complete set of independent operators 

Constraints:

Isospin symmetry

Parity and time - reversal invariance

Rotation - invariance in 3-dim

V =
g2

A

4F2
π

⃗σ3 ⋅ ⃗q3

q2
3 + M2

π
τ3 ⋅

16

∑
j=1

Fj𝓞j + 5 perm

𝓞1 = i ( ⃗q × ⃗k) ⋅ ⃗q3 (τ1 + τ2),

𝓞2 = i ( ⃗σ1 − ⃗σ2) ⋅ ⃗k ⃗q ⋅ ⃗q3 (τ1 × τ2),

𝓞3 = i ⃗k ⋅ ⃗q( ⃗σ1 − ⃗σ2) ⋅ ⃗q3 (τ1 × τ2),

𝓞4 = i ( ⃗σ1 − ⃗σ2) ⋅ ⃗q ⃗k ⋅ ⃗q3 (τ1 × τ2),
𝓞5 = q2( ⃗σ1 × ⃗σ2) ⋅ ⃗q3 (τ1 × τ2),
𝓞6 = ( ⃗σ1 × ⃗σ2) ⋅ ⃗q ⃗q ⋅ ⃗q3 (τ1 × τ2),
𝓞7 = q2( ⃗σ1 − ⃗σ2) ⋅ ⃗q3 (τ1 − τ2),
𝓞8 = q2( ⃗σ1 + ⃗σ2) ⋅ ⃗q3 (τ1 + τ2),
𝓞9 = ( ⃗σ1 − ⃗σ2) ⋅ ⃗q ⃗q ⋅ ⃗q3 (τ1 − τ2),

𝓞10 = ( ⃗σ1 + ⃗σ2) ⋅ ⃗q ⃗q ⋅ ⃗q3 (τ1 + τ2),

𝓞11 = i ⃗σ2 ⋅ ⃗q ( ⃗σ1 × ⃗k) ⋅ ⃗q3 (τ1 + τ2),
𝓞12 = i ⃗σ1 ⋅ ⃗q3 ( ⃗q × ⃗σ2) ⋅ ⃗q3 (τ1 × τ2),
𝓞13 = ( ⃗σ1 + ⃗σ2) ⋅ ⃗q3 ⃗q ⋅ ⃗q3 (τ1 − τ2),
𝓞14 = ( ⃗σ1 − ⃗σ2) ⋅ ⃗q3 ⃗q ⋅ ⃗q3 (τ1 + τ2),
𝓞15 = ( ⃗σ1 + ⃗σ2) ⋅ ⃗q q2

3 (τ1 − τ2),

𝓞16 = ( ⃗σ1 − ⃗σ2) ⋅ ⃗q q2
3 (τ1 + τ2) .

~p 0
1

<latexit sha1_base64="4MuBJ3Fi1e61swRiOrYtIBRJvYU="></latexit>

~p 0
2

<latexit sha1_base64="hf2WOjHGhJW75ftVU2tPa0YI93Y="></latexit>

~p 0
3

<latexit sha1_base64="474PS9x/25E8aP1+35owqUl+8B0="></latexit>

~p1
<latexit sha1_base64="6ReTIIOzTwYi9i9w7c6oP1bsJoI="></latexit>

~p2
<latexit sha1_base64="uoyuYPbWXdC3Q6Wjw9MokJTITaU="></latexit>

~p3
<latexit sha1_base64="vhHHdh61k4NrLcOk+qRmooY9whs="></latexit>

⃗q3 = ⃗p′￼3 − ⃗p3

⃗q = ⃗p′￼− ⃗p
⃗k = ( ⃗p′￼+ ⃗p)/2
⃗p′￼= ( ⃗p′￼1 − ⃗p′￼2)/2
⃗p = ( ⃗p1 − ⃗p2)/2

Galilei - invariance

Chiral symmetry

Huesmann, HK, Epelbaum, arXiv: 2602.12879v1



Resonance Saturation of LECs
Complete set of independent  transition operators  NN → NΔ

V =
g2

A

4F2
π

⃗σ3 ⋅ ⃗q3

q2
3 + M2

π
τ3 ⋅

4

∑
j=1

αj𝓞Δ
j + 5 perm =

g2
A

4F2
π

⃗σ3 ⋅ ⃗q3

q2
3 + M2

π
τ3 ⋅

16

∑
j=1

FΔ
j 𝓞j + 5 perm

𝓞Δ
1 = [i ( ⃗q3 ⋅ ⃗S2 ⃗S†

2 ⋅ (( ⃗q − ⃗q3/2) × ( ⃗k − ⃗q3/4)) 𝓣2 𝓣†
2 ⋅ τ1 + 1 ↔ 2] − h.c.,

𝓞Δ
2 = [ ⃗q3 ⋅ ⃗S2 ⃗S†

2 ⋅ ⃗σ1 ( ⃗q − ⃗q3/2)2 𝓣2 𝓣†
2 ⋅ τ1 + 1 ↔ 2] − h.c.,

𝓞Δ
3 = [ ⃗q3 ⋅ ⃗S2 ⃗S†

2 ⋅ ( ⃗q − ⃗q3/2) ⃗σ1 ⋅ ( ⃗q − ⃗q3/2) 𝓣2 𝓣†
2 ⋅ τ1 + 1 ↔ 2] − h.c.,

𝓞Δ
4 = [ ⃗q3 ⋅ ⃗S2 ⃗S†

2 ⋅ (k − ⃗q3/4) ⃗σ1 ⋅ ( ⃗k − ⃗q3/4)𝓣2 𝓣†
2 ⋅ τ1 + 1 ↔ 2] − h.c. .
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As already mentioned above, these 3NFs formally appear already at N3LO given that |ω1,2,3| → mF→2
ω !→4

