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Ab Initio Structure Calculations
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• Medium-light mass nucleiare accurately described.
• Many-body methodsagree on ground-stateproperties.
• Main uncertainty arisesfrom the Hamiltonian.
• Current focus: heavy anddeformed nuclei.
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Self-Consistent Green’s Function
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FIG. 9. (Color online) Diagonal part of the complete proton
spectral function [Eq. (A1)] for closed-subshell isotopes 14,16,22,24,28O.
The discretized energy peaks that appear as energy δ functions
in Eq. (3) have been smeared with Lorentzians of suitable with.
Energies below the Fermi surface, EF , correspond to the hole part of
the spectral distribution, while those above are for particle addition.
Energies ω > 0 MeV (plotted in red) correspond to proton-nucleus
scattering states.
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FIG. 10. (Color online) Same as Fig. 9, but for neutrons.
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Structure Information

5

0 2 4 6 8 10

Radius (fm)

0.00

0.02

0.04

0.06

0.08

0.10

ρ
ch
.,
ν
(r

)
(f

m
−

3 )

48Ca

ν

ch.

(a)

0 2 4 6 8 10

Radius (fm)

0.00

0.02

0.04

0.06

0.08

0.10

ρ
ch
.,
ν
(r

)
(f

m
−

3 )

46Ar

ν

ch.

(b)

FIG. 4. Neutron (ν) and charge density (ch.) profiles of 48Ca
(a) and 46Ar (b). The bands represent the spread of predic-
tions from the four different χEFT interactions used. The ab
initio results are compatible with the measured charge distri-
bution of 48Ca [30] (red line). For 46Ar, a charge depletion
is predicted and reflects in an empty s1/2 orbit at the micro-
scopic level. The three-dimensional density profiles associate
brighter colours with higher densities.

ing energies. The value of 2∆(3) directly represents the
particle-hole proton gap among the empty 1s1/2 and
the fully occupied 0d3/2 orbits. The experimental value

2∆
(3)
Exp = 5.55(14) MeV [40] for 46Ar is comparable to the

one of doubly-magic 48Ca and twice the ab initio result of
2.59(28) MeV, indicating that the proton shell closure in
46Ar is even stronger than our χEFT predictions. Note
that the 1s1/2 and 0d3/2 orbits seen from 48Ca(e,e′p) re-
actions almost overlap [41], showing a dramatic change of
structure with a new proton magic number arising when
one moves from Z=20 towards Z=18. The χEFT predic-
tion of this trend is sound and it is found already at the
level of independent particle approximations [29].

We note that standard shell model calculations with

the SDPF-U interaction [REF] predict the ground-state
configuration as an open shell with a fairly even mixture
of the 1s1/2 and 0d3/2 proton orbitals but largely overes-
timate the 46Ar B(E2; 0+ → 2+), as seen by the spectro-
scopic factors in Tab.I. Considerations based on inelastic
proton-scattering (p,p’) experiments [13] narrowed down
this discrepancy to the proton component of the B(E2)
matrix element and the presence of too large 1s1/2 ad-
mixtures imposed by the shell model interactions, hence
suggesting evidence against an open shell description.
We thus performed new shell model calculations start-
ing with the shell ordering predicted by our ab initio
simulations and then mapping the NNLOsat Hamilto-
nian [32] into the effective mean-field orbits generated by
SCGF-ADC(3), as described in Refs. [42, 43] and in the
Supplemental Material [29]. The obtained small B(E2)
value of 35(1) e2fm4 is in much closer agreement with
the experiment and supports a closed shell with a filled
proton 0d3/2 orbit as the solution of the long-standing
B(E2; 0+ → 2+) puzzle.

Conclusions. The present measurement of the
46Ar(3He,d)47K reaction provides evidence of a closed-
shell ground state for 46Ar, with a fully occupied 0d3/2
proton orbit and an empty 1s1/2. The inversion of these
two orbits is analogous to that already observed by pro-
ton removal from Ca isotopes [44, 45]. However present
spectroscopic data, combined with the experimental 3-
point mass gap, imply a much larger gap and a new pro-
ton magic number at Z=18 around N=28 isotones.

Independent ab initio predictions, based on state-of-
the-art χEFT interactions, are in agreement with the
experimental findings and provide supporting evidence
for a sizeable charge depletion at the center of 46Ar.
To our knowledge, this is the second isotope in which
a charge proton bubble is inferred through indirect ev-
idence, after 34Si [11, 12]. Our ab initio SCGF results
confirm the double shell closure of 46Ar and provide a
solution to the puzzle of the small experimental value of
the B(E2; 0+ → 2+).

The presence of a charge bubble is closely connected to
the depletion of the 1s1/2 orbit and its inversion with the
0d3/2. In this respect, the knowledge of charge density
distribution in unstable isotopes, where feasible [10, 46],
could become a primary tool for discovering regions of
unconventional nuclear structure and for advancing our
knowledge of nuclear forces.

