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Outline of talk

• The intruders and islands of inversion
• 11Li  & 29F as case studies in inversion
       CWJ & M Caprio, arXiv:2511.00313 

• 20C as possible inversion        (preliminary!)
• Shape coexistence and inversion using 

NCSM-Hartree-Fock             (preliminary!)
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Configuration-interaction shell model

Disadvantage: 
• not size-extensive, basis grow exponentially

Advantages: 
• Excited states easy to generate
• Direct access to wave functions allows for detailed 
analysis

€ 

ˆ H Ψ = E ΨMatrix formalism:
expand in some (many-body) basis

€ 

Ψ = cα α
α

∑

€ 

Hαβ = α ˆ H β

€ 

Hαβcβ
β

∑ = Ecα
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Maris et al PRC 90, 014314 (2014)

12C with chiral 2+3 body forces We can reproduce
experimental data!

such as the g.s. band 
of 12C

The NCSM has been a triumph! 
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Maris et al PRC 90, 014314 (2014)

12C with chiral 2+3 body forces We can reproduce
experimental data!

such as the g.s. band 
of 12C

The NCSM has been a triumph! 

So we’ve 
solved all 
problems?

Not yet!
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Maris et al PRC 90, 014314 (2014)

12C with chiral 2+3 body forces

Hoyle state

The Hoyle state in 
12C is a problem!
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Haxton and Johnson, PRL 65, 1325 
(1990)

There’s a similar state in 16O

VOLUME 65, NUMBER 11 PHYSICAL REVIEW LETTERS 10 SEPTEMBER 1990
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mined by the Lanczos algorithm, with about 270 itera-
tions yielding full convergence for the ten lowest-energy
states. In the spirit of BG, the strong interaction was
only allowed to operate within the Ip-2s ld shells. (This
choice also eliminates large 2hro and 4hro lplh ampli-
tudes that could mix into the low-lying states only be-
cause the shell-model interaction does not properly
respect the Hartree-Fock condition. ) The adopted Oh'
Hamiltonian was formed from the Cohen and Kurath
1p-shell interaction, the Brown and Wildenthal 2s1d-
shell interaction, and the Millener and Kurath cross-shell
interaction, with the four single-particle energy splittings
fitted to the isoscalar even-J states. We used the bare
Kuo g matrix for V "". All configurations were al-
lowed to interact through the center-of-mass Hamiltoni-
an H, , and spurious components were removed by add-
ing a large multiple of H, to the potential described
above. The same Hamiltonian was used in a 3hro calcu-
lation of the negative-parity states.
The calculated and experimental isoscalar spectra of

Fig. 1 are in very good agreement. We also show the
spectrum that would result from diagonalizing H in a
2hro model space. This illustrates the importance of the
2t1ro-4hro interaction in reducing the energy splitting
between the ground state and those states that are pri-
marily 2ttro in character (e.g. , the 01+-21+ splitting is
lowered by almost 8 MeV). The quality of the isovector
spectrum is similar to that of Fig. 1, with the lowest five
states in ' F well reproduced. A low-lying 0+1 state
(-16 MeV) not seen experimentally is predicted. The

isovector 0, 1,2,3 group is also nicely reproduced.
The principal diSculty with the isoscalar negative-parity
spectrum is the failure to generate a second 1 0 state
near 9.59 MeV.
Table I shows the OpOh, 2p2h, and 4p4h probabilities

of the first 0+ states in our calculation and in that of
BG. (Note that the 0+ 12.29-MeV state is the correct
analog of the 03+ BG state, since the nearby 0+ state at
12.80 MeV is 73% 4p4h. ) In the schematic model the
OpOh probability summed over the three 0+ states must
give 1, while in the shell model it mixes with the full set
of 0+ states in the 4hro space. As the OpOh fraction in
the first three states is about 50%, the 2p2h and 4p4h
shell-model fractions must be correspondingly larger.
Despite this, the schematic and shell-model results are
not too different: The correspondence for the 6.05-
MeV state, which is primarily a 4p4h state, is very close,
while both calculations conclude that about 70% of the
strength in the 03+ state is 2p2h.
The large intrinsic quadrupole moments that are pos-

tulated in the schematic model provide a simple explana-
tion of the enhancements found in ' 0 E2 transitions.
We can now test whether this physics emerges from the
shell-model and realistic WV interactions. As the shell
model makes no explicit assumption about the single-
particle basis, one must interpret the E2 transition densi-
ty matrices in terms of suitable radial wave functions.
We have used Ginocchio potential wave functions,
which are algebraic and yet closely resemble numerical
finite-well wave functions (such as Woods-Saxon). The
parameters of this potential were adjusted to reproduce
the elastic (e,e') form-factor diA'raction minimum and
the height and location of the second diA'raction max-
imum, as well as the 1pii2 and lp3i2 binding energies.
The single-particle spherical shell model for ' 0 pro-
duces an unbound 113/2 state, and in this respect does
not provide an appropriate basis for interpreting transi-
tion density matrices between bound states. In a de-
formed well this problem need not arise, since the d3/2
amplitudes could be sensibly associated with bound
Nilsson orbitals. We avoid this complication by appeal-
ing to the schematic model, where the sd-shell excita-
tions of ' 0 involve a single bound Nilsson level (No. 6).
This motivates our choice of a single binding energy for
the sd-shell orbits in the Ginocchio well, which we take
as the average of the shell-model 2sii2, 1d~i2, and 1d3/2

0
0 0

TABLE I. Comparison of the shell-model (SM) and BG
OpOh, 2p2h, and 4p4h probabilities for the first three 0+ states

l 6~

expt 4b ~ g.S.
Probability BG SM

02+ (6.05 MeV)
BG SM

0+
BG SM

FIG. 1. A comparison of experiment and the 4hco ' 0
shell-model spectrum of T=O states. The spectrum resulting
from diagonalizing the same Hamiltonian in a 2hco space is
also shown.

OpOh
2p2h
4p4h

0.76 0.42 0.07
0.22 0.45 0.05
0.02 0.1 3 0.88

0.04
0.05
0.90

0.17 0.03
0.73 0.68
0.10 0.30

1326
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Haxton and Johnson, PRL 65, 1325 
(1990)

There’s a similar state in 16O

VOLUME 65, NUMBER 11 PHYSICAL REVIEW LETTERS 10 SEPTEMBER 1990
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mined by the Lanczos algorithm, with about 270 itera-
tions yielding full convergence for the ten lowest-energy
states. In the spirit of BG, the strong interaction was
only allowed to operate within the Ip-2s ld shells. (This
choice also eliminates large 2hro and 4hro lplh ampli-
tudes that could mix into the low-lying states only be-
cause the shell-model interaction does not properly
respect the Hartree-Fock condition. ) The adopted Oh'
Hamiltonian was formed from the Cohen and Kurath
1p-shell interaction, the Brown and Wildenthal 2s1d-
shell interaction, and the Millener and Kurath cross-shell
interaction, with the four single-particle energy splittings
fitted to the isoscalar even-J states. We used the bare
Kuo g matrix for V "". All configurations were al-
lowed to interact through the center-of-mass Hamiltoni-
an H, , and spurious components were removed by add-
ing a large multiple of H, to the potential described
above. The same Hamiltonian was used in a 3hro calcu-
lation of the negative-parity states.
The calculated and experimental isoscalar spectra of

