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MOTIVATION

Bayesian LEC inference could be improved through medium-mass constraints

Full IMSRG calculations are significantly too expensive

Emulators can be constructed based on Gaussian Processes (GPs)

Regular GP emulators are too inefficient to approximate IMSRG

= Goal: Emulator for nuclear structure observables with Gaussian Processes
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GAUSSIAN PROCESSES

= Multivariate normal prior over Unconditioned GP (prior) =1
functions

e (SO fx)) ~ N (m(X), K(X, X))

= Correlation induced through Kernel K
and determined by correlation length £

= Condition on data ~

« p(fe | Y) = N, 05)

= Learn hyperparameters

. 0% =argmaxlogp(y | 6)
0

» GP effectively an interpolator (for large
enough training space)
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GAUSSIAN PROCESSES

= Multivariate normal prior over
functions

- (f(xl)’ S 7f(xn)) ~

= Correlation induced through Kernel K
and determined by correlation length £

N (m(X), KX, X"))

= Condition on data

« p(fe | Y) = N, 05)

= Learn hyperparameters

. 0% =argmaxlogp(y | 6)
0

» GP effectively an interpolator (for large
enough training space)

Conditioned GP (posterior) ¢ =1
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= Multivariate normal prior over Conditioned GP (posterior) ¢ = 3

functions
e (S, - f(x)) ~ N (m(X), KX, X))

= Correlation induced through Kernel K
and determined by correlation length £
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= Condition on data S

« p(fe | Y) = N, 05)

= Learn hyperparameters

. 0% =argmaxlogp(y | 6)
0

» GP effectively an interpolator (for large
enough training space)
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KERNELS

= Squared-exponential kernel vs Matern 3/2

K(x,x") = o?exp (—(x — ) (x - x’)/2f2) Kx,x)=0>| 1+ exp| —

25.02.2026 Department of Physics | Institute for Nuclear Physics | Tom Plies 4
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MULTIDIMENSIONAL INPUT
GAUSSIAN PROCESSES

» Example: Variation of 2 LECs —— Prediction of binding energies
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K(x,x') = &2 exp (—(x —x)L(x - x’)) with x = (Cp» CE)

£2 £

N gcs X (Mpges — 1)
Number of £ parameters scales as

2
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MULTIDIMENSIONAL INPUT
GAUSSIAN PROCESSES

» Example: Variation of 2 LECs —— Prediction of binding energies

K(x,x') = &2 exp (—(x —x)L(x - x’)) with x = (Cp» CE)

. le 0. . ¢; 0
oy Co “\o #

nppes X (ML ges — 1)
2

Number of £ parameters scales as

Goal: Transform parameter space into orthogonal parameter directions
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ACTIVE SUBSPACE LEARNING

» Goal: Identify directions in LEC space along which the observable is most sensitive

C =E[Vf(x)VF(x)!] « Divide into active and inactive directions
C:WAWT x=W1y+W2Z
~_ 15 r A= W= (W, W)
v C=— Y (V)Y f(x) =1 A =" W
i=1
= Have to estimate the gradient for each sample » Transform input into active subspace
- 1 — W!.
C=GGT G=——[Vf ... V.fyl y=W-x
= Discard inactive directions

SVD: G = WVAVT z=W) -x
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APPLICATION TO BINDING ENERGIES

« ¥Ca binding energies from Hartree-Fock emulator

with 4 LECs : X = (¢3, ¢4, Cp, C), (%) = Egq /f\
« Transform data into active subspace:y = V~V1T - X oy
= Sample hyperparameters: ¢, ¢, &5, €5, ‘2 ﬂ .
with MCMC p
. ] ] o 5000 1 ﬁ
» Use maximum a posteriori (MAP) parameter s ' -
values |
A LN A
= Higher-order directions could potentially be & rF
discarded (indicated by large ¢)




TRIUMF PAINT2026

%2 TECHNISCHE
(/") UNIVERSITAT

DARMSTADT
RESULTS
200 training points
1 < S T e N
RMSE = N ;Zl (y; — )’Gp,i)z 14434 ] ?VitﬁSAI;;L -

100;

4143

Active subspace learning (ASL) and Matern
instead of squared-exponential kernel combined:
100x smaller RMSE

- Overall scale: Eqp(**Ca) ~ — 300 MeV

» Good average performance with few outliers

RMSE (MeV)
=

» |dentify source of outliers

« Saturation at around 800 training points with ~ squared exponential
~0.1% deviation

= Poor empirical coverage -> overestimated
uncertainties

25.02.2026 Department of Physics | Institute for Nuclear Physics | Tom Plies

73.63 ]

1.35

Matérn (v =23/2)
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RESULTS

1 N
RMSE = _ |[— = Yapi)?
Y El, i = Yep.i)

Active subspace learning (ASL) and Matern

instead of squared-exponential kernel combined:

100x smaller RMSE
- Overall scale: Eqp(**Ca) ~ — 300 MeV

» Good average performance with few outliers
» |dentify source of outliers

= Saturation at around 800 training points with
~0.1% deviation

= Poor empirical coverage -> overestimated
uncertainties
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1 - K
2 1.50}
RMSE = v Z (3 = Ygp.i) 0}
i=1 125}
= Active subspace learning (ASL) and Matern > }
instead of squared-exponential kernel combined: S 1.00F
100x smaller RMSE % [
= 0.75}
- Overall scale: Eqp(**Ca) ~ — 300 MeV ol
0.50
» Good average performance with few outliers ;
= |dentify source of outliers 0 S 0 &0 800 1000
« Saturation at around 800 training points with Training points

~0.1% deviation

= Poor empirical coverage -> overestimated
uncertainties
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OUTLOOK