Data availability — The data used in this study orig-
inate from the E786s GANIL dataset. The ownership
of data generated by the AGATA γ-ray spectrometer re-
sides with the AGATA collaboration as detailed in the
AGATA Data Policy [47]. The source data for the fig-
ures is contained in the following reference [48].

Code availability — The code developed for the analy-
sis is contained in reference [49]. All other cited software
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the number of neutrons increases. This is attributable to the
strong components of the proton-neutron forces, which also
enhances their correlations. However, the overall dependence
on proton-neutron asymmetry is rather mild. We note that the
vicinity to the neutron dripline would require to explicitly
account for the continuum. Reference [71] found that this
effect is sizable for 24,28O and leads to further quenching
of the proton SFs. Again, this could be interpreted as a
reduced gap between the highest neutron quasihole state and
the nearby particle continuum. In this sense, the reduction of
SFs is an indirect consequence of the change in proton-neutron
asymmetry, which first affects energy gaps.

For the case of the NN + 3N -induced Hamiltonian we
find a completely similar picture, with SFs of dominant peaks
being on average slightly larger than those obtained with the
full interaction. Also in this case, stronger quenchings are
associated with increased fragmentation of nearby strength
and the narrowing of (sub-)shell gaps. Thus, we conclude that
the general effects of the original 3NFs on the quenching of
absolute SFs mainly results from the rearrangement of shell
orbits and excitation gaps.

C. Results for open shells

The present implementation of the Gorkov-GF approach
allows calculations up to the second order in the self-energy
[i.e., at the ADC(2) level]. Although this does not guarantee
the best precision for quasiparticle energies [49], it still yields
proper predictions for the trend of binding energies [22].

We plot the Gorkov-predicted binding energies for all
oxygen isotopes in Fig. 6 and compare them to the Dyson-
ADC(3) results where available. For the Dyson case, the
NN + 3N -induced Hamiltonian systematically underbinds
the full isotopic chain and predicts 28O to be bound with
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FIG. 6. (Color online) Binding energies of oxygen isotopes.
Dashed and solid lines join the results from Dyson-ADC(3) cal-
culations with the NN + 3N -induced (squares) and full (circles)
Hamiltonians. The shaded area highlights the changes owing to the
original 3NF at NNLO. The open diamonds, joined by dot-dashed
lines, are from Gorkov calculations at second order and include
open-shell isotopes. Odd-even isotopes are obtained by summing
total binging energies of the even-even systems [Eq. (10)] and the
energies for addition or removal of a neutron [Eq. (12)]. Experiment
are from Refs. [56,57,60,63,72].

respect to 24O. This is fully corrected by including the
original 3NF at leading order, which brings all results to about
3% form the experiment or closer. This is well within the
estimated theoretical errors discussed above [19]. The dot-
dashed line shows the trend of ground-state energies for the full
Hamiltonian obtained form Gorkov, which include the 18,20,26O
isotopes. This demonstrates that the fraction of binding missed
by the second-order truncation is rather constant across the
whole isotopic chain and, in the present case, of about
2–4 MeV. The result is a constant shift with respect to the
complete ADC(3) prediction and the overall trend of binding
energy is reproduced very close to the experiment. Note that
binding energies for odd-even oxygens can be calculated either
as neutron addition or neutron removal from two different
nearby isotopes. Figure 6 shows that this procedure can lead
to somewhat different results, which should be taken as an
indication of the errors owing to the second-order many-body
truncation. For the more complete Dyson-ADC(3) method and
the full Hamiltonian, these differences are never larger than
200 keV and are not visible in the plot. Our calculations with
the more accurate Dyson-ADC(3) scheme predict 28O to be
unbound with respect to 24O by 5.2 MeV. However, this value
should be slightly affected by the vicinity to the continuum
[17], which was neglected in the present work.

Figure 7 shows the analogous information for the binding
energies of the nitrogen and fluorine isotopic chains, obtained
through removal and addition of one proton. This confirms that
all considerations made regarding the effects of leading-order
3NFs on the oxygens also apply to their neighboring chains. In
particular, the repulsive effect on the d3/2 neutron orbit is key
in determining the neutron driplines at 23N and 24O. Fluorine
isotopes have been observed experimentally up to 31F but with
a 29F that is very weakly bound. Figure 7 clearly demonstrates
that this is attributable to an very subtle cancellation between
the repulsion form 3NFs and the attraction generated by one
extra proton [19].