Fig. 1 are in very good agreement. We also show the
spectrum that would result from diagonalizing H in a
2hro model space. This illustrates the importance of the
2t1ro-4hro interaction in reducing the energy splitting
between the ground state and those states that are pri-
marily 2ttro in character (e.g. , the 01+-21+ splitting is
lowered by almost 8 MeV). The quality of the isovector
spectrum is similar to that of Fig. 1, with the lowest five
states in ' F well reproduced. A low-lying 0+1 state
(-16 MeV) not seen experimentally is predicted. The

isovector 0, 1,2,3 group is also nicely reproduced.
The principal diSculty with the isoscalar negative-parity
spectrum is the failure to generate a second 1 0 state
near 9.59 MeV.
Table I shows the OpOh, 2p2h, and 4p4h probabilities

of the first 0+ states in our calculation and in that of
BG. (Note that the 0+ 12.29-MeV state is the correct
analog of the 03+ BG state, since the nearby 0+ state at
12.80 MeV is 73% 4p4h. ) In the schematic model the
OpOh probability summed over the three 0+ states must
give 1, while in the shell model it mixes with the full set
of 0+ states in the 4hro space. As the OpOh fraction in
the first three states is about 50%, the 2p2h and 4p4h
shell-model fractions must be correspondingly larger.
Despite this, the schematic and shell-model results are
not too different: The correspondence for the 6.05-
MeV state, which is primarily a 4p4h state, is very close,
while both calculations conclude that about 70% of the
strength in the 03+ state is 2p2h.
The large intrinsic quadrupole moments that are pos-

tulated in the schematic model provide a simple explana-
tion of the enhancements found in ' 0 E2 transitions.
We can now test whether this physics emerges from the
shell-model and realistic WV interactions. As the shell
model makes no explicit assumption about the single-
particle basis, one must interpret the E2 transition densi-
ty matrices in terms of suitable radial wave functions.
We have used Ginocchio potential wave functions,
which are algebraic and yet closely resemble numerical
finite-well wave functions (such as Woods-Saxon). The
parameters of this potential were adjusted to reproduce
the elastic (e,e') form-factor diA'raction minimum and
the height and location of the second diA'raction max-
imum, as well as the 1pii2 and lp3i2 binding energies.
The single-particle spherical shell model for ' 0 pro-
duces an unbound 113/2 state, and in this respect does
not provide an appropriate basis for interpreting transi-
tion density matrices between bound states. In a de-
formed well this problem need not arise, since the d3/2
amplitudes could be sensibly associated with bound
Nilsson orbitals. We avoid this complication by appeal-
ing to the schematic model, where the sd-shell excita-
tions of ' 0 involve a single bound Nilsson level (No. 6).
This motivates our choice of a single binding energy for
the sd-shell orbits in the Ginocchio well, which we take
as the average of the shell-model 2sii2, 1d~i2, and 1d3/2

0
0 0

TABLE I. Comparison of the shell-model (SM) and BG
OpOh, 2p2h, and 4p4h probabilities for the first three 0+ states

l 6~

expt 4b ~ g.S.
Probability BG SM

02+ (6.05 MeV)
BG SM

0+
BG SM

FIG. 1. A comparison of experiment and the 4hco ' 0
shell-model spectrum of T=O states. The spectrum resulting
from diagonalizing the same Hamiltonian in a 2hco space is
also shown.

OpOh
2p2h
4p4h

0.76 0.42 0.07
0.22 0.45 0.05
0.02 0.1 3 0.88

0.04
0.05
0.90

0.17 0.03
0.73 0.68
0.10 0.30
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One can think of these 
as alpha-cluster states
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Haxton and Johnson, PRL 65, 1325 
(1990)

There’s a similar state in 16O

VOLUME 65, NUMBER 11 PHYSICAL REVIEW LETTERS 10 SEPTEMBER 1990
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mined by the Lanczos algorithm, with about 270 itera-
tions yielding full convergence for the ten lowest-energy
states. In the spirit of BG, the strong interaction was
only allowed to operate within the Ip-2s ld shells. (This
choice also eliminates large 2hro and 4hro lplh ampli-
tudes that could mix into the low-lying states only be-
cause the shell-model interaction does not properly
respect the Hartree-Fock condition. ) The adopted Oh'
Hamiltonian was formed from the Cohen and Kurath
1p-shell interaction, the Brown and Wildenthal 2s1d-
shell interaction, and the Millener and Kurath cross-shell
interaction, with the four single-particle energy splittings
fitted to the isoscalar even-J states. We used the bare
Kuo g matrix for V "". All configurations were al-
lowed to interact through the center-of-mass Hamiltoni-
an H, , and spurious components were removed by add-
ing a large multiple of H, to the potential described
above. The same Hamiltonian was used in a 3hro calcu-
lation of the negative-parity states.
The calculated and experimental isoscalar spectra of

Fig. 1 are in very good agreement. We also show the
spectrum that would result from diagonalizing H in a
2hro model space. This illustrates the importance of the
2t1ro-4hro interaction in reducing the energy splitting
between the ground state and those states that are pri-
marily 2ttro in character (e.g. , the 01+-21+ splitting is
lowered by almost 8 MeV). The quality of the isovector
spectrum is similar to that of Fig. 1, with the lowest five
states in ' F well reproduced. A low-lying 0+1 state
(-16 MeV) not seen experimentally is predicted. The

isovector 0, 1,2,3 group is also nicely reproduced.
The principal diSculty with the isoscalar negative-parity
spectrum is the failure to generate a second 1 0 state
near 9.59 MeV.
Table I shows the OpOh, 2p2h, and 4p4h probabilities

of the first 0+ states in our calculation and in that of
BG. (Note that the 0+ 12.29-MeV state is the correct
analog of the 03+ BG state, since the nearby 0+ state at
12.80 MeV is 73% 4p4h. ) In the schematic model the
OpOh probability summed over the three 0+ states must
give 1, while in the shell model it mixes with the full set
of 0+ states in the 4hro space. As the OpOh fraction in
the first three states is about 50%, the 2p2h and 4p4h
shell-model fractions must be correspondingly larger.
Despite this, the schematic and shell-model results are
not too different: The correspondence for the 6.05-
MeV state, which is primarily a 4p4h state, is very close,
while both calculations conclude that about 70% of the
strength in the 03+ state is 2p2h.
The large intrinsic quadrupole moments that are pos-

tulated in the schematic model provide a simple explana-
tion of the enhancements found in ' 0 E2 transitions.
We can now test whether this physics emerges from the
shell-model and realistic WV interactions. As the shell
model makes no explicit assumption about the single-
particle basis, one must interpret the E2 transition densi-
ty matrices in terms of suitable radial wave functions.
We have used Ginocchio potential wave functions,
which are algebraic and yet closely resemble numerical
finite-well wave functions (such as Woods-Saxon). The
parameters of this potential were adjusted to reproduce
the elastic (e,e') form-factor diA'raction minimum and
the height and location of the second diA'raction max-
imum, as well as the 1pii2 and lp3i2 binding energies.
The single-particle spherical shell model for ' 0 pro-
duces an unbound 113/2 state, and in this respect does
not provide an appropriate basis for interpreting transi-
tion density matrices between bound states. In a de-
formed well this problem need not arise, since the d3/2
amplitudes could be sensibly associated with bound
Nilsson orbitals. We avoid this complication by appeal-
ing to the schematic model, where the sd-shell excita-
tions of ' 0 involve a single bound Nilsson level (No. 6).
This motivates our choice of a single binding energy for
the sd-shell orbits in the Ginocchio well, which we take
as the average of the shell-model 2sii2, 1d~i2, and 1d3/2

0
0 0

TABLE I. Comparison of the shell-model (SM) and BG
OpOh, 2p2h, and 4p4h probabilities for the first three 0+ states

l 6~

expt 4b ~ g.S.
Probability BG SM

02+ (6.05 MeV)
BG SM

0+
BG SM

FIG. 1. A comparison of experiment and the 4hco ' 0
shell-model spectrum of T=O states. The spectrum resulting
from diagonalizing the same Hamiltonian in a 2hco space is
also shown.