b . Notice
that the UTs ↑ ω1,2,3 also induce a structure corresponding to the operator O17, which leads to (formally enhanced)
shifts of the N2LO LECs D and E but has no practical implications. Finally, we emphasize that the 3NFs in Eq. (17)
induced by ω4,5 can, as one may expect, not be absorbed into shifts of the LECs Fi. As explained above, we expect
ω4,5 to scale according to |ω4,5| → m→1F→2

ω !→2
b , so that the corresponding induced 3NF appear at N5LO.

V. RESONANCE SATURATION

Up to now, our discussion was based on the ”-less formulation of chiral perturbation theory, i.e. we have only taken
into account nucleons and pions as active degrees of freedom. On the other hand, in the ”-full formulation based on
the small scale expansion scheme with ” ↓ m!↔m → Mω = O(ε) [55], the first tree-level correction to the 1ϑ-contact
3NF topology appears already at N3LO from diagrams involving an intermediate ”-excitation. This suggests that
certain linear combinations of the LECs Fi in the ”-less framework are enhanced due to the small excitation energy
of the ”-isobar. Assuming that the values of the LECs Fi are saturated by the ”-isobar, the dominant contributions
to the considered D-like N4LO 3NF can be approximated in terms of a fewer number of LECs, which parametrize the
most general form of the NN↗N” interaction with two derivatives. Notice that the LECs D and E of the N2LO 3NF
are not saturated by the ” since the NN↗N” vertex without derivatives vanishes for antisymmetrized NN states
[24, 56].

To derive the constraints on the Fi’s from resonance saturation we follow the approach of sec. II A and seek for
the most general parametrization of the operators Õ

!
i → O(Q3), which involve two spin and two isospin 1/2 ↗ 3/2

transition matrices 𝜔S and T . These 2↘4 matrices fulfill the relationships Si(S†)j = (2ϖij↔ iεijkϱk)/3 and T
a(T †)b =

(2ϖab ↔ iεijkςk)/3 [57]. The operators Õ!
i we consider incorporate both the NN↗N” and ” ↗Nϑ vertex structures,

so that the corresponding 3NF potentials are given by the expression in Eq. (1) with Õi replaced by Õ
!
i . Notice that

in the small-scale expansion, these operators scale as Õ!
i → O(ε2). We found 5 possible structures for the operators

Õ
!
i :

Õ
!
1 =

[
i 𝜔q3 · 𝜔S2

𝜔
S
†
2 · ((𝜔q ↔ 𝜔q3/2)↘ (𝜔k ↔ 𝜔q3/4)) T 2T †

2 · ω1 + 1 ≃ 2
]
↔ h.c.,

Õ
!
2 =

[
𝜔q3 · 𝜔S2

𝜔
S
†
2 · 𝜔ϱ1(𝜔q ↔ 𝜔q3/2)2 T 2T †

2 · ω1 + 1 ≃ 2
]
↔ h.c.,

Õ
!
3 =

[
𝜔q3 · 𝜔S2

𝜔
S
†
2 · (𝜔q ↔ 𝜔q3/2) 𝜔ϱ1 · (𝜔q ↔ 𝜔q3/2) T 2T †

2 · ω1 + 1 ≃ 2
]
↔ h.c.,

Õ
!
4 =

[
𝜔q3 · 𝜔S2

𝜔
S
†
2 · (𝜔k ↔ 𝜔q3/4) 𝜔ϱ1 · (𝜔k ↔ 𝜔q3/4) T 2T †

2 · ω1 + 1 ≃ 2
]
↔ h.c.,

Õ
!
5 =

[
𝜔q3 · 𝜔S2

𝜔
S
†
2 · 𝜔ϱ1(𝜔k ↔ 𝜔q3/4)2 T 2T †

2 · ω1 + 1 ≃ 2
]
↔ h.c.. (19)

After antisymmetrization with respect to the initial nucleons 1 and 2, one observes that the operator Õ!
5 is redundant

since O
!
5 = ↔(1/4)O!

2 . The leading contributions of the delta resonance to the 1ϑ-contact 3NF thus originate
from the operators O!

1,...,4. By parametrizing the most general operator structure via
∑4

i=1 φiO
!
i and matching the

resulting 3NF fo the expression in Eq. (4), we read out the delta contributions to the LECs Fi as follows:

F!
1 = ↔4F!

2 = 4F!
4 =

8φ1

9”
,

F!
3 = F!