The general qualitative features of the spectral functions
discussed in the previous sections are also found in our Gorkov
propagators but with an even more spread single-particle
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FIG. 7. (Color online) Same as Fig. 6 but for the binding energies
of nitrogen and fluorine isotopes. These are calculated as addition
or removal of a proton to and from even-even oxygen isotopes.
Experiment are from Refs. [56–58,63,72].
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Dyson Equation

Gαβ(ω) = G
(0)
αβ(ω) +

∑
γδ

G(0)
αγ (ω) Σ

⋆
γδ(ω) Gγβ(ω)

Diagrammatic Monte Carlo for Finite Systems at Zero Temperature

Stefano Brolli ,1, 2, ∗ Carlo Barbieri ,1, 2, † and Enrico Vigezzi 2, ‡

1Dipartimento di Fisica “Aldo Pontremoli,” Università degli Studi di Milano, via Celoria 16, I-20133 Milano, Italy
2INFN, Sezione di Milano, via Celoria 16, I-20133 Milano, Italy

(Dated: May 15, 2025)

High-order virtual excitations play an important role in microscopic models of nuclear reactions
at intermediate energies. However, the factorial growth of their complexity has prevented their
consistent inclusion in ab initio many-body calculations. For infinite systems at finite temperature,
such drawbacks can be overcome using diagrammatic Monte Carlo techniques to resum entire series
of Feynman diagrams. We present a diagrammatic Monte Carlo algorithm that can be applied to
self-bound systems with discrete energy levels at zero temperature, and demonstrate its potential for
the Richardson model of nuclear pairing. We show that sampling the topological space of diagrams
allows the inclusion of high-order excitations that are neglected in state-of-the-art approximations
used in nuclear physics and quantum chemistry. We propose that sampling the diagrammatic
space can overcome the long-standing gap between our microscopic understanding of structure and
reactions in nuclear physics.

Ab initio nuclear theory has significantly advanced
over the past two decades by combining effective field the-
ories (EFTs) of the nuclear force with the latest computa-
tional approaches to the quantum many-body problem.
Several high-precision methods can predict the ground
state properties of medium-light nuclei [1, 2], and recently
reached heavy elements [3, 4]. The EFT interactions used
in modern literature are rooted in the symmetries of QCD
and avoid relying on the phenomenology of stable nuclei,
so that controlled and accurate predictions remain feasi-
ble even toward the limits of nuclear existence. Despite
these successes, the microscopic prediction of reaction
cross sections, as measured by advanced radioactive ion
beam facilities [5–11], is still an unsettled challenge for
ab initio theory. Exotic neutron-rich nuclei are essential
for studying key physics questions, including shell evolu-
tion [12, 13], heavy element formation [14], the role of the
r process during neutron star mergers [15, 16], and many
others. Among the available ab initio methods [17–21],
the self-consistent Green’s function approach is suited
for a unified description of structure and reactions. The
spectral distribution, which gathers all one-nucleon addi-
tion and removal information, the ground-state observ-
ables, and the exact microscopic optical potential are
all consistently included in the formalism [22–25]. The
Green’s function G is the exact solution of the Dyson

equationGαβ(ω) = G
(0)
αβ(ω)+

∑
γδ G

(0)
αγ (ω)Σ⋆

γδ(ω)Gδβ(ω),

where G(0) describes a freely propagating particle (or
hole) and the term G(0)Σ⋆G introduces recursive dy-
namic interactions with the other particles of the sys-
tem. In this picture, the self-energy Σ⋆ is a complex,
nonlocal, energy-dependent microscopic optical poten-
tial [22, 23, 26]. Self-consistent Green’s function theory
relies on systematically improvable many-body trunca-
tions of the self-energy [27]; however, current approxi-
mation schemes do not include high-order configurations
that dominate scattering in the mid-energy range of 10-
100 MeV [19, 28]. Because of the factorial growth of

Feynman diagrams (see Fig. 1), improving the accuracy
of ab initio optical potentials requires going beyond the
order-by-order addition of terms and instead aiming for
a stochastic resummation by sampling a limited number
of representative higher-order diagrams.

Sampling different diagram topologies is the funda-
mental idea of the diagrammatic Monte Carlo (DiagMC)
approach [30]. This method first gained much inter-
est in the field of condensed matter physics, where it
was employed to study infinite systems at finite tem-
perature such as the polaron [31] and the unitary Fermi
gas [32, 33]. More recent advances in the DiagMC frame-
work have been applied to study single-particle excita-
tions in the electron gas [34, 35] and the real-time dynam-
ics of dissipative quantum impurity models [36]. To our
knowledge, the DiagMC approach has still been poorly
investigated for bound systems at zero temperature such

~Fact
oria

l g
rowth

FIG. 1. Approximate number of Feynman diagrams con-
tributing to the self-energy for two- and three-body forces.
The values shown in green give the exact number of Feynman
diagrams for the first three orders [29] while values at higher
order are estimated based on their factorial scaling. For each
order, very few representative diagrams are shown.
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Optical Potential

k2

2m
ψ(tlj)(k) +

∫
dk′k′2Σ(tlj)⋆(k, k′, Ec.m., η)ψ

(tlj)(k′) = Ec.m.ψ
(tlj)(k)