OpOh
2p2h
4p4h

0.76 0.42 0.07
0.22 0.45 0.05
0.02 0.1 3 0.88

0.04
0.05
0.90

0.17 0.03
0.73 0.68
0.10 0.30

1326

One can think of these 
as alpha-cluster states

Or as np-nh states
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Haxton and Johnson, PRL 65, 1325 
(1990)

VOLUME 65, NUMBER 11 PHYSICAL REVIEW LETTERS 10 SEPTEMBER 1990
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mined by the Lanczos algorithm, with about 270 itera-
tions yielding full convergence for the ten lowest-energy
states. In the spirit of BG, the strong interaction was
only allowed to operate within the Ip-2s ld shells. (This
choice also eliminates large 2hro and 4hro lplh ampli-
tudes that could mix into the low-lying states only be-
cause the shell-model interaction does not properly
respect the Hartree-Fock condition. ) The adopted Oh'
Hamiltonian was formed from the Cohen and Kurath
1p-shell interaction, the Brown and Wildenthal 2s1d-
shell interaction, and the Millener and Kurath cross-shell
interaction, with the four single-particle energy splittings
fitted to the isoscalar even-J states. We used the bare
Kuo g matrix for V "". All configurations were al-
lowed to interact through the center-of-mass Hamiltoni-
an H, , and spurious components were removed by add-
ing a large multiple of H, to the potential described
above. The same Hamiltonian was used in a 3hro calcu-
lation of the negative-parity states.
The calculated and experimental isoscalar spectra of

Fig. 1 are in very good agreement. We also show the
spectrum that would result from diagonalizing H in a
2hro model space. This illustrates the importance of the
2t1ro-4hro interaction in reducing the energy splitting
between the ground state and those states that are pri-
marily 2ttro in character (e.g. , the 01+-21+ splitting is
lowered by almost 8 MeV). The quality of the isovector
spectrum is similar to that of Fig. 1, with the lowest five
states in ' F well reproduced. A low-lying 0+1 state
(-16 MeV) not seen experimentally is predicted. The

isovector 0, 1,2,3 group is also nicely reproduced.
The principal diSculty with the isoscalar negative-parity
spectrum is the failure to generate a second 1 0 state
near 9.59 MeV.
Table I shows the OpOh, 2p2h, and 4p4h probabilities

of the first 0+ states in our calculation and in that of
BG. (Note that the 0+ 12.29-MeV state is the correct
analog of the 03+ BG state, since the nearby 0+ state at
12.80 MeV is 73% 4p4h. ) In the schematic model the
OpOh probability summed over the three 0+ states must
give 1, while in the shell model it mixes with the full set
of 0+ states in the 4hro space. As the OpOh fraction in
the first three states is about 50%, the 2p2h and 4p4h
shell-model fractions must be correspondingly larger.
Despite this, the schematic and shell-model results are
not too different: The correspondence for the 6.05-
MeV state, which is primarily a 4p4h state, is very close,
while both calculations conclude that about 70% of the
strength in the 03+ state is 2p2h.
The large intrinsic quadrupole moments that are pos-

tulated in the schematic model provide a simple explana-
tion of the enhancements found in ' 0 E2 transitions.
We can now test whether this physics emerges from the
shell-model and realistic WV interactions. As the shell
model makes no explicit assumption about the single-
particle basis, one must interpret the E2 transition densi-
ty matrices in terms of suitable radial wave functions.
We have used Ginocchio potential wave functions,
which are algebraic and yet closely resemble numerical
finite-well wave functions (such as Woods-Saxon). The
parameters of this potential were adjusted to reproduce
the elastic (e,e') form-factor diA'raction minimum and
the height and location of the second diA'raction max-
imum, as well as the 1pii2 and lp3i2 binding energies.
The single-particle spherical shell model for ' 0 pro-
duces an unbound 113/2 state, and in this respect does
not provide an appropriate basis for interpreting transi-
tion density matrices between bound states. In a de-
formed well this problem need not arise, since the d3/2
amplitudes could be sensibly associated with bound
Nilsson orbitals. We avoid this complication by appeal-
ing to the schematic model, where the sd-shell excita-
tions of ' 0 involve a single bound Nilsson level (No. 6).
This motivates our choice of a single binding energy for
the sd-shell orbits in the Ginocchio well, which we take
as the average of the shell-model 2sii2, 1d~i2, and 1d3/2

0
0 0

TABLE I. Comparison of the shell-model (SM) and BG
OpOh, 2p2h, and 4p4h probabilities for the first three 0+ states

l 6~

expt 4b ~ g.S.
Probability BG SM

02+ (6.05 MeV)
BG SM

0+
BG SM

FIG. 1. A comparison of experiment and the 4hco ' 0
shell-model spectrum of T=O states. The spectrum resulting
from diagonalizing the same Hamiltonian in a 2hco space is
also shown.

OpOh
2p2h
4p4h

0.76 0.42 0.07
0.22 0.45 0.05
0.02 0.1 3 0.88

0.04
0.05
0.90

0.17 0.03
0.73 0.68
0.10 0.30
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Brown and Green, Nucl. Phys. 75, 401 (1966)

0p-0h
(spherical)

+

+

2p-2h
(deformed)

4p-4h
(deformed)
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These cluster states are not easy to 
reproduce in the NCSM.
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So basically we have 
intruders!
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So basically we have 
intruders!

Yikes! Intruders 
are scary!
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Related to cluster states, 
islands of inversions 

and halo nuclei 
form a similar challenge to 

standard shell-model pictures
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Figure:
Alex Brown
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Figure:
Alex Brown
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Figure:
Alex Brown

11Li

29F
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CASE STUDIES: 11LI & 29F

CWJ & M Caprio, 
arXiv:2511.00313    

N = 8, 20 islands of inversion
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CASE STUDY: 11LI
11Li makes for an excellent case study:

• Example of “island of inversion”

• Halo or extended state; large deformation

• Small enough to be tackled numerically

• Testbed for techniques
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One proton outside a 
filled shell 
+ filled neutron shell

One proton outside a 
filled shell 
+ neutron 2p-2h

“island of inversion”

CASE STUDY: 11LI

0s

0p
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CASE STUDY: 11LI

“normal”

“intruder”
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CASE STUDY: 11LI

We can use the shell 
model to dissect the 

wavefunctions 
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CASE STUDY: 11LI

“normal”

“intruder”
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CASE STUDY: 11LI
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CASE STUDY: 11LI“intruder”
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CASE STUDY: 11LI
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CASE STUDY: 11LI

These are 0hw

These are 2hw

“normal”

“intruder”
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CASE STUDY: 11LI

Nmax

Let’s look at quadrupole 
moments to tell us about 

deformation

Mark Caprio

Divide by radius2
for more robust 

results
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Figure 2: Relative energies for the normal 1/2� and 3/2� (blue, shaded sym-
bols) and first intruder 1/2� through 7/2� (red, open symbols) levels of 11Li,
for (a) a chiral N3LO interaction and (b) the Daejeon16 interaction, shown as
functions of Nmax (at fixed ~!, as indicated). Although states are designated as
normal or intruder in this figure according to what might naively be expected
for the level given the energy evolution, the first two 1/2� levels start to undergo
an avoided crossing at higher Nmax in the Daejeon16 calculations (see text).

