Lifetime of a muon bound to a light nucleus
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€ Muon decay: bound vs. free
@ Current n—e conversion experiments: Mu2e and COMET
€@ Contradiction in previous results: numerical vs. theoretical

@ Mathematical approach to bound muon problem: Spherical
waves formalism

©® Numerical results for (Z=8): resolution of the contradiction

® Bound muon decay rates for other nuclei
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Free muon decay

my, = 200me
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Bound muon decay

“7ée_ (N,u_) — Ne veyy,

S N =N(Z
B (Z)

Nucleus




Current and upcoming experiments

Looking for the neutrinoless decay Serves as a background

(Nu—) — Ne™ (Npu—) — Ne™ vevy,

MuZ2e, Fermilab COMET, J-PARC

72 detector for Muon transport Pion production

\

COMET Phase-l Layout
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Current experiments

Spectrum of background electrons
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Previous endeavors
What modifies the decay rate?

U

@ The relativistic time dilation: Txee/Thound = \/1 — (aZ)? <E> =a/ @ a= 37

@ The phase space reduction: u=my — Ey <my
® The electron wave function enhancement: /dSTQbLOCbe

Theory - Uberall (1960)
| — I(Z)/1(0) %(aZ)Q .

1 — I'(8)/T(0) = 0.002
Numerical - Watanabe, et. al. (1993)

1 — I'(8)/T(0) ~ 0.006
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Mathematical background

Dirac Equation: [—i&’-@JrﬁmejquV(?“)]gb@,u = Ee y®ey  Vir)= _az

g (1) (0, @) ) T

Solution for electron: ¢e = Z (f (10— (0, &)

Plane wave decomposition: e'*7 ~ Z iljl(kr)Yl*(f)Yl(/%)
[

Yo~ 1 (8 Y| ~ cost
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Mathematical background

o B 9/4:(7')9/%(‘97 ¢)
Decay width: De = E,; <f,€(r)§2_,€(9, qﬁ))
[~ /d@3!/\4\2

Radial Integrand

Matrix element: L8x10° ﬂ ﬂ ﬂ ﬂ Y
) 1.Ox10_9;- ﬂ “ ﬂ ﬂ n K =20
M ~J /d3T¢LO¢€ 5.0x10_10i~ f n ﬂ
- AVA\,,AV/\ f\p A QAAVAVAVAVW_ r

Partial summation: R VV?JC 28 |5 UVV 407 45

-5.0x10 * u 4 “

F:ZFKJ -1.0x10-9;— waw
K -1.5x107%}




Numerical results

Theory, Uberall Numerical, Current work
(1960) Watanabe, et. al.
(1993)
1 —T(8)/T(0) 0.0019 0.006 0.0024
Truncation Kk = 29 K = 0Y

1. The difference between our numerical result and Uberall’s theoretical
number can be attributed to higher order terms in (aZ) expansion.

2. Watanabe’s numerical number is wrong due to incorrect truncation.
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Numerical results

1-I'(2)/r (0)

0.008 . gﬁ?ﬁ:'rsr!;:i]f;r{/vork Z L =T(2)/1(0)
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[1] Kaygorodov et. al. arXiv:2506.02416 (2025)
[2] A. Czarnecki, A.O. Davydov, M.Y.Kaygorodov arXiv:2512.23023 (2025)
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] The theoretical calculation done by Uberall is correct, meaning that the QED
is a valid theory for high precision atomic calculations.

1 Watanabe’s numerical number is wrong due to incorrect truncation.

] The difference between our numerical result and Uberall’s theoretical
number can be attributed to higher order terms in (¢Z) expansion.

d Correctness of the tail evaluation gives a solid base for conversion searches
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