Virtual excitations of the target have the double effect of
increasing the attraction of the real part of the optical
potential (and hence lowering the single particle spectrum)
and of generating a large number of narrow resonances.
This is clearly seen in Fig. 2, which displays the phase
shifts for neutron elastic scattering predicted by the whole
self-energy of Eq. (2). Most of the virtual excitations
responsible for this, especially at low energy, are accessed
by coupling to hundreds of 2p1h configurations for 17O and
appear as clear spikes or “smoothed” oscillations in the
figure. The SCGF-ADC(3) approach has the advantage of
including these states naturally, even at large energies, so it
describes efficiently the relevant physics. Table I compares
the energies of some representative bound and scattering
states to the experiment. The 3=2þ single particle resonance
is computed at 0.91 MeV in the c.m. frame, very close to
the experimental value. The first 1=2− and 3=2− are both
predicted as bound states, although experimentally they are
found inverted with the 3=2− in the continuum. We
calculate a narrow width for the 5=2− and 7=2− resonances,
corresponding to excited states, close to the ones observed
at 3.02 and 3.54 MeV [44]. However, there are other very
narrow f-wave resonances, measured between 1.55 and
2.82 MeV, that our SCGF calculations do not resolve. In
general, we find that NNLOsat predicts the location of
dominant quasiparticle and hole states with an accuracy of
≲1 MeV for this nucleus.

Figure 3 compares the low-energy differential cross
sections originating from Eq. (5) to neutron scattering data
for 16O at 3.286 MeVand 40Ca at 3.2 MeV. The minima are
reproduced well for 16O (and close to the experiment for
40Ca), confirming the correct prediction of density distri-
butions for NNLOsat [32,34,46]. However, the results are
somewhat overestimated and hint at a general lack of
absorption that is usually faced by attempts at computing
the optical potentials ab initio. This is likely related to
missing doorway configurations (3p2h and beyond) that
should be propagated in the denominators of Eq. (2) but are
neglected by state-of-the-art approaches. Note that there are
more than 200 experimentally observed excitations already
between the ground state and the neutron separation
threshold in 41Ca [47], while the SCGF ADC(3) predicts
only about 40 of them. This issue is likely to worsen at
higher energies, where configurations more complex than
2p1h become relevant. We investigated this problem by
computing total nþ 16O elastic cross sections, σðEc:m:Þ,
with only Σð∞Þ, suppressing 50% of the 2p1h and 2h1p
states (evenly across all energies), and by using the
complete ADC(3) self-energy. Figure 4 shows that
σðEc:m:Þ presents oscillations up to about 5 MeV. These
are in part reproduced by theory and are sensible to

TABLE I. Excitation spectrum of 17O with respect to the nþ 16O threshold, as obtained from Eq. (5) and the
NNLOsat interaction and compared to the experiment [45]. Broad resonances in the continuum (most notably, the
5=2þ) are computed at midpoint. The asterisk subscripts indicate higher excited states, above the lowest one, for
each partial wave.

ε (MeV) 5=2þ 1=2þ 1=2− 5=2− 3=2− 3=2þ 5=2þ� 5=2−� 7=2−�
Exp −4.14 −3.27 −1.09 −0.30 0.41 0.94 3.23 3.02 3.54
NNLOsat −5.06 −3.58 −0.15 −1.23 −2.24 0.91 4.57 3.36 3.37

FIG. 3. Differential cross section for neutron elastic scattering
off 16O (40Ca) at 3.286 (3.2) MeV of neutron energy, with
NNLOsat and compared to the empirical data from Refs. [44,50].

FIG. 4. Total elastic cross section for neutron elastic scattering
on 16O form SCGFADC(3) at different incident neutron energies
compared to the experiment in Ref. [51]. The dashed, dotted-
dashed, and solid lines correspond to the sole static self-energy
Σð∞Þ, to retaining 50% of the 2p1h and 2h1p doorway configu-
rations and to the complete Eq. (2), respectively.

PHYSICAL REVIEW LETTERS 123, 092501 (2019)
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Full 2p1h50% 2p1hMean field16O(n, n)16O

Idini et al., Phys. Rev. Lett. 123, 092501 (2019)

Capuzzi and Mahaux, Ann. Phys. 245, 147 (1996)

We do not include ISCs beyond 2p1h(diagrams of order ≫ 3).
Progress towards high-orders:

• Drischler et al., Phys. Rev. Lett. 122, 042501 (2019)
• Arthuis et al., Comp. Phys. Comm. 240, 202 (2019)
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Diagrammatic Monte Carlo

�
ω − ω1 + ω2 ω1 ω2

β, ω

γ2

α, ω

γ1

γ4 γ6

γ3 γ5

Σ⋆
αβ(ω) =

∫
dC Dαβ(ω, C) =

∫
dC |Dαβ(ω, C)| eiarg[Dαβ(ω,C)]

Σ
(n)
αβ =

∫ ωmax

ωmin

dω

∫
dC Bn(ω) |Dαβ(ω, C)| eiarg[Dαβ(ω,C)]
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Topology
C =

(
T , {ωi}, {γi}

)

Legendre polynomials
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Diagrammatic Monte Carlo

Σ
(n)
αβ = Zαβ

∫ ωmax

ωmin

dω

∫
dCBn(ω)

|Dαβ(ω, C)|
Zαβ

eiarg[Dαβ(ω,C)]