Figure 3: Decompositions by Nex (left) and by SU(3) jointly with Nex (right),
for the normal (bottom) and intruder (top) 3/2� levels of 11Li, for the Dae-
jeon16 interaction, in calculations with Nmax = 8 and ~! = 12.5 MeV. The
SU(3) decompositions are shown arranged by the Bohr deformation variables
corresponding to the given SU(3) quantum numbers, and include contributions
from the 0~! (blue, shaded circles) and 2~! (red, open circles) spaces. Con-
tributions from irreps which are degenerate with respect to the SU(3) Casimir
operator (connected by dotted lines) cannot be distinguished (and, for plotting
purposes, such contributions have, arbitrarily, been distributed equally between
these irreps).

scribe fully microscopically, i.e., in terms of three protons and
eight neutrons, for example in the NCSM [55, 56, 57], or us-
ing fermionic molecular dynamics (FMD) [58]. The FMD
calculation addresses mixing of (p1/2)2 and (s1/2)2 configura-
tions, that is, normal and intruder states. The nucleus 11Li
has also been approximated as a three-body system, typically
9Li+2n [59, 60, 61, 62, 63, 64, 65, 66, 67, 68], allowing (p1/2)2-
(s1/2)2 mixing to be investigated.

Our calculated excitation spectrum is shown in Fig. 2, as a
function of Nmax, for both the chiral N3LO and Daejeon16 inter-
actions (at fixed basis parameter ~! = 18 MeV and 12.5 MeV,
respectively). This figure highlights the di↵erent evolution
with Nmax for normal (blue, shaded symbols) and intruder (red,
open symbols) states. An illustration of how we may iden-
tify normal and intruder states from their NCSM wave func-
tions [35, 37, 39] is provided in Fig. 3 (left), where we display
the decomposition of the wave functions into Nex~! compo-
nents, in particular, for the 3/2� levels.

The 0~! shell model picture for 11Li gives just 3/2� and
1/2� states, corresponding to finding the valence proton in the
p3/2 and p1/2 orbitals, respectively. Indeed, the two lowest cal-
culated states (blue, shaded symbols in Fig. 2) match this ex-
pectation.

From their decomposition into configurations with di↵er-
ent Nex, these states are clearly normal, as illustrated for the
3/2� ground state in Fig. 3 (bottom left). Namely, the single
largest contribution to the probability comes from Nex = 0 (in
this case, a single configuration, the filled neutron 0p shell),
although, naturally for a no-core calculation (see, e.g., Fig. 8
of Ref. [37]), this 0~! configuration is “dressed” with a tail of
smaller contributions from excited configurations.

Then, several intruder states arise at higher energy in the
calculation (red, open symbols in Fig. 2), starting with a closely
spaced 3/2� and 1/2�. (There are many more such states, of
which we only show the first 7/2� and 5/2� as representative
examples.) While these start at high energy, for low Nmax, they
rapidly descend with increasing Nmax.

The intruder nature of the excited 3/2� and 1/2� states is
illustrated for the excited 3/2� state in Fig. 2 (top left). Note
the negligible 0~! contribution, of a few percent, while the
strongest contribution comes from 2~! configurations, which
are again dressed with a tail of more highly excited oscillator
configurations.

Because Daejeon16 is a “softer” interaction, it is perhaps
unsurprising that the intruder states found in the Daejeon16
calculation [Fig. 2(b)] descend in energy much sooner (with
increasing Nmax) than those found in the N3LO calculation
[Fig. 2(a)]. They also start to level o↵ in energy, suggesting
they are approaching the values they would attain in an untrun-
cated calculation.

As an intruder state approaches the normal state of the same
angular momentum and parity, these states can mix. In the Dae-
jeon16 calculations [Fig. 2(b)], it is the 1/2� normal and in-
truder states (upward triangles) which approach in energy first,
due to the high excitation energy of the normal 1/2� state (and
relatively smaller spacing between the intruder 3/2� and 1/2�
states). The excited 1/2� state initially tracks the other intruder
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Figure 2: Relative energies for the normal 1/2� and 3/2� (blue, shaded sym-
bols) and first intruder 1/2� through 7/2� (red, open symbols) levels of 11Li,
for (a) a chiral N3LO interaction and (b) the Daejeon16 interaction, shown as
functions of Nmax (at fixed ~!, as indicated). Although states are designated as
normal or intruder in this figure according to what might naively be expected
for the level given the energy evolution, the first two 1/2� levels start to undergo
an avoided crossing at higher Nmax in the Daejeon16 calculations (see text).

Figure 3: Decompositions by Nex (left) and by SU(3) jointly with Nex (right),
for the normal (bottom) and intruder (top) 3/2� levels of 11Li, for the Dae-
jeon16 interaction, in calculations with Nmax = 8 and ~! = 12.5 MeV. The
SU(3) decompositions are shown arranged by the Bohr deformation variables
corresponding to the given SU(3) quantum numbers, and include contributions
from the 0~! (blue, shaded circles) and 2~! (red, open circles) spaces. Con-
tributions from irreps which are degenerate with respect to the SU(3) Casimir
operator (connected by dotted lines) cannot be distinguished (and, for plotting
purposes, such contributions have, arbitrarily, been distributed equally between
these irreps).

scribe fully microscopically, i.e., in terms of three protons and
eight neutrons, for example in the NCSM [55, 56, 57], or us-
ing fermionic molecular dynamics (FMD) [58]. The FMD
calculation addresses mixing of (p1/2)2 and (s1/2)2 configura-
tions, that is, normal and intruder states. The nucleus 11Li
has also been approximated as a three-body system, typically
9Li+2n [59, 60, 61, 62, 63, 64, 65, 66, 67, 68], allowing (p1/2)2-
(s1/2)2 mixing to be investigated.

Our calculated excitation spectrum is shown in Fig. 2, as a
function of Nmax, for both the chiral N3LO and Daejeon16 inter-
actions (at fixed basis parameter ~! = 18 MeV and 12.5 MeV,
respectively). This figure highlights the di↵erent evolution
with Nmax for normal (blue, shaded symbols) and intruder (red,
open symbols) states. An illustration of how we may iden-
tify normal and intruder states from their NCSM wave func-
tions [35, 37, 39] is provided in Fig. 3 (left), where we display
the decomposition of the wave functions into Nex~! compo-
nents, in particular, for the 3/2� levels.

The 0~! shell model picture for 11Li gives just 3/2� and
1/2� states, corresponding to finding the valence proton in the
p3/2 and p1/2 orbitals, respectively. Indeed, the two lowest cal-
culated states (blue, shaded symbols in Fig. 2) match this ex-
pectation.

From their decomposition into configurations with di↵er-
ent Nex, these states are clearly normal, as illustrated for the
3/2� ground state in Fig. 3 (bottom left). Namely, the single
largest contribution to the probability comes from Nex = 0 (in
this case, a single configuration, the filled neutron 0p shell),
although, naturally for a no-core calculation (see, e.g., Fig. 8
of Ref. [37]), this 0~! configuration is “dressed” with a tail of
smaller contributions from excited configurations.

Then, several intruder states arise at higher energy in the
calculation (red, open symbols in Fig. 2), starting with a closely
spaced 3/2� and 1/2�. (There are many more such states, of
which we only show the first 7/2� and 5/2� as representative
examples.) While these start at high energy, for low Nmax, they
rapidly descend with increasing Nmax.

The intruder nature of the excited 3/2� and 1/2� states is
illustrated for the excited 3/2� state in Fig. 2 (top left). Note
the negligible 0~! contribution, of a few percent, while the
strongest contribution comes from 2~! configurations, which
are again dressed with a tail of more highly excited oscillator
configurations.

Because Daejeon16 is a “softer” interaction, it is perhaps
unsurprising that the intruder states found in the Daejeon16
calculation [Fig. 2(b)] descend in energy much sooner (with
increasing Nmax) than those found in the N3LO calculation
[Fig. 2(a)]. They also start to level o↵ in energy, suggesting
they are approaching the values they would attain in an untrun-
cated calculation.

