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Lattice effective field theory
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Construct the effective potential order by order
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Contact interactions

Leading order (LO) Next-to-leading order (NLO)

Chiral effective field theory
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Euclidean time projection
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We can write exponentials of the interaction using a Gaussian integral 
identity

We remove the interaction between nucleons and replace it with the 
interactions of each nucleon with a background field.
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Auxiliary field method
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Wavefunction matching
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Binding energies
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Charge radii
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A = 42
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Elhatisari, Bovermann, Ma, Epelbaum, Frame, Hildenbrand, Krebs, Lähde, D.L., Li, Lu, 
M. Kim, Y. Kim, Meißner, Rupak, Shen, Song, Stellin, Nature 630, 59 (2024)

Neutron and nuclear matter

Figure adapted from Tews, Krüger, Hebeler, Schwenk, Phys. Rev. Lett. 110, 032504 (2013)



Superfluid condensation
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Ketterle, Zwierlein, 
Ultracold Fermi Gases (2008)

Essmann, Träuble, 
Physics Letters A 27, 3 (1968)

BEC Theory BCS Theory



Superfluid condensation
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Bosonic superfluidity

Fermionic superfluidity (S-wave)

Fermionic superfluidity (P-wave)

Yang, RMP 34, 694 (1962)

We can also perform calculations in momentum space.  But we need to 
compute cumulants to obtain irreducible contributions only.



He, Li, Lu, D.L., Phys. Rev. A 101, 063615 (2020)
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Unitary limit



He, Li, Lu, D.L., Phys. Rev. A 101, 063615 (2020)

17

condensate fraction = 0.43(2)

6Li experiments: 0.46(7) [1, 2] and 0.47(7) [3]

[1] Zwierlein, Stan, Schunck, Raupach, Kerman, Ketterle, PRL 92, 120403 (2004). 
[2] Zwierlein, Schunck, Stan, Raupach, Ketterle, PRL 94, 180401 (2005). 
[3] Kwon, Pace, Panza, Inguscio, Zwerger, Zaccanti, Scazza, Roati, Science 369, 84 (2020).

Unitary limit



Can a many-body system have S-wave and P-wave superfluid 
condensation at the same time?
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Generalized attractive extended Hubbard models
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We consider generalized attractive extended (GAE) Hubbard models for 
two-component fermions in 1, 2, 3 dimensions

This interaction produces both S-wave and P-wave attraction.  The 
symmetry group is
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3D GAE Hubbard model

Comparison with N3LO chiral



Consider any fermionic system with an SU(2N) symmetry with purely 

attractive interactions.  It must obey the SU(2N) convexity bounds 

illustrated below, and the SU(2N) symmetry is not spontaneously 

broken.

D.L., Phys. Rev. Lett. 98 (2007) 182501
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2NK 2N(K+1) 2N(K+2)

A

A

2NK 2N(K+1)

E

2N(K+2)

weak attractive interaction

strong attractive interaction

Spectral convexity theorem 
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GAE Hubbard model
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How does the SU(2) spin symmetry remain unbroken if there is a P-wave 
condensate?
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Why are the S-wave and P-wave condensates so small?
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GAE Hubbard model
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S-wave pairs   1.8(4)%
P-wave pairs   1.3(3)%
quartets         45(3)%
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Multimodal superfluidity
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Quantum phase diagram



Self-consistent Cooper model

S-wave interactions only

S-wave and P-wave interactions
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BCS gap equation
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Spin-balanced system

Continuum BCS gap Self-consistent lattice Cooper model

Many-body lattice
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Spin-polarized system

Self-consistent lattice Cooper model

Continuum BCS gap

Many-body lattice
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Neutron matter with N3LO interactions
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Neutron matter with N3LO interactions

s-wave pairs   1.40(5)%
p-wave pairs   3P0 = 0.02(1)%, 3P2 =0.26(8)%
quartets        48(1)%



39

Neutron matter with N3LO interactions



Neutron matter with N3LO interactions

s-wave pairs   0.68(1)%
p-wave pairs   3P0 = 0.00%, 3P2 = 0.12(2)%
quartets        13(1)%
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Effective action

We can write the interactions using auxiliary fields for the s-wave 
and p-wave pairing channels:

We integrate out the fermions and consider the terms in the 
low-energy effective action.

When the p-wave interaction is strong enough to bind two S-wave 
pairs, then we have asymptotic states composed of quartets.  Our 
low-energy effective action must include an interpolating field for the 
quartet degrees of freedom.  
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The S-wave pair field gets a nonzero expectation value.

The couplings in the effective action produce a nonzero expectation 
value for the quartet field and double P-wave pair composite operator

But the p-wave pair operator by itself has zero expectation value and 
the SU(2) spin symmetry and rotational symmetry are unbroken
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We note that condensate phases are locked together:

We therefore have a rich phenomenology of vortices and half vortices 
with many metastable configurations that could appear in the crusts of 
neutron stars.
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The phase locking of the s-wave pair condensate, p-wave double 
pair condensate, and quartet condensate results in a greater total 
superfluid stiffness. Because the coupled condensates must wind 
together, more energy is required to impose a macroscopic phase 
twist, which corresponds directly to an increase in the superfluid 
density.

There are low-energy spin excitations associated with the 3P2 

double pairs decoupling from each other.  This allows for low-
energy neutrino emission in older neutron stars.

There appear to be many interesting consequences of multimodal 
superfluidity for neutron star crust cooling and glitch dynamics.
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Experimental evidence

S-wave pair binding in MeV
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P-wave pair binding in MeV

Experimental evidence
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Quartet binding in MeV

Experimental evidence



Summary and outlook

Using nuclear lattice effective field 
theory, we presented evidence for a new 
phase of matter called multimodal 
superfluidity exhibits simultaneous S-
wave, P-wave, and quartet condensation. 
We showed that this phase emerges in 
neutron matter with realistic interactions 
and is a general feature of two-component 
Fermi systems with attractive s-wave and 
p-wave interactions. We discussed 
experimental evidence for multimodal 
superfluidity in nuclei and its 
implications for neutron star crust cooling 
and glitch dynamics.
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