= Zαβ lim
N→∞

1

N

N∑
j=1

Bn(ωj)e
iarg[Dαβ(ωj ,Cj)]

wαβ(ω, C) =
|Dαβ(ω,C)|

Zαβ

Zαβ =

∫ ωmax

ωmin

dω

∫
dC |Dαβ(ω, C)|
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Sampling the diagrammatic space

Topology

Quantum numbers
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wαβ(ω, C) =
|Dαβ(ω,C)|

Zαβ
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Richardson model

H(D) =
∑
s=↑↓

D∑
p=1

(p− 1)c†pscps −
g

2

∑
p,q

c†p↑c
†
p↓cq↓cq↑

p = D
...

p = D
2 + 1

p = D
2

∝ − g2

...

p = 2
∝ − g2

p = 1
∝ − g2
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as atomic nuclei, where (large) discrete bases are usu-
ally needed. Furthermore, applications to scattering the-
ory require satisfying the causality principle, which is
encoded in a dispersive spectral relation. This property
is naturally broken by sharp truncations in the Feynman
perturbation series, and it has never been enforced in
previous DiagMC calculations. In this Letter, we intro-
duce a DiagMC algorithm for the Richardson model and
impose the correct dispersive relation by representing the
stochastic self-energy with a parametrization suitable for
finite systems.

The Richardson model — The Richardson model was
introduced as a simplified description of nuclear super-
fluidity. It explains pairing correlations in Sn and Pb
isotopes with considerable accuracy [37, 38], as well as
in quantum chemistry systems [39]. Furthermore, it
provides stringent tests for quantum many-body the-
ories that aim to describe strongly correlated Fermi
liquids [40], and has challenged quantum neural net-
works [41] and eigenvector continuation [42]. The avail-
ability of exact solutions makes it suitable for precise
benchmarks.

The Richardson Hamiltonian includes a contact inter-
action between nucleons that occupy the same energy
level [43]. We consider D doubly degenerate equidistant
energy levels and we focus on the half-filled system with
A = 2P fermions,

H(D) = ξ
D∑

p=1

∑

s=↑,↓
(p− 1) c†pscps −

g

2

D∑

p,q=1

c†p↑c
†
p↓cq↓cq↑,

(1)
where we set ξ = 1 without loss of generality. The ground
state of this Hamiltonian can be written analytically as
the product of the P lowest correlated-pair creation op-
erators, b†i , such that |ΨA

0 ⟩ =
∏P

i=1 b
†
i |0⟩ [44].

The propagator theory of the Richardson model was ex-
plored in Refs. [27] and [45]. The one-body propagator
is diagonal and invariant under spin exchange, and hence
only its D diagonal and spin-up components need to be
considered. Furthermore, we found that ladder diagrams
greatly dominate the self-energy expansion of the prop-
agator in the perturbative regime. We will focus on this
subset of diagrams in our sampling and show that this
is sufficient to compute the full correlation energy within
the stochastic error and the error induced by a finite reg-
ulator.

Diagrammatic Monte Carlo — Standard Monte
Carlo integration has been used to compute many-body
perturbation theory (PT) for nucleonic matter reaching
up to the full fourth order [46] but relies on the cumber-
some determination and evaluation of every single PT
contribution [47]. The DiagMC framework used in this
work overcomes this limitation by promoting diagram
topologies on the same footing as internal quantum num-
bers and frequencies [30, 32]. We express the exact self-
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Figure 4: Update Add (Remove) Ladder, here depicted for the second and third-order ladder diagrams.
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FIG. 2. Updates used to sample the entire ladder diagram-
matic expansion [44]. Rules (a), (b), (d) yield the standard
Monte Carlo evaluation of single diagrams. Rule (c) allows to
span the topological space of all self-energy ladder diagrams.

energy according to the fundamental identity

Σ⋆
p(ω) = Zp

∫
dC |Dp (ω; C)|

Zp
exp [i argDp (ω; C)] , (2)

where Dp is a diagram characterized by its topology and
internal single-particle quantum numbers and frequen-
cies, which we collectively label C, and Zp is a normaliza-
tion factor. The integral over dC includes the sum over
all topologies. If the diagrams are sampled according to a
probability distribution ∝ |Dp (ω; C)|, the self-energy can
be calculated as a stochastic sum of the phases of the dia-
grams. The sampling of ladder diagrams is implemented
through a Markov chain in the space of diagrams. At each
step of the chain, one of the updates in Fig. 2 is called at
random, and a walker in C space is generated using the
Metropolis-Hastings algorithm [48, 49]. We refer to the
Supplemental Material for a comprehensive overview of
the present DiagMC implementation [44].
The DiagMC algorithm is built upon the Feynman per-

2
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Richardson model: self-energy
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FIG. S9. Imaginary part of the component p = 1 of the self-energy for g = 0.3 and η = 0.1. Calculations with increasing
numbers of steps per walker are shown. The figures show both the row data of DiagMC simulations and the NNLSM fits as
sums of Lorentzians.
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FIG. S10. Percentage deviation of the correlation energy as a functions of the number of steps per walker. For each point, a
new simulation was performed from scratch independently (without reusing data from larger samples). The orange band is the
weighted standard error around the weighted average of the simulations shown in the plot.
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g = 0.3
Up to 8th order, theself-energy convergessmoothly.