As an intruder state approaches the normal state of the same
angular momentum and parity, these states can mix. In the Dae-
jeon16 calculations [Fig. 2(b)], it is the 1/2� normal and in-
truder states (upward triangles) which approach in energy first,
due to the high excitation energy of the normal 1/2� state (and
relatively smaller spacing between the intruder 3/2� and 1/2�
states). The excited 1/2� state initially tracks the other intruder
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Figure 2: Relative energies for the normal 1/2� and 3/2� (blue, shaded sym-
bols) and first intruder 1/2� through 7/2� (red, open symbols) levels of 11Li,
for (a) a chiral N3LO interaction and (b) the Daejeon16 interaction, shown as
functions of Nmax (at fixed ~!, as indicated). Although states are designated as
normal or intruder in this figure according to what might naively be expected
for the level given the energy evolution, the first two 1/2� levels start to undergo
an avoided crossing at higher Nmax in the Daejeon16 calculations (see text).

Figure 3: Decompositions by Nex (left) and by SU(3) jointly with Nex (right),
for the normal (bottom) and intruder (top) 3/2� levels of 11Li, for the Dae-
jeon16 interaction, in calculations with Nmax = 8 and ~! = 12.5 MeV. The
SU(3) decompositions are shown arranged by the Bohr deformation variables
corresponding to the given SU(3) quantum numbers, and include contributions
from the 0~! (blue, shaded circles) and 2~! (red, open circles) spaces. Con-
tributions from irreps which are degenerate with respect to the SU(3) Casimir
operator (connected by dotted lines) cannot be distinguished (and, for plotting
purposes, such contributions have, arbitrarily, been distributed equally between
these irreps).

scribe fully microscopically, i.e., in terms of three protons and
eight neutrons, for example in the NCSM [55, 56, 57], or us-
ing fermionic molecular dynamics (FMD) [58]. The FMD
calculation addresses mixing of (p1/2)2 and (s1/2)2 configura-
tions, that is, normal and intruder states. The nucleus 11Li
has also been approximated as a three-body system, typically
9Li+2n [59, 60, 61, 62, 63, 64, 65, 66, 67, 68], allowing (p1/2)2-
(s1/2)2 mixing to be investigated.

Our calculated excitation spectrum is shown in Fig. 2, as a
function of Nmax, for both the chiral N3LO and Daejeon16 inter-
actions (at fixed basis parameter ~! = 18 MeV and 12.5 MeV,
respectively). This figure highlights the di↵erent evolution
with Nmax for normal (blue, shaded symbols) and intruder (red,
open symbols) states. An illustration of how we may iden-
tify normal and intruder states from their NCSM wave func-
tions [35, 37, 39] is provided in Fig. 3 (left), where we display
the decomposition of the wave functions into Nex~! compo-
nents, in particular, for the 3/2� levels.

The 0~! shell model picture for 11Li gives just 3/2� and
1/2� states, corresponding to finding the valence proton in the
p3/2 and p1/2 orbitals, respectively. Indeed, the two lowest cal-
culated states (blue, shaded symbols in Fig. 2) match this ex-
pectation.

From their decomposition into configurations with di↵er-
ent Nex, these states are clearly normal, as illustrated for the
3/2� ground state in Fig. 3 (bottom left). Namely, the single
largest contribution to the probability comes from Nex = 0 (in
this case, a single configuration, the filled neutron 0p shell),
although, naturally for a no-core calculation (see, e.g., Fig. 8
of Ref. [37]), this 0~! configuration is “dressed” with a tail of
smaller contributions from excited configurations.

Then, several intruder states arise at higher energy in the
calculation (red, open symbols in Fig. 2), starting with a closely
spaced 3/2� and 1/2�. (There are many more such states, of
which we only show the first 7/2� and 5/2� as representative
examples.) While these start at high energy, for low Nmax, they
rapidly descend with increasing Nmax.

The intruder nature of the excited 3/2� and 1/2� states is
illustrated for the excited 3/2� state in Fig. 2 (top left). Note
the negligible 0~! contribution, of a few percent, while the
strongest contribution comes from 2~! configurations, which
are again dressed with a tail of more highly excited oscillator
configurations.

Because Daejeon16 is a “softer” interaction, it is perhaps
unsurprising that the intruder states found in the Daejeon16
calculation [Fig. 2(b)] descend in energy much sooner (with
increasing Nmax) than those found in the N3LO calculation
[Fig. 2(a)]. They also start to level o↵ in energy, suggesting
they are approaching the values they would attain in an untrun-
cated calculation.

As an intruder state approaches the normal state of the same
angular momentum and parity, these states can mix. In the Dae-
jeon16 calculations [Fig. 2(b)], it is the 1/2� normal and in-
truder states (upward triangles) which approach in energy first,
due to the high excitation energy of the normal 1/2� state (and
relatively smaller spacing between the intruder 3/2� and 1/2�
states). The excited 1/2� state initially tracks the other intruder
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Figure 2: Relative energies for the normal 1/2� and 3/2� (blue, shaded sym-
bols) and first intruder 1/2� through 7/2� (red, open symbols) levels of 11Li,
for (a) a chiral N3LO interaction and (b) the Daejeon16 interaction, shown as
functions of Nmax (at fixed ~!, as indicated). Although states are designated as
normal or intruder in this figure according to what might naively be expected
for the level given the energy evolution, the first two 1/2� levels start to undergo
an avoided crossing at higher Nmax in the Daejeon16 calculations (see text).

Figure 3: Decompositions by Nex (left) and by SU(3) jointly with Nex (right),
for the normal (bottom) and intruder (top) 3/2� levels of 11Li, for the Dae-
jeon16 interaction, in calculations with Nmax = 8 and ~! = 12.5 MeV. The
SU(3) decompositions are shown arranged by the Bohr deformation variables
corresponding to the given SU(3) quantum numbers, and include contributions
from the 0~! (blue, shaded circles) and 2~! (red, open circles) spaces. Con-
tributions from irreps which are degenerate with respect to the SU(3) Casimir
operator (connected by dotted lines) cannot be distinguished (and, for plotting
purposes, such contributions have, arbitrarily, been distributed equally between
these irreps).

scribe fully microscopically, i.e., in terms of three protons and
eight neutrons, for example in the NCSM [55, 56, 57], or us-
ing fermionic molecular dynamics (FMD) [58]. The FMD
calculation addresses mixing of (p1/2)2 and (s1/2)2 configura-
tions, that is, normal and intruder states. The nucleus 11Li
has also been approximated as a three-body system, typically
9Li+2n [59, 60, 61, 62, 63, 64, 65, 66, 67, 68], allowing (p1/2)2-
(s1/2)2 mixing to be investigated.

Our calculated excitation spectrum is shown in Fig. 2, as a
function of Nmax, for both the chiral N3LO and Daejeon16 inter-
actions (at fixed basis parameter ~! = 18 MeV and 12.5 MeV,
respectively). This figure highlights the di↵erent evolution
with Nmax for normal (blue, shaded symbols) and intruder (red,
open symbols) states. An illustration of how we may iden-
tify normal and intruder states from their NCSM wave func-
tions [35, 37, 39] is provided in Fig. 3 (left), where we display
the decomposition of the wave functions into Nex~! compo-
nents, in particular, for the 3/2� levels.

The 0~! shell model picture for 11Li gives just 3/2� and
1/2� states, corresponding to finding the valence proton in the
p3/2 and p1/2 orbitals, respectively. Indeed, the two lowest cal-
culated states (blue, shaded symbols in Fig. 2) match this ex-
pectation.