= Built wave-function-free multi-input emulator
» Extend to include NN parameters

» Potentially discard inactive directions

» Optimize selection of training points

= Apply to IMSRG
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UTLOOK

= Built wave-function-free multi-input emulator

» Extend to include NN parameters

25.02.2026

Potentially discard inactive directions
Optimize selection of training points
Apply to IMSRG

Gaussian Process Emulators with Active 7
Subspace Lea rning Tom Plies with Margarida Companys and Achim Schwenk < ssa‘j‘s
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+ Bayesian LEC inference could be improved through medium-mass constraints [1]
+ Full IMSRG calculations are significantly too expensive

* No fast IMSRG emulators yet

+ Emulators can be constructed based on Gaussian Processes (GPs) [2]

+ Default GP emulators are too inefficient to approximate IMSRG

Goal: Emulator for nuclear structure observables for improved LEC inference

with Gaussian Processes

+ Optimize Gaussian Process through transformation of the parameter space
and kernel choice

n Processes

[2)
o
=
7]

8Ca Hartree-Fock results

- Datset: 10.000 samples of £, R for variations of (¢, ¢y, ¢, ¢i) [6]
+ 200-1000 training points, 5000 test points, 15 nearest neighbours for local gradients
+ Sample posterior with MCMG and use maximurm a posteriori values for

hyperparameters (¢, £,. £5, €1, £,) Paramcter W

- Optimal correlation lengths ordered by magnitude ¢, 04,1041 GV
50,10

after ASL transformation P [-20. 20

istribution over functions such that any finite set of functions is
jointly Gaussian [3]

(0o, ) ~ A (m(X), KX, X))
+ Correlation induced through covariance
kernel K and determined by L g

‘Squared-exponential kernel:
Kgp(x,X) = o? exp(—r2)
Figure from 4]

A/ x=x)TL(x = x)

Usual assumption for multidimensional | 1.) Prior over functions

Matém (v = 3/2) kernel:

Kyoan(x,x) = o* (I +V3 y) exp(—ﬁr)

input data: e GPm.k)
- Principal axes of variation align with
parameter axes 2) Condition on data
+ No cross-coupling between P 1Y) = N 02
parameters
ding (L, 'L> 3)) Learn hyperparameters
@G 0* = argmaxlogp(y | 0)

+ Full L matrix is more accurate but
requires too many new parameters

+ Instead: transform input space to
make L aboroximatelv diaaonal

Active subspace learning (AS|

directions in LEC space along which the observable is most

sensitive [5]

« Find average global gradient
to identify active directions of data
E[ V() V)" 1

V() Vf)) 1Vefi e Vo]
C=WAW" VM

+ Approximate G with finite points:

GG"

+ Singular value decomposition

1 X
c C=HZ(V‘/(A;))(V‘/(K,))’ G =RV
i

Divide into active Estimate gradients through nearest
and inactive directions neighbours
=Wy + Wiz fw) % o) + V) ;- x)

A (@ —x)" (fx) = fix)
A= w=[W, W . .

Vfx) = .

« Transform input into active subspace (= x) | fley) = fx)
y=Wx
+ Discard inaciive directions Az xb s
= Wlox Minimize residuals g * = arg min [|Ag — bl13

« First active subspace -04 -0.38
direction almost identical o= |00, o007
7023 71022
for radii and energies o -
—0.86 ~0.88
Median: Eyr(*Ca) ~ — 272 MeV Median: Ryp(**Ca) ~ 3.37 fm

RMSE (i)

ST e Z Saaredcxponeael M

+ Matém significantly more effective
than squared-exponential

* Up to 50x improvement in RMSE
with ASL

+ Radii more accurate than energies

* Results converge at ~800

RMSE ()

training points to 0.1% error

Taiing poins

free 4-dimensional input emulator for
h ~0.5% error for 200 training points.

+ Include NN parameters.

« Apply to IMSRG results

+ Investigate training point convergence in higher dimensions

+ Explore importance of higher-order directions

+ Optimize training point selection
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Thank you for your attention
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LOCAL GRADIENTS

= Assume approximately local linear behavior: f(x) = f(x;) + Vf(x)' (x; — x,)
( )

of
—(x;)
Vf(xi) _ ox, _ <g1>

For one point:

X1 — Al
\ "2 )
For k points: ((xl — x-)T\ (f(xl) —f(x-)\
o g1 o Residualr = Ag — b
R~ —_—
()|
\(xk - xi)T) \f(xk) _f(xi)) Minimize residuals g * = arg min ||Ag — b||%
8
Agrb

= Compute differences in f and x between all k nearest neighbours of x; with j € {1,...,k}

= Minimize residuals with least-square fit to find compatible common gradient Vf(x;)
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GAUSSIAN PROCESSES

f() ~ EP(m(x), k(x, x)), mx) = E[f(0)],  k(x,x") = Cov(f(x), f(x)) .

(7) ~ (]

f. | X,y, X. ~ # (£, Cov(f.)),
f.=m.+K.(K+62D)' (y —m),
Cov(f,) = Kux — Ku (K + 621 KT,
(Kl = k(x, Xep), [Kaely = k(g X)) -

K+ 62IK] ] )
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SENSITIVITY ANALYSIS

» |dentify most sensitive LEC directions

» Cr is most important

» Energies and radii have almost identical dominant directions

(-0.4)
~0.19

YLET | 023

\—0.86)

25.02.2026 Department of Phy

WiR ™=

(—0.38)
—0.17
0.22

|—0.88)
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RMSE (fm)
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RADII RESULTS

« R(*®*Ca) ~ 3.37fm
» 0.1% deviation at 200 training points

B No ASL
0.1336

0.0738

squared exponential Matérn (v=3/2)

25.02.2026

B With ASL |
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