Brolli et al., Phys. Rev. Lett. 134,
182502 (2025)
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Richardson model: ground state energy
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FIG. 4. Correlation energy for different values of the regu-
lator η. The figure shows results for the coupling constants
g = 0.1 and g = 0.3. The solid lines are the full configuration
interaction (FCI) results, and they are obtained from the ex-
act diagonalization of the Richardson Hamiltonian.

ladder diagrams up to order eight. The simulated self-
energy shows only small deviations from the exact ana-
lytic form, Eq. (3), so that the NLLSM fit is extremely
precise.

Our implementation of the DiagMC approach carries
three sources of uncertainty. The first is the statistical
error that is intrinsic to any Monte Carlo approach and
can be controlled to a good extent by additional sam-
pling. Second, we do perform a many-body truncation
by restricting our diagram space up to eighth order in PT
and to ladder diagrams only. The error involved is neg-
ligible because excluded diagram topologies are known
to be irrelevant for the Richardson Hamiltonian [27] and
the first eight PT orders are substantially converged [44].
The comparison between the NLLSM fit of Eq. (3) and
the DiagMC sampling, shown in Fig. 3, demonstrates
the quality of our simulations. Finally, we have a depen-
dence on the regulator parameter η [44]. In principle,
the exact result is recovered in the limit η → 0, where
it would cause numerical instabilities. In fact, however,
a finite value of η simply sets the energy resolution of
our simulations, and how “small” it should be depends
on the specific application. To study the dependence of
our results on η we performed simulations using different
regulator values in the model space D = 10 for g = 0.1
and g = 0.3. Figure 4 shows a moderate dependence on
the regulator η. The deviation between our calculations
and the true correlation energies is at most 1% for both
g = 0.1 and g = 0.3 when η ≤ 0.1. Hence, we take 1% as
the error for all our calculations of correlation energies
and always use η = 0.1.

The correlation energies derived from the Migdal-
Galitskii-Koltun sum rule [54, 55] are benchmarked
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FIG. 5. Correlation energy of the Richardson model at half-
filling. The regulator is set at η = 0.1 and the error of 1% on
the correlation energy is too small to be visible in the plot.
We restricted our analysis to the values inside the convergence
radius of the perturbation expansion, which we determined
to be gc ≈ 0.3. Top panel: dependence of the correlation
energy on the coupling constant g in the model space D = 10.
Bottom panel: correlation energy per particle for different
model space dimensions and g = 0.3.

against the exact full configuration interaction (FCI) so-
lutions and the ADC(3) many-body truncation values in
Fig. 5. The top panel shows the correlation energy depen-
dence on the coupling constant g within the model space
of size D = 10. The bottom panel shows the correlation
energy per particle with changing model space size D,
at half-filling, and g = 0.3. We find agreement with the
exact energies within the error bars of the Monte Carlo
uncertainty, confirming that the present ladder resumma-
tion dominates the self-energy expansion. Remarkably,
the DiagMC algorithm with the HF reference propagator
outperforms ADC(3). This discrepancy is to be ascribed
to the presence of time inversion terms in the ladder se-
ries, which is resummed to all orders in ADC(3) but only
limited to a Tamm-Dancoff resummation [27]. The Di-
agMC algorithm correctly resums the Feynman ladders,
accounting for all possible time orderings.

Conclusion — For the weak-coupling regime, we con-
clude that the DiagMC approach on bound systems (with

4
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g = 0.3

DiagMC outperformsstate-of-the-art SCGFtruncations.

Brolli et al., Phys. Rev. Lett. 134,
182502 (2025)
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Chiral potentials
To perform a DiagMC simulation in a large model space with a chiral interactions, we need

1. A different weight function to control the sign problem.
2. To reduce the sampling space.
3. A more efficient updating scheme that can

— Sample all topologies, not just ladder ones.— Keep track of the conservation laws at each vertex.
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Time-ordered diagrammatic Monte Carlo

Σ
(n)
αβ =

∫ ωmax

ωmin

dω

∫
dCBn(ω)Dαβ(ω, C)

Σ
(n)
αβ =

∑
k

WkB
n(ωk)

∑
T {il}

∏
V{il}

∫
{dωr}

∏
G̃{il}({ωr})

=
∑
k

WkB
n(ωk)

∑
T {il}

∏
V{il}

∑
T R

T
{il}

Σ
(n)
αβ = lim

N→∞

Zαβ

N

N∑
j=1

Bn(ωj)
R

Tj

{il}j
p
T

{il}j
j

sign
(∏

V{il}j

)
wk,{il},T =

Wk

∣∣∏V{il}
∣∣ p{il}T

Zαβ
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Updates

Change tadpole Change  external

Change nlj

ReconnectDistribute
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Brolli et al., In
preparation.
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Self-energy
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16O
∆NNLOGO(394)OpRS orbitals
emax = 2

η = 20MeV

Fifth order calculationsare now possible.