From their decomposition into configurations with di↵er-
ent Nex, these states are clearly normal, as illustrated for the
3/2� ground state in Fig. 3 (bottom left). Namely, the single
largest contribution to the probability comes from Nex = 0 (in
this case, a single configuration, the filled neutron 0p shell),
although, naturally for a no-core calculation (see, e.g., Fig. 8
of Ref. [37]), this 0~! configuration is “dressed” with a tail of
smaller contributions from excited configurations.

Then, several intruder states arise at higher energy in the
calculation (red, open symbols in Fig. 2), starting with a closely
spaced 3/2� and 1/2�. (There are many more such states, of
which we only show the first 7/2� and 5/2� as representative
examples.) While these start at high energy, for low Nmax, they
rapidly descend with increasing Nmax.

The intruder nature of the excited 3/2� and 1/2� states is
illustrated for the excited 3/2� state in Fig. 2 (top left). Note
the negligible 0~! contribution, of a few percent, while the
strongest contribution comes from 2~! configurations, which
are again dressed with a tail of more highly excited oscillator
configurations.

Because Daejeon16 is a “softer” interaction, it is perhaps
unsurprising that the intruder states found in the Daejeon16
calculation [Fig. 2(b)] descend in energy much sooner (with
increasing Nmax) than those found in the N3LO calculation
[Fig. 2(a)]. They also start to level o↵ in energy, suggesting
they are approaching the values they would attain in an untrun-
cated calculation.

As an intruder state approaches the normal state of the same
angular momentum and parity, these states can mix. In the Dae-
jeon16 calculations [Fig. 2(b)], it is the 1/2� normal and in-
truder states (upward triangles) which approach in energy first,
due to the high excitation energy of the normal 1/2� state (and
relatively smaller spacing between the intruder 3/2� and 1/2�
states). The excited 1/2� state initially tracks the other intruder
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Figure 2: Relative energies for the normal 1/2� and 3/2� (blue, shaded sym-
bols) and first intruder 1/2� through 7/2� (red, open symbols) levels of 11Li,
for (a) a chiral N3LO interaction and (b) the Daejeon16 interaction, shown as
functions of Nmax (at fixed ~!, as indicated). Although states are designated as
normal or intruder in this figure according to what might naively be expected
for the level given the energy evolution, the first two 1/2� levels start to undergo
an avoided crossing at higher Nmax in the Daejeon16 calculations (see text).

Figure 3: Decompositions by Nex (left) and by SU(3) jointly with Nex (right),
for the normal (bottom) and intruder (top) 3/2� levels of 11Li, for the Dae-
jeon16 interaction, in calculations with Nmax = 8 and ~! = 12.5 MeV. The
SU(3) decompositions are shown arranged by the Bohr deformation variables
corresponding to the given SU(3) quantum numbers, and include contributions
from the 0~! (blue, shaded circles) and 2~! (red, open circles) spaces. Con-
tributions from irreps which are degenerate with respect to the SU(3) Casimir
operator (connected by dotted lines) cannot be distinguished (and, for plotting
purposes, such contributions have, arbitrarily, been distributed equally between
these irreps).

scribe fully microscopically, i.e., in terms of three protons and
eight neutrons, for example in the NCSM [55, 56, 57], or us-
ing fermionic molecular dynamics (FMD) [58]. The FMD
calculation addresses mixing of (p1/2)2 and (s1/2)2 configura-
tions, that is, normal and intruder states. The nucleus 11Li
has also been approximated as a three-body system, typically
9Li+2n [59, 60, 61, 62, 63, 64, 65, 66, 67, 68], allowing (p1/2)2-
(s1/2)2 mixing to be investigated.

Our calculated excitation spectrum is shown in Fig. 2, as a
function of Nmax, for both the chiral N3LO and Daejeon16 inter-
actions (at fixed basis parameter ~! = 18 MeV and 12.5 MeV,
respectively). This figure highlights the di↵erent evolution
with Nmax for normal (blue, shaded symbols) and intruder (red,
open symbols) states. An illustration of how we may iden-
tify normal and intruder states from their NCSM wave func-
tions [35, 37, 39] is provided in Fig. 3 (left), where we display
the decomposition of the wave functions into Nex~! compo-
nents, in particular, for the 3/2� levels.

The 0~! shell model picture for 11Li gives just 3/2� and
1/2� states, corresponding to finding the valence proton in the
p3/2 and p1/2 orbitals, respectively. Indeed, the two lowest cal-
culated states (blue, shaded symbols in Fig. 2) match this ex-
pectation.

From their decomposition into configurations with di↵er-
ent Nex, these states are clearly normal, as illustrated for the
3/2� ground state in Fig. 3 (bottom left). Namely, the single
largest contribution to the probability comes from Nex = 0 (in
this case, a single configuration, the filled neutron 0p shell),
although, naturally for a no-core calculation (see, e.g., Fig. 8
of Ref. [37]), this 0~! configuration is “dressed” with a tail of
smaller contributions from excited configurations.

Then, several intruder states arise at higher energy in the
calculation (red, open symbols in Fig. 2), starting with a closely
spaced 3/2� and 1/2�. (There are many more such states, of
which we only show the first 7/2� and 5/2� as representative
examples.) While these start at high energy, for low Nmax, they
rapidly descend with increasing Nmax.

The intruder nature of the excited 3/2� and 1/2� states is
illustrated for the excited 3/2� state in Fig. 2 (top left). Note
the negligible 0~! contribution, of a few percent, while the
strongest contribution comes from 2~! configurations, which
are again dressed with a tail of more highly excited oscillator
configurations.

Because Daejeon16 is a “softer” interaction, it is perhaps
unsurprising that the intruder states found in the Daejeon16
calculation [Fig. 2(b)] descend in energy much sooner (with
increasing Nmax) than those found in the N3LO calculation
[Fig. 2(a)]. They also start to level o↵ in energy, suggesting
they are approaching the values they would attain in an untrun-
cated calculation.

As an intruder state approaches the normal state of the same
angular momentum and parity, these states can mix. In the Dae-
jeon16 calculations [Fig. 2(b)], it is the 1/2� normal and in-
truder states (upward triangles) which approach in energy first,
due to the high excitation energy of the normal 1/2� state (and
relatively smaller spacing between the intruder 3/2� and 1/2�
states). The excited 1/2� state initially tracks the other intruder
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Figure 5: Relative energies for the normal 1/2+ and 5/2+ (blue, shaded sym-
bols) and first intruder 1/2+ through 5/2+ (red, open symbols) levels of 29F,
for (a) a chiral N3LO interaction and (b) the Daejeon16 interaction, shown as
functions of Nmax (at fixed ~!, as indicated).

from that given Nex and (�, µ). (Specifically, these results are
for the Nmax = 8 calculation using Daejeon16 at ~! = 12.5
MeV; the plots for higher values of Nmax are not very di↵erent.)
As already noted [Fig. 3 (left)], the normal 3/2�1 state (in this
calculation) is largely 0~!, while the 0~! contribution to the
intruder 3/2�2 is less than 5%.

Moreover, the shapes of these states di↵er significantly. The
normal 3/2�1 state is dominated by the nearly spherical unique
0~! irrep (1, 0) of SU(3) (blue, shaded circle in the �-� plot),
while the intruder 3/2�2 state has its largest contributions from
highly deformed 2~! (5, 2) and (6, 0) irreps (open circles in �-
� plot). The (6, 0) irrep represents a prolate, axially symmetric
shape (or as close to this as can be attained in the 2~! model
space for 11Li), but the (5, 2) irrep lies just to the prolate side of
the dotted line indicating maximal triaxiality (� = 30�). Thus,
the SU(3) decomposition in Fig. 3 (top right) indicates signifi-
cant deviations from axial symmetry for the intruder state.