11 = 0,

F!
5 = ↔

4φ2 + 2φ3

9”
,

F!
6 =

2φ3 + φ4

9”
,

F!
7 =

8φ2 ↔ φ4

18”
,

F!
8 =

4φ2

9”
,

F!
9 =

8φ3 + φ4

18”
,

F!
10 = 4F!

12 =
4φ3 ↔ φ4

9”
,
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5 is redundant
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4 =
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8φ3 + φ4

18”
,

F!
10 = 4F!

12 =
4φ3 ↔ φ4

9”
,

11

F!
13 =

2ω1 → 8ω2 → 4ω3 + ω4

18!
,

F!
14 =

→2ω1 → 16ω2 → 8ω3 + ω4

36!
,

F!
15 =

→2ω1 → 4ω3 + ω4

18!
,

F!
16 =

2ω1 → 8ω3 → ω4

36!
, (20)

where the constants ωi are expected to be of the order of |ωi| ↑ 1/(F 2
ω”

2
b). We have verified that the contributions to

the LECs Fi, parametrized by ω1,...,4 and ε1,2,3, are independent of each other. This can be expected given that the
UT-induced contributions to the 3NF considered in sec. IV originate from reducible-like diagrams, while those driven
by intermediate !-excitations correspond to three-nucleon-irreducible diagrams.

VI. SUMMARY

In this paper we have analyzed the subleading corrections to the one-pion-exchange-contact 3NF. Our main results
can be summarized as follows.

• We have shown that the most general expression for the 1ϑ-contact 3NF at order Q5 (i.e., at N4LO) can be
parametrized in terms of 16 unknown LECs F1,...,16. The isospin-3/2 part of this 3NF is found to depend only
on 6 linear combinations of Fi’s. On the other hand, all 16 LECs contribute to the isospin-1/2 channel and thus
can, at least in principle, be determined from nucleon-deuteron scattering data.

• We have discussed the relationship between the o#-shell part of the short-range NN potential and the 1ϑ-contact
3NF. The chiral EFT NN potentials of Refs. [8, 9] make a specific choice for the o#-shell behavior by switching o#
the corresponding N3LO contact interactions using Do”

1S0
= Do”

3S1
= Do”

ε1 = 0. Fixing these o#-shell ambiguities
has no impact on the calculated NN observables, but requires certain linear combinations of the subleading
contact and 1ϑ-contact 3NFs to be promoted from N4LO to N3LO (for the employed counting of the nucleon
mass). The resulting N3LO contributions to the 1ϑ-contact 3NF can be expressed in terms of 3 parameters
ε1,2,3 as given in Eq. (18).

• Assuming the validity of the resonance saturation hypothesis, one may expect the dominant contributions to the
1ϑ-contact 3NF to be driven by the intermediate !(1232) excitation mechanism. Using the !-full formulation of
chiral EFT within the small-scale expansion scheme, we worked out the leading contributions of the delta-isobar
to the considered type of 3NF, which can be reproduced in the !-less framework by setting Fi = F!

i as given
in Eq. (20). This allows one to approximate the dominant e#ects from the subleading 1ϑ-contact 3NF in terms
of just 4 unknown coe$cients ω1,...,4, which parametrize the short-range order-O(Q2) NN↓N! interactions.

Our work constitutes an important step towards the ongoing quest to establish high-precision 3NFs in chiral EFT [1],
which is expected to require pushing the chiral expansion to N4LO. Our results show that the short-range structure of
the 3NF at this expansion order is rather rich and by far not exhausted by the purely contact interactions parametrized
in terms of the LECs E1,...,13 [21], which were shown to allow for a significantly improved description of three-nucleon
scattering data [26, 32–34]. It remains to be seen whether the contributions of the subleading 1ϑ-contact 3NFs to
nucleon-deuteron scattering observables can be disentangled from those of the Ei-terms, which is a prerequisite for
their reliable determination from three-nucleon data. Alternative strategies for fixing the LECs Fi could rely on using
experimental data in A > 3 systems and/or employing controlled approximations like, e.g., the resonance saturation
hypothesis, in order to reduce the number of adjustable parameters.
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Summary I

Gradient flow regularization preserves chiral symmetry

Path-integral approach for derivation of nuclear forces

Calculation of 3NF at N3LO is finished

PWD of 3NF at N3LO is finished

From 3H expectation values we see sizable TPE and TPE-OPE
contributions that almost cancel each other

Short-range contributions seem to be small (due to  ) ∼ CT

Pion-nucleon scattering within GF is calculated up to Q4

Leftovers in NN up to N4LO

Method for derivation of the regularized nuclear forces in chiral EFT

3PE expressions are worked out within UT approach

Chiral expansion seems to converge better at lower cutoff



Summary II
At N4LO: 16 D-like counter terms worked out         16 D-like + 13 E-like = 29 LECs

At N3LO: induced terms from short-range NN UT  need to be fitted in 3N sector∼ β1,2,3

One can reduce the number of D-like terms by using  - resonance saturationΔ

4 D-like LECs ( )α1,2,3,4