Brolli et al., In preparation.
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Spectral function
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16O
∆NNLOGO(394)OpRS orbitals
emax = 2

η = 20MeV

Fifth order calculationsare now possible.

Brolli et al., In preparation.
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Outlook

• DiagMC can outperform state-of-the-art many-body truncations in simple modelsand small model spaces.

• Larger model spaces require optimizing the weight distribution.
— Pre-summing diagram blocks (?) [Van Houcke et al., Phys. Rev. B. 99, 035140 (2019)]
— Contracting some interaction indices on the fly (?)
— Use a different basis Bn (?)

Many ways to move forward!
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Emulating the Green’s Function

1. Uncertainty quantification of nuclear spectroscopic properties.
2. Novel strategies for constraining nuclear interactions.
3. Extrapolation to regimes where the perturbative expansion breaks down.

Our approach:
• The ground state: (from eigenvector continuation theory)
|ΨA

0 (g)⟩ ≈
∑N

k=1 vk |ΨA
0 (gk)⟩.

• Excited states:
|ΨA+1

n (g)⟩ ≈
∑

kαA
n
kαc

†
α |ΨA

0 (gk)⟩
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Emulating the Green’s Function

∑
kα

⟨ΨA
0 (gj)|cβH(g)c†α|ΨA

0 (gk)⟩An
kα = EA+1

n

∑
kα

⟨ΨA
0 (gj)|cβc†α|ΨA

0 (gk)⟩An
kα

∑
kα

Mjβ,kα(g) A
n
kα = EA+1

n

∑
kα

Njβ,kα A
n
kα

⟨ΨA+1
n (g)|c†β|Ψ

A
0 (g)⟩ =

∑
jkα

vjNjβ,kαA
n
kα ϵ+n = EA+1

n − EA
0

Similarly can be done for the hole part of the Green’s function.
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Linear in g. Does not depend on g.
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Back to the Richardson Model∑
kα

Mjβ,kα(g)A
n
kα = EA+1

n

∑
kα

Njβ,kαA
n
kα

⟨ΨA+1
n (g)|c†β |Ψ

A
0 (g)⟩ =

∑
jkα

vjNjβ,kαA
n
kα ϵ+n = EA+1

n − EA
0

p = D
...

p = D
2 + 1

p = D
2

∝ − g2

...

p = 2
∝ − g2

p = 1
∝ − g2
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• The Green’s function is diagonal in the level p→ Onepair (M(p),N (p)
) for each level.

• We calculate the (
M(p),N (p)

) matrices from five“training points” → 5× 5 matrices.
• We focus on the set gT = −0.1, 0.1, 0.3, 0.5, 0.7.
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Spectral function of the Richardson model
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g = 0.9

Brolli et al., In preparation.
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Spectral function of the Richardson model
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g = 0.9

Lemul = 0.007

Lexact = 0.04

Brolli et al., In preparation.
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Extrapolation of the spectral function
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g = 2.0

Lemul = 0.07

Brolli et al., In preparation.
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Outlook
• We can see M and N as the primary matrices of a Parametric Matrix Model (PMM).

Cook et al., Nat. Commun. 16, 5929 (2025)
• The PMM framework avoids |ΨA

0 ⟩, and we can train the emulator on spectroscopicdata from Green’s function calculations.

In collaboration with Alberto (Chalmers University of Technology)
• Uncertainty quantification of the spectroscopic properties of medium- andheavy-mass nuclei.
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Diagrammatic Monte Carlo andEmulating Many-Body Green’sFunctions
Thank you for listening!

Any questions?
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Backup slides0



Determining Zαβ

Σ
(n)
αβ = Zαβ lim

N→∞

1

N

∑
j

Bn(ωj)e
iarg[Dαβ(ω,Cj)]

Zαβ =
∫ ωmax

ωmin
dω

∫
dC |Dαβ(ω, C)| is not known but can be estimated.

If the weight of a subset of the diagrams SN (ZN
αβ) is known, we can estimate Zαβknowing how many times SN is visited (N ).

lim
N→∞

N
N

=
ZN
αβ

Zαβ
.

Sign-problem-free by construction!
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Choice of SN

Figure 3: Third order loops

Figure 4: Third order ladder

2

• At order ν, we choose the ν-tadpoles diagram asthe only member of SN .
• The calculation of ZN

αβ scales very favorably with
the order and emax (∝ N

7/3
sp + νN2

sp).