Thus, despite the numerically large calculation and a priori
complex nature of the microscopic wave functions, the final pic-
ture is fairly simple: the normal state follows the naive spherical
shell-model expectations, while the intruder is both mostly 2~!
(ostensibly two-particle, two-hole) and well-deformed.

Case study: 29F.. The nuclide 29F may be viewed as a cousin
to 11Li, shifted up by a major oscillator shell. It is another halo
nucleus [78] on an island of inversion [79]. Based at least on
model arguments, though not direct experimental evidence, it
is also thought to be deformed [80, 81]. Our maximum model
space is only Nmax = 6, with an M-scheme dimension of 4.7 ⇥
109. Nonetheless we can see trends which closely parallel those
found above for 11Li.

The calculated energy levels, for the same two interactions
(chiral N3LO and Daejeon16) are shown in Fig. 5, again high-
lighting their evolution with Nmax, at fixed ~! (here, ~! =

Figure 6: Decompositions by Nex (left) and by SU(3) jointly with Nex (right),
for the normal (bottom) and intruder (top) 5/2+ levels of 29F, for the Daejeon16
interaction, in calculations with Nmax = 6 and ~! = 17.5 MeV. The SU(3) de-
compositions shown arranged by the Bohr deformation variables corresponding
to the given SU(3) quantum numbers, and include contributions from the 0~!
(blue, shaded circles) and 2~! (red, open circles) spaces. Contributions from
irreps which are degenerate with respect to the SU(3) Casimir operator (con-
nected by dotted lines) cannot be distinguished (and, for plotting purposes, such
contributions have, arbitrarily, been distributed equally between these irreps).

18 MeV and 17.5 MeV, respectively). The normal” levels (blue,
shaded symbols) come lowest, as expected. These are now
a 5/2+ ground state and 1/2+ excited state, corresponding to
finding the valence neutron in the 0d5/2 and 1s1/2 orbitals, re-
spectively (the 3/2+ level corresponding to the 0d3/2 orbital lies
somewhat higher, at & 10 MeV, and has been omitted for clar-
ity). Then several more closely spaced intruder levels (red, open
symbols) start at much higher energy, but swoop down with in-
creasing Nmax. The content of the wave functions in terms of
oscillator excitations, shown in Fig. 6 (left) for the 5/2+ levels,
resembles that seen above for 11Li in Fig. 3 (left) — a domi-
nant contribution at 0~! or 2~! respectively, for normal and
intruder states, but dressed with a decaying tail of contributions
at higher Nex.

However, once again, the intruder levels begin not quite so
high in energy when calculated with the softer Daejeon16 inter-
action [Fig. 5(b)] — in fact, the starting energy of ⇡ 13 MeV,
for Nmax = 2, is far below the energy of twice ~! one might
naively expect from the shell model. And, once again, the in-
truder levels approach the low-lying normal levels much sooner
with the Daejon16 interaction. The intruder 1/2+ is the first
to closely approach its normal counterpart (upward triangles).
Indeed, already by Nmax = 6, the two approach to within
⇡ 2 MeV. Such strong mixing as was found for the 1/2� states
in 11Li at similar separation [Fig. 2(b)] is not yet seen here, sug-
gesting a smaller mixing matrix element (< 1 MeV). Nonethe-
less, as the intruder energies continue to fall with Nmax, we can
anticipate mixing to occur, or perhaps even an outright crossing
yielding an intruder ground state.
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CASE STUDY: 29F
29F is an analog of 11Li

“normal”

“intruder”
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CASE STUDY: 29F

nearly spherical

modest deformation

large deformation
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CASE STUDY: 29F

Nmax = 4 (natural orbitals)

Group-
theoretical
Decomposition

Symplectic
Sp(3,R)

“normal”

“intruder”
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CASE STUDY: 29F

Nmax = 4, natural orbitals

Group-
theoretical
decomposition

SU(4)

“normal”

“intruder”
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CASE STUDY: 29F

Figure 5: Relative energies for the normal 1/2+ and 5/2+ (blue, shaded sym-
bols) and first intruder 1/2+ through 5/2+ (red, open symbols) levels of 29F,
for (a) a chiral N3LO interaction and (b) the Daejeon16 interaction, shown as
functions of Nmax (at fixed ~!, as indicated).

from that given Nex and (�, µ). (Specifically, these results are
for the Nmax = 8 calculation using Daejeon16 at ~! = 12.5
MeV; the plots for higher values of Nmax are not very di↵erent.)
As already noted [Fig. 3 (left)], the normal 3/2�1 state (in this
calculation) is largely 0~!, while the 0~! contribution to the
intruder 3/2�2 is less than 5%.

Moreover, the shapes of these states di↵er significantly. The
normal 3/2�1 state is dominated by the nearly spherical unique
0~! irrep (1, 0) of SU(3) (blue, shaded circle in the �-� plot),
while the intruder 3/2�2 state has its largest contributions from
highly deformed 2~! (5, 2) and (6, 0) irreps (open circles in �-
� plot). The (6, 0) irrep represents a prolate, axially symmetric
shape (or as close to this as can be attained in the 2~! model
space for 11Li), but the (5, 2) irrep lies just to the prolate side of
the dotted line indicating maximal triaxiality (� = 30�). Thus,
the SU(3) decomposition in Fig. 3 (top right) indicates signifi-
cant deviations from axial symmetry for the intruder state.

Thus, despite the numerically large calculation and a priori
complex nature of the microscopic wave functions, the final pic-
ture is fairly simple: the normal state follows the naive spherical
shell-model expectations, while the intruder is both mostly 2~!
(ostensibly two-particle, two-hole) and well-deformed.

Case study: 29F.. The nuclide 29F may be viewed as a cousin
to 11Li, shifted up by a major oscillator shell. It is another halo
nucleus [78] on an island of inversion [79]. Based at least on
model arguments, though not direct experimental evidence, it
is also thought to be deformed [80, 81]. Our maximum model
space is only Nmax = 6, with an M-scheme dimension of 4.7 ⇥
109. Nonetheless we can see trends which closely parallel those
found above for 11Li.

The calculated energy levels, for the same two interactions
(chiral N3LO and Daejeon16) are shown in Fig. 5, again high-
lighting their evolution with Nmax, at fixed ~! (here, ~! =

Figure 6: Decompositions by Nex (left) and by SU(3) jointly with Nex (right),
for the normal (bottom) and intruder (top) 5/2+ levels of 29F, for the Daejeon16
interaction, in calculations with Nmax = 6 and ~! = 17.5 MeV. The SU(3) de-
compositions shown arranged by the Bohr deformation variables corresponding
to the given SU(3) quantum numbers, and include contributions from the 0~!
(blue, shaded circles) and 2~! (red, open circles) spaces. Contributions from
irreps which are degenerate with respect to the SU(3) Casimir operator (con-
nected by dotted lines) cannot be distinguished (and, for plotting purposes, such
contributions have, arbitrarily, been distributed equally between these irreps).

18 MeV and 17.5 MeV, respectively). The normal” levels (blue,
shaded symbols) come lowest, as expected. These are now
a 5/2+ ground state and 1/2+ excited state, corresponding to
finding the valence neutron in the 0d5/2 and 1s1/2 orbitals, re-
spectively (the 3/2+ level corresponding to the 0d3/2 orbital lies
somewhat higher, at & 10 MeV, and has been omitted for clar-
ity). Then several more closely spaced intruder levels (red, open
symbols) start at much higher energy, but swoop down with in-
creasing Nmax. The content of the wave functions in terms of
oscillator excitations, shown in Fig. 6 (left) for the 5/2+ levels,
resembles that seen above for 11Li in Fig. 3 (left) — a domi-
nant contribution at 0~! or 2~! respectively, for normal and
intruder states, but dressed with a decaying tail of contributions
at higher Nex.

However, once again, the intruder levels begin not quite so
high in energy when calculated with the softer Daejeon16 inter-
action [Fig. 5(b)] — in fact, the starting energy of ⇡ 13 MeV,
for Nmax = 2, is far below the energy of twice ~! one might
naively expect from the shell model. And, once again, the in-
truder levels approach the low-lying normal levels much sooner
with the Daejon16 interaction. The intruder 1/2+ is the first
to closely approach its normal counterpart (upward triangles).
Indeed, already by Nmax = 6, the two approach to within
⇡ 2 MeV. Such strong mixing as was found for the 1/2� states
in 11Li at similar separation [Fig. 2(b)] is not yet seen here, sug-
gesting a smaller mixing matrix element (< 1 MeV). Nonethe-
less, as the intruder energies continue to fall with Nmax, we can
anticipate mixing to occur, or perhaps even an outright crossing
yielding an intruder ground state.
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CASE STUDIES: 11LI, 29F
What do we learn?



PAINT Workshop @ TRIUMF, Feb 27, 2026 51

CASE STUDIES: 11LI, 29F
What do we learn?

Convergence of intruder 
states is especially slow!

For these cases, the intruders 
appear to be deformed 

(stronger signal in neutron 
quadrupole moment)
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CASE STUDIES: 11LI, 29F

Admittedly, our 
calculations are not 
fully converged….
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CASE STUDIES: 11LI, 29F

Admittedly, our 
calculations are not 
fully converged….
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CASE STUDIES: 11LI, 29F

I suggest 11Li, 29F as case studies for other methods
(coupled cluster, IM-SRG, symmetry adapted, 
lattice, etc.).

The neutron quadrupole moment is a particularly 
useful calculational signal of deformation
(unfortunately not for experiment….)
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The N=14 Island: 20C?
(preliminary results)
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Figure:
Alex Brown

20C
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The N=14 Island: 20C?
(preliminary results)

N=14 semi-magic = closure of 0d5/2 shell.

Note that filled 0d5/2 shell does not have L = 0, 
but is admixture of many values of L (and also
many SU(3) irreps, and thus admixture of many
shape à interpretation may be less clean than
N=8, 20.
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The N=14 Island: 20C?
(preliminary results)

I computed 20C and nearby nuclides in NCSM
with Daejeon 16 and only at Nmax = 4, hw = 17.5.
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The N=14 Island: 20C?
(preliminary results)

I computed 20C and nearby nuclides in NCSM
with Daejeon 16 and only at Nmax = 4, hw = 17.5.

Remember, we’re looking for:
• particle excitation out of the filled orbital (0d5/2)

• Lower state more deformed than excited state
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Particle excitation out of 0d5/s

0p shell

0d5/2 orbital

0d3/2 , 1s1/2

Naïve expectation: 6 neutrons in 0d5/2 orbital
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Decompose the J=0 states
by number of neutrons in 0d5/2 orbital
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01+

02+
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more deformedWe can also decompose using SU(3)
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more deformed

“more deformed”

“less deformed”
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The N=14 Island: 20C?

The initial results are not as clean 
as for 11Li and 29F. 

The shape distributions are more 
complicated, unsurprising given
that the 0d5/2 is only half of 
spin-orbit partners
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The N=14 Island: 20C?

Of course the calculations are not converged…
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The N=14 Island: 20C?

Of course the calculations are not converged…
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The N=14 Island: 20C?

Next steps:
• Higher Nmax 
• Other interactions (e.g., EM N3LO)
• Compute effective single particle energies
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The hunt for shape coexistence
and intruders in the NCSM:

NCSM Hartree-Fock

preliminary results
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NCSM Hartree-Fock
* Construct unrestricted (no axial symmetry) 
Slater determinant in NCSM space
and minimize < H > via gradient descent
    see e.g., Lauber, Frye, CWJ, J. Phys. G. 48, 095107 (2021)

* Daejeon16 in 7-10 major shells, hw ~ 15-20 MeV
(results not very sensitive to details of space).

*Added Hcm to reduce spuriosity to a few percent.

* Random initial states allow to find multiple minima.
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NCSM Hartree-Fock

First stop: around N = 20
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Results for N = 20

• Clear shape coexistence at and near N=20
(except for Na isotopes)

* More deformed state is lower in energy, 
from 1-9 MeV, typically prolate

* Al tends to triaxiality and multiple minima (?)
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NCSM Hartree-Fock

Next: around N = 28



PAINT Workshop @ TRIUMF, Feb 27, 2026 75



PAINT Workshop @ TRIUMF, Feb 27, 2026 76



PAINT Workshop @ TRIUMF, Feb 27, 2026 77

?
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Next steps:

• Try other interactions (e.g. E&M N3LO)

• Map out potential energy surface (GCM)

• Compute effective single-particle energies

• 3-body forces? Continuum?
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Summary
The no-core configuration-interaction shell 
model remains useful. 

But ‘intruder’ states are very challenging! They are 
highly deformed and require large model spaces 

Mean-field and beyond
may be helpful in exploring
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Summary
The no-core configuration-interaction shell 
model remains useful. 

But ‘intruder’ states are very challenging! They are 
highly deformed and require large model spaces 

Other methods (NLEFT, 
symmetry-adapted) may be 
necessary. We suggest
11Li/29F as useful test cases
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Extra slides
for extraordinary audiences
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M-scheme dimensions are huge—into the 
tens of billions!

How can we possibly ‘understand’ them?
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M-scheme dimensions are huge—into the 
tens of billions!

How can we possibly ‘understand’ them?

Richard Hamming: 
The purpose of computing
is insight, not numbers.
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M-scheme dimensions are huge—
into the tens of billions*!

How can we possibly ‘understand’ 
them?

*See Anna McCoy’s talk for a possible 
record, M-scheme dimension ~ 35 billion!We can x-ray the wave 

functions with math!
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Use eigenvalues
of Casimir operators to label

subspaces (“irreps”)
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!!Ĉ z ,α = z z ,α
Casimir

z (eigenvalue) 
labels the 
subspace

a indexes all the 
states in the subspace
(same value of z)
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!!Ĉ z ,α = z z ,α
Casimir

The best known Casimir is J2,
which has eigenvalues j(j+1)
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!!Ĉ z ,α = z z ,α
Casimir

Another is Elliott’s representation 
of an SU(3) Casimir:  

ĈSU (3) =
!
Q i
!
Q − 1

4
!
L2

For this 2-body SU(3) Casimir, 
the eigenvalue z = λ2+λμ+μ2+3(λ+μ),

where λ, μ label the irreps
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!!Ĉ z ,α = z z ,α
Casimir

If the Casimir(s) commute(s)
with the Hamiltonian, 

then the Hamiltonian is block-diagonal
in the irreps (irreducible representation)

This is known as dynamical symmetry

!! Ĥ ,Ĉ
⎡⎣ ⎤⎦ =0
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A key idea: A Casimir can be used 
to divide up a Hilbert space into subspaces,
labeled by eigenvalues

even if the Casimir does not commute with
the Hamiltonian
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!!Ĉ z ,α = z z ,α
Casimir

!!
F(z)= z ,α Ψ

α
∑

2

For some wavefunction | Ψ >, we define
the fraction of the wavefunction in an irrep
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This can be done efficiently using a variant of the Lanczos algorithm:
CWJ, PRC 91, 034313 (2015) 

20Ne
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By looking at the group-
theoretical decomposition,
we can even show that 
the valence-space 
empirical and ab initio
multi-shell wave functions
have similar structure! 

20Ne
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Particle excitation out of 0d5/s

0p shell

0d5/2 orbital

0d3/2 , 1s1/2

First, compute average neutron occupation
of 0d5/2
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