Brolli et al., In preparation.
Brolli et al., Phys. Rev. Lett. 134, 182502 (2025)
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Updates of the Richardson model
p = D

...

p = D
2 + 1

p = D
2

∝ − g2

...

p = 2
∝ − g2

p = 1
∝ − g2

10

31/38 Stefano Brolli | Diagrammatic Monte Carlo and Emulating Many-Body Green’s Functions

Brolli et al., Phys. Rev. Lett. 134, 182502 (2025)

mailto:stefano.brolli@unimi.it


Change of ω

p, ω

p, ω

p, ωb

p, ω′

p, ω′

p, ωb + ω − ω′

Figure 1: Update Change ω.

p, ω

p, ω

p, ωb

q1, ω1

q2, ω2

q3, ω3

p, ω

p, ω

p, ω′b

q1, ω1 − ωb + ω′b

q2, ω2 − ωb + ω′b

q3, ω3 − ωb + ω′b

Figure 2: Update Change internal frequencies.

4

qω =

∣∣∣∣Gp(ωb + ω − ω′)

Gp(ω)

∣∣∣∣
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Change of the internal frequencies

p, ω

p, ω

p, ωb

p, ω′

p, ω′

p, ωb + ω − ω′

Figure 1: Update Change ω.

p, ω

p, ω

p, ωb

q1, ω1

q2, ω2

q3, ω3

p, ω

p, ω

p, ω′b

q1, ω1 − ωb + ω′b

q2, ω2 − ωb + ω′b

q3, ω3 − ωb + ω′b

Figure 2: Update Change internal frequencies.

4

qω int =
L(ωb)

L(ω′
b)

∣∣∣∣Gp(ω
′
b)

Gp(ωb)

∣∣∣∣ ν−1∏
j=1

∣∣Gqj (ωj − ωb + ω′
b)
∣∣∣∣Gqj (ωj)

∣∣
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Add / Remove rung

p, ω

p, ω

p, ωb

p, ω

p, ω

p, ωb

q3, ω3 q3, ω − ω3 + ωb

Figure 4: Update Add (Remove) Ladder, here depicted for the second and third-order ladder diagrams.

p, ω

p, ω

p, ωb

q1, ω1

q2, ω2

q3, ω3

q1, ω − ω1 + ωb

q2, ω − ω2 + ωb

q3, ω − ω3 + ωb

p, ω

p, ω

p, ωb

q1, ω1

q′2, ω
′
2

q3, ω3

q1, ω − ω1 + ωb

q′2, ω − ω′2 + ωb

q3, ω − ω3 + ωb

Figure 3: Update Change single particle quantum numbers and frequencies. We assumed that the random propagator chosen was
the second one appearing on the left-hand side of the ladder.

5

qAR =
|g|
4π

D

L(ω3)
|Gq3(ω3)Gq3(ω − ω3 + ωb)| qRR =

1

qAR
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Change of single particle quantum numbers and frequencies

p, ω

p, ω

p, ωb

p, ω

p, ω

p, ωb

q3, ω3 q3, ω − ω3 + ωb

Figure 4: Update Add (Remove) Ladder, here depicted for the second and third-order ladder diagrams.

p, ω

p, ω

p, ωb

q1, ω1

q2, ω2

q3, ω3

q1, ω − ω1 + ωb

q2, ω − ω2 + ωb

q3, ω − ω3 + ωb

p, ω

p, ω

p, ωb

q1, ω1

q′2, ω
′
2

q3, ω3

q1, ω − ω1 + ωb

q′2, ω − ω′2 + ωb

q3, ω − ω3 + ωb

Figure 3: Update Change single particle quantum numbers and frequencies. We assumed that the random propagator chosen was
the second one appearing on the left-hand side of the ladder.

5

qq, ω =
L(ω2)

L(ω′
2)

∣∣∣∣∣Gq′2
(ω′

2)Gq′2
(ω − ω′

2 + ωb)

Gq2(ω2)Gq2(ω − ω2 + ωb)

∣∣∣∣∣
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Optimized reference state (OpRS) orbitals

Gαβ(ω) =
∑
n

⟨ΨA
0 |cα|ΨA+1

n ⟩ ⟨ΨA+1
n |c†β |Ψ

A
0 ⟩

ω −
(
EA+1

n − EA
0

)
+ iη

+
∑
k

⟨ΨA
0 |c†β |Ψ

A−1
k ⟩ ⟨ΨA−1

k |cα|ΨA
0 ⟩

ω −
(
EA

0 − EA−1
k

)
− iη

M
(p)
αβ =

∑
n

⟨ΨA
0 |cα|ΨA+1

n ⟩ ⟨ΨA+1
n |c†β|Ψ

A
0 ⟩[

EF −
(
EA+1

n − EA
0

)]p +
∑
k

⟨ΨA
0 |c

†
β|Ψ

A−1
k ⟩ ⟨ΨA−1

k |cα|ΨA
0 ⟩[

EF −
(
EA

0 − EA−1
k

)]p
MOpRS(p)

αβ =M
(p)
αβ p = 0, 1

→ GOpRS
αβ (ω) =

∑
n

(X̃ n
α )

∗X̃ n
β

ω − ε̃+n + iη
+

∑
k

Ỹk
α(Ỹk

β)
∗

ω − ε̃−k − iη
Mean field propagator
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Spectral function of the Richardson model per partial wave
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Spectral function of the Richardson model for g = 1